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1 Additional Proofs

Proof of Lemma A.1 We will generalize the proof in Imbens, Newey and Ridder (2006). For (i) we
will show
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The first term of equation (B.1) is
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We may partition this expression into terms with i = j,

1
N2

w

K∑
k=1

K∑
l=1

N∑
i=1

E
[
1w (Wi) RkK(Xi)2RlK(Xi)2

]
(B.2)

and with terms i 6= j,
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For a random variable U with E |U | < ∞ and an event G with Pr (G) > 0, then

E [U | G] =
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.

Using this we may rewrite equations (B.2) and (B.3) as,
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To deal with the first term of equation (B.4) consider,
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Equation (B.5) follows by,
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Equation (B.6) follows since the maximum eigenvalue of Ωw,K is O (1) (see below). Thus, the first term
of equation (B.4) is
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To deal with second term of equation (B.4) and the second term of equation (B.1) we have,
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Combining the results from equations (B.7) and (B.8) yields,
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For (ii), first note that for any two positive semi-definite matrices A and B, and conformable vectors a
and b, if A ≥ B in a positive semi-definite sense, then for
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we have that,
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and

λmax(A) ≥ λmax(B). (B.10)

Now, let fw(x) = fX|W (x|W = w) and define

q(x) = f0(x)/f1(x)

and note that by Assumptions 2.3 and 3.1 we have that

0 < q ≤ q(x) ≤ q̄ < ∞.

Thus we may define q(x) ≡ q + q̃(x) so that,
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Thus by equation (B.9)
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and the minimum eigenvalue of Ω0,K is bounded away from zero. Next, observe that
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in a positive semi-definite sense. Now by equation (B.10) we have

λmax (Ω0,K) ≤ λmax (q̄ · Ω1,K) = q̄

and the maximum eigenvalue of Ω0,K is bounded. Both the minimum and maximum eigenvalue of Ω1,K

are bounded away from zero and bounded, respectively, by construction. For (iii) consider the minimum
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eigenvalue of Ω̂w,K ,
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Where (B.11) follows since for a symmetric matrix A
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Where (B.13) follows by similar arguments as above and (B.14) follows by part (i). For (iv) let us first
define

Σ̃w,K =
R′

w,KD̃w,KRw,K

Nw
, D̃w,K = diag

{
1w (Wi) ε2

w,i; i = 1, . . . , N
}

.

Next recall that for matrices A and B we have that

‖A + B‖2 ≤ 2 ‖A‖2 + 2 ‖B‖2 .
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Thus,
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Before we deal with equations (B.15) and (B.16), we need to establish conditions for consistency of the
estimated errors. Note that,
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We begin with equation (B.16) first. First note that E
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The first term of equation (B.18) is
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Equation (B.19) may be rewritten as,

N

N2
w

K∑
k=1

K∑
l=1

E
[
1w (W ) ε4

wRkK(X)2RlK(X)2
]

=
N

N2
w

K∑
k=1

K∑
l=1

E
[
1w (W ) E

[
ε4

w

∣∣X,1w (W )
]
RkK(X)2RlK(X)2

]
=

N

N2
w

K∑
k=1

K∑
l=1

E
[
1w (W ) E

[
ε4

w

∣∣X]RkK(X)2RlK(X)2
]

≤ C · N

N2
w

K∑
k=1

K∑
l=1

E
[
1w (W ) RkK(X)2RlK(X)2

]
≤ C · N

N2
w

K∑
k=1

K∑
l=1

E
[
RkK(X)2RlK(X)2

∣∣W = w
]
.

Thus by equation (B.7) we have that equation (B.19) is,
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Equation (B.20) and the second term of equation (B.18) are,
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By Assumption 3.2 the second factor is,
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and so equation (B.22) is,
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Thus, by equations (B.21) and (B.23) we have,
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Now consider equation (B.15).
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From the proof of (i), we have that
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Combining equations (B.24) and (B.25) yields,
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and the result follows. For (v) note that,
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Proof of Lemma A.2 For this proof we need two results. Let A be a symmetric positive definite
matrix and B a conformable matrix, then

λmin (B′AB) ≥ λmin (A) · λmin (B′B) , λmax (B′AB) ≤ λmax (A) · λmax (B′B) .

Using the above result we have,

λmin

(
Ω−1

w,KΣw,KΩ−1
w,K

)
≥ λmin (Σw,K) · λmin

(
Ω−2

w,K

)
≥ σ2 ·min

(
q, 1
)
·
[
λmax

(
Ω2

w,K

)]−1

= σ2 ·min
(
q, 1
)
·
[
(λmax (Ωw,K))2

]−1

≥ σ2 ·min
(
q, 1
)
· [max (q̄, 1)]−2 , (B.26)

and,

λmax

(
Ω−1

w,KΣw,KΩ−1
w,K

)
≤ λmax (Σw,K) · λmax

(
Ω−2

w,K

)
≤ σ̄2 ·max (q̄, 1) ·

[
λmin

(
Ω2

w,K

)]−1

= σ̄2 ·max (q̄, 1) ·
[
(λmin (Ωw,K))2

]−1

≤ σ̄2 ·max (q̄, 1) ·
[
min

(
q, 1
)]−2 . (B.27)

Now consider,

λmin (N · V ) = min
d′d=1

d′
(

1
π0

Ω−1
0,KΣ0,KΩ−1

0,K +
1
π1

Ω−1
1,KΣ1,KΩ−1

1,K

)
d

≥ 1
π0

min
d′d=1

d′Ω−1
0,KΣ0,KΩ−1

0,Kd +
1
π1

min
d′d=1

d′
(
Ω−1

1,KΣ1,KΩ−1
1,K

)
d

=
1
π0

λmin

(
Ω−1

0,KΣ0,KΩ−1
0,K

)
+

1
π1

λmin

(
Ω−1

1,KΣ1,KΩ−1
1,K

)
,

which is bounded away from zero by equation (B.26) and Assumption 2.3. Finally, consider

λmax (N · V ) = max
d′d=1

d′
(

1
π0

Ω−1
0,KΣ0,KΩ−1

0,K +
1
π1

Ω−1
1,KΣ1,KΩ−1

1,K

)
d

≤ 1
π0

max
d′d=1

d′Ω−1
0,KΣ0,KΩ−1

0,Kd +
1
π1

max
d′d=1

d′
(
Ω−1

1,KΣ1,KΩ−1
1,K

)
d

=
1
π0

λmax

(
Ω−1

0,KΣ0,KΩ−1
0,K

)
+

1
π1

λmax

(
Ω−1

1,KΣ1,KΩ−1
1,K

)
,

[9]



which is bounded by equation (B.27) and Assumption 2.3. For (ii) we have,

λmin

(
Ω̂−1

w,KΣ̂w,KΩ̂−1
w,K

)
≥ λmin

(
Σ̂w,K

)
· λmin

(
Ω̂−2

w,K

)
≥
[
λmin (Σw,K)−Op

(
ζ (K)2 K3/2N−1

)
−Op

(
ζ (K) K1/2K−s/d

)]
· λmin

(
Ω̂−1

w,K

)2

≥
[
λmin (Σw,K)−Op

(
ζ (K)2 K3/2N−1

)
−Op

(
ζ (K) K1/2K−s/d

)]
·
[
λmin

(
Ω−1

w,K

)
−Op

(
ζ (K) K1/2N−1/2

)]2
= λmin (Σw,K)

[
λmin

(
Ω−1

w,K

)]2
+ Op

(
ζ (K)2 K3/2N−1

)
+ Op

(
ζ (K) K1/2K−s/d

)
. (B.28)

In addition,

λmax

(
Ω̂−1

w,KΣ̂w,KΩ̂−1
w,K

)
≤ λmax

(
Σ̂w,K

)
· λmax

(
Ω̂−2

w,K

)
≤
[
λmax (Σw,K) + Op

(
ζ (K)2 K3/2N−1

)
+ Op

(
ζ (K) K1/2K−s/d

)]
· λmax

(
Ω̂−1

w,K

)2

≤
[
λmax (Σw,K) + Op

(
ζ (K)2 K3/2N−1

)
+ Op

(
ζ (K) K1/2K−s/d

)]
·
[
λmax

(
Ω−1

w,K

)
+ Op

(
ζ (K) K1/2N−1/2

)]2
= λmax (Σw,K) ·

[
λmax

(
Ω−1

w,K

)]2
+ Op

(
ζ (K)2 K3/2N−1

)
+ Op

(
ζ (K) K1/2K−s/d

)
. (B.29)

Thus,

λmin

(
N · V̂

)
= min

d′d=1
d′
(

N

N0
Ω̂−1

0,KΣ̂0,KΩ̂−1
0,K +

N

N1
Ω̂−1

1,KΣ̂1,KΩ̂−1
1,K

)
d

≥ N

N0
min
d′d=1

d′
(
Ω̂−1

0,KΣ̂0,KΩ̂−1
0,K

)
d +

N

N1
min
d′d=1

d′
(
Ω̂−1

1,KΣ̂1,KΩ̂−1
1,K

)
d

=
N

N0
λmin

(
Ω̂−1

0,KΣ̂0,KΩ̂−1
0,K

)
+

N

N1
λmin

(
Ω̂−1

1,KΣ̂1,KΩ̂−1
1,K

)
is bounded away from zero in probability by equation (B.28), Assumption 2.3 and Assumptions 3.2 and
3.3. Finally,

λmax

(
N · V̂

)
= max

d′d=1
d′
(

N

N0
Ω̂−1

0,KΣ̂0,KΩ̂−1
0,K +

N

N1
Ω̂−1

1,KΣ̂1,KΩ̂−1
1,K

)
d

≤ N

N0
max
d′d=1

d′
(
Ω̂−1

0,KΣ̂0,KΩ̂−1
0,K

)
d +

N

N1
max
d′d=1

d′
(
Ω̂−1

1,KΣ̂1,KΩ̂−1
1,K

)
d

=
N

N0
λmax

(
Ω̂−1

0,KΣ̂0,KΩ̂−1
0,K

)
+

N

N1
λmax

(
Ω̂−1

1,KΣ̂1,KΩ̂−1
1,K

)
which is bounded in probability by equation (B.29), Assumption 2.3 and Assumptions 3.2 and 3.3.

Proof of Lemma A.6 For (i) note that we would like to provide regressors up to a certain power, say
n, including cross product terms. However, we would like to relate the number of covariates, d, and the
uppermost power desired, n, to the number of terms in the series, K. We may do so by,

K =
n∑

i=0

(
i + d− 1

i

)
≤ (n + 1)

(
n + d− 1

n

)
.

[10]



Then note that,(
n + d− 1

n

)
=

(n + d− 1)!
n! (d− 1)!

=
(n + d− 1) · · · (n + 1)

(d− 1) · · · 1

=
d−1∏
j=1

(
n

j
+ 1
)

≤ (n + 1)d−1 .

Thus, we have that K = C1 · (n + 1)d, or equivalently that n = C2 ·K1/d (and so n−s = C−s
2 ·K−s/d)

for some C1, C2 ∈ R++. Finally, by Lorentz (1986, Theorem 8) we have that

sup
x

∣∣µw (x)−RK (x)′ γ0
w,K

∣∣ = O
(
n−s

)
= O

(
K−s/d

)
,

as desired. The proofs of (ii) and (iv) may be found in Imbens, Newey and Ridder (2006). For (iii)
consider,

∥∥γ̂K − γ0
K

∥∥ =
∥∥∥∥ 1

Nw
Ω̂−1

w,KR′
w,KYw −

1
Nw

Ω̂−1
w,KR′

w,KRw,K · γ0
w,K

∥∥∥∥
=
∥∥∥∥ 1

Nw
Ω̂−1

w,KR′
w,K

(
Yw −Rw,K · γ0

w,K

)∥∥∥∥
≤ λmax

(
Ω̂−1/2

w,K

)
·
∥∥∥∥ 1

Nw
Ω̂−1/2

w,K R′
w,K

(
Yw −Rw,K · γ0

w,K

)∥∥∥∥ .

By Lemma A.1, the first factor is,

λmax

(
Ω̂−1/2

w,K

)
= λmax

(
Ω−1/2

w,K

)
+Op

(
ζ (K) K1/2N−1/2

)
= O (1)+Op

(
ζ (K) K1/2N−1/2

)
. (B.30)

The second factor may be broken up into,∥∥∥∥ 1
Nw

Ω̂−1/2
w,K R′

w,K

(
Yw −Rw,K · γ0

w,K

)∥∥∥∥
=
∥∥∥∥ 1

Nw
Ω̂−1/2

w,K R′
w,K

(
Yw − µw (X) + µw (X)−Rw,K · γ0

w,K

)∥∥∥∥
≤
∥∥∥∥ 1

Nw
Ω̂−1/2

w,K R′
w,Kεw

∥∥∥∥ (B.31)

+
∥∥∥∥ 1

Nw
Ω̂−1/2

w,K R′
w,K

(
µw (X)−Rw,K · γ0

w,K

)∥∥∥∥ . (B.32)

[11]



For equation (B.31) we have,

E
∥∥∥∥ 1

Nw
Ω̂−1/2

w,K R′
w,Kεw

∥∥∥∥2

= E
[
tr
(

1
N2

w

ε′wRw,KΩ̂−1
w,KR′

w,Kεw

)]
=

1
Nw

E
[
tr
(
Rw,K

(
R′

w,KRw,K

)−1
R′

w,Kεwε′w

)]
=

1
Nw

tr
(
E
[
Rw,K

(
R′

w,KRw,K

)−1
R′

w,KE [εwε′w|X]
])

≤ σ̄2 · 1
Nw

E
[
tr
(
Rw,K

(
R′

w,KRw,K

)−1
R′

w,K

)]
= σ̄2 · 1

Nw
K

≤ C ·KN−1,

and so∥∥∥∥ 1
Nw

Ω̂−1/2
w,K R′

w,Kεw

∥∥∥∥ = Op

(
K1/2N−1/2

)
(B.33)

by Markov’s inequality. For equation (B.32) we have,∥∥∥∥ 1
Nw

Ω̂−1/2
w,K R′

w,K

(
µw (X)−Rw,K · γ0

w,K

)∥∥∥∥2

=
1

Nw

(
µw (X)−Rw,K · γ0

w,K

)′
Rw,K

(
R′

w,KRw,K

)−1
R′

w,K

(
µw (X)−Rw,K · γ0

w,K

)
≤ 1

Nw

(
µw (X)−Rw,K · γ0

w,K

)′ (
µw (X)−Rw,K · γ0

w,K

)
≤ sup

x

∣∣µw (x)−RK (x)′ γ0
K

∣∣2
= O

(
K−2s/d

)
,

by (i), and so∥∥∥∥ 1
Nw

Ω̂−1/2
w,K R′

w,K

(
µw (X)−Rw,K · γ0

w,K

)∥∥∥∥ = O
(
K−s/d

)
(B.34)

Note that the third line of the penultimate display follows since Rw,K

(
R′

w,KRw,K

)−1
R′

w,K is a
projection matrix. Combining equations (B.30), (B.33) and (B.34) yields,∥∥γ̂K − γ0

K

∥∥ =
[
O (1) + Op

(
ζ (K) K1/2N−1/2

)] [
Op

(
K1/2N−1/2

)
+ O

(
K−s/d

)]
= Op

(
K1/2N−1/2

)
+ O

(
K−s/d

)
+ Op

(
ζ (K) KN−1

)
+ Op

(
ζ (K) K1/2K−s/dN−1/2

)
= O

(
K−s/d

)
+ Op

(
ζ (K) KN−1

)
+ Op

(
ζ (K) K1/2K−s/dN−1/2

)
.

However, by Assumption 3.3, we have that,

Op

(
ζ (K) K1/2K−s/dN−1/2

)
= op

(
K−s/d

)
= op (1)

and so∥∥γ̂K − γ0
K

∥∥ = Op

(
ζ (K) KN−1

)
+ O

(
K−s/d

)
,

[12]



as desired. Finally, for (v) we have,

sup
x
|µw (x)− µ̂w,K (x)| ≤ sup

x

∣∣µw (x)− µ0
w,K (x)

∣∣+ sup
x

∣∣µ0
w (x)− µ̂w,K (x)

∣∣ .
The first term is O

(
K−s/d

)
by (i). For the second term we have,

sup
x

∣∣µ0
w (x)− µ̂w,K (x)

∣∣
= sup

x

∣∣RK (x)′
(
γ0

w,K − γ̂w,K

)∣∣
≤ sup

x
‖RK (x)‖

∥∥γ0
w,K − γ̂w,K

∥∥
= ζ (K) ·

[
Op

(
ζ (K) KN−1

)
+ O

(
K−s/d

)]
= Op

(
ζ (K)2 KN−1

)
+ O

(
ζ (K) K−s/d

)
,

where we use the definition of ζ (K) and the result from (iv). Thus,

sup
x
|µw (x)− µ̂w,K (x)| = O

(
K−s/d

)
+ Op

(
ζ (K)2 KN−1

)
+ O

(
ζ (K) K−s/d

)
= Op

(
ζ (K)2 KN−1

)
+ O

(
ζ (K) K−s/d

)
,

as desired.

Proof of Lemma A.7 (Additional Details) Equation (A.4) is

N−1/2
w

∥∥∥∥[Ω̂−1
w,KΣ̂w,KΩ̂−1

w,K

]−1/2

Ω̂−1
w,KR

′

w,Kε∗w,K −
[
Ω̂−1

w,KΣ̂w,KΩ̂−1
w,K

]−1/2

Ω̂−1
w,KR

′

w,K · εw

∥∥∥∥
≤
∥∥∥∥[Σ̂w,KΩ̂−1

w,K

]−1/2
∥∥∥∥∥∥∥ Ω̂−1/2

w,K R
′

w,K

(
ε∗w,K − εw

)/
N1/2

w

∥∥∥
The first factor is,∥∥∥∥[Σ̂w,KΩ̂−1

w,K

]−1/2
∥∥∥∥

=
∥∥∥Ω̂1/2

w,KΣ̂−1/2
w,K

∥∥∥
≤ λmax

(
Σ̂−1/2

w,K

)∥∥∥Ω̂1/2
w,K

∥∥∥
≤ λmax

(
Σ̂−1/2

w,K

)
λmax

(
Ω̂1/2

w,K

)
K1/2

=
[
λmax

(
Σ−1/2

w,K

)
+ Op(ζ (K)2 K3/2N−1) + Op

(
ζ (K) K1/2K−s/d

)]
×
[
λmax

(
Ω1/2

w,K

)
+ Op

(
ζ(K)K1/2N−1/2

)]
K1/2

= λmax

(
Σ−1/2

w,K

)
λmax

(
Ω1/2

w,K

)
K1/2 + Op(ζ (K)2 K2N−1) + O

(
ζ (K) KK−s/d

)
= O

(
K1/2

)
+ Op(ζ (K)2 K2N−1) + Op

(
ζ (K) KK−s/d

)
.

[13]



For the second factor we have,

E
∥∥∥Ω̂− 1

2
w,KR′

w,K

(
ε∗w,K − εw

)
/
√

Nw

∥∥∥2

= E
[

1
Nw

tr
((

ε∗w,K − εw

)′
Rw,KΩ̂−1

w,KR′
w,K

(
ε∗w,K − εw

))]
= E

[((
ε∗w,K − εw

)′
Rw,K

(
R′

w,KRw,K

)−1
R′

w,K

(
ε∗w,K − εw

))]
≤ E

[(
ε∗w,K − εw

)′ (
ε∗w,K − εw

)]
(B.35)

= E
[(

µw(X)−Rw,Kγ∗w,K

)′ (
µw(X)−Rw,Kγ∗w,K

)]
≤ Nw · sup

x

∣∣µw(x)−RK(x)′γ∗w,K

∣∣2
≤ Nw · sup

x

(∣∣µw(x)−RK(x)′γ0
w,K

∣∣+ ∣∣RK(x)′γ0
w,K −RK(x)′γ∗w,K

∣∣)2
= Nw

(
O
(
K− s

d

)
+ O

(
ζ(K)K

1
2 K− s

d

))2

(B.36)

= O (N) ·
(
O
(
ζ(K)K

1
2 K− s

d

))2

Thus, ∥∥∥ Ω̂−1/2
w,K R

′

w,K

(
ε∗w,K − εw

)/
N1/2

w

∥∥∥ = Op

(
ζ(K)K1/2K−s/dN1/2

)
by Markov’s inequality. Equation (B.35) follows by the fact that Rw,K(R′

w,KRw,K)−1R′
w,K is a projec-

tion matrix and equation (B.36) follows from Lemma A.6 (i) and (iv). Then equation (A.4) is

N−1/2
w

∥∥∥∥[Ω̂−1
w,KΣ̂w,KΩ̂−1

w,K

]−1/2

Ω̂−1
w,KR

′

w,Kε∗w,K −
[
Ω̂−1

w,KΣ̂w,KΩ̂−1
w,K

]−1/2

Ω̂−1
w,KR

′

w,K · εw

∥∥∥∥
=
[
O
(
K1/2

)
+ Op(ζ (K)2 K2N−1) + Op

(
ζ (K) KK−s/d

)] [
Op

(
ζ(K)K1/2K−s/dN1/2

)]
= Op

(
ζ(K)KK−s/dN1/2

)
+ Op

(
ζ(K)3K5/2K−s/dN−1/2

)
+ Op

(
ζ(K)2K3/2K−2s/dN1/2

)
= Op

(
ζ(K)2K3/2K−2s/dN1/2

)
,

by Assumption 3.3. Next, equation (A.5) is

N−1/2
w

∥∥∥∥[Ω̂−1
w,KΣ̂w,KΩ̂−1

w,K

]−1/2

Ω̂−1
w,KR

′

w,K · εw −
[
Ω̂−1

w,KΣw,KΩ−1
w,K

]−1/2

Ω̂−1
w,KR

′

w,K · εw

∥∥∥∥
≤
∥∥∥∥[Σ̂w,KΩ̂−1

w,K

]−1/2

−
[
Σw,KΩ−1

w,K

]−1/2
∥∥∥∥∥∥∥N−1/2

w Ω̂−1/2
w,K R

′

w,K · εw

∥∥∥
The first factor is∥∥∥∥[Σ̂w,KΩ̂−1

w,K

]−1/2

−
[
Σw,KΩ−1

w,K

]−1/2
∥∥∥∥ = Op

(
ζ (K)2 K2N−1

)
+Op

(
ζ (K) KN−1/2

)
+Op

(
ζ (K) KK−s/d

)
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by Lemma B.2. The second factor is,

E
∥∥∥Ω̂− 1

2
w,K ·R′

w,Kεw/
√

Nw

∥∥∥2

= E
[

1
Nw

tr
(
ε′wRw,KΩ̂−1

w,KR′
w,Kεw

)]
= E

[
tr
(
ε′wRw,K

(
R′

w,KRw,K

)−1
R′

w,Kεw

)]
= E

[
tr
(
Rw,K

(
R′

w,KRw,K

)−1
R′

w,Kεwε′w

)]
= tr

(
E
[
Rw,K

(
R′

w,KRw,K

)−1
R′

w,KE [εwε′|X]
])

≤ σ̄2
w · tr

(
E
[
Rw,K

(
R′

w,KRw,K

)−1
R′

w,K

])
= σ̄2

w · E
[
tr
(
Rw,K

(
R′

w,KRw,K

)−1
R′

w,K

)]
= σ̄2

w · E
[
tr
((

R′
w,KRw,K

)−1
R′

w,KRw,K

)]
= σ̄2

w · tr (IK)

= σ̄2
w ·K.

Thus, the the second factor is Op

(
K1/2

)
by Markov’s inequality. Putting this together yields,

N−1/2
w

∥∥∥∥[Ω̂−1
w,KΣ̂w,KΩ̂−1

w,K

]−1/2

Ω̂−1
w,KR

′

w,K · εw −
[
Ω̂−1

w,KΣw,KΩ−1
w,K

]−1/2

Ω̂−1
w,KR

′

w,K · εw

∥∥∥∥
=
[
Op

(
ζ (K)2 K2N−1

)
+ Op

(
ζ (K) KN−1/2

)
+ Op

(
ζ (K) KK−s/d

)]
Op

(
K1/2

)
= Op

(
ζ (K) K3/2N−1/2

)
+ Op

(
ζ (K) K3/2K−s/d

)
.

Finally, equation (A.6) is

N−1/2
w

∥∥∥∥[Ω̂−1
w,KΣw,KΩ−1

w,K

]−1/2

Ω̂−1
w,KR

′

w,K · εw −
[
Ω−1

w,KΣw,KΩ−1
w,K

]−1/2

Ω−1
w,KR

′

w,K · εw

∥∥∥∥
≤
∥∥∥∥[Σw,KΩ−1

w,K

]−1/2
∥∥∥∥∥∥∥Ω̂−1/2

w,K − Ω−1/2
w,K

∥∥∥∥∥∥N−1/2
w R

′

w,K · εw

∥∥∥
The first factor is,∥∥∥∥[Σw,KΩ−1

w,K

]−1/2
∥∥∥∥ ≤ C · ‖I‖ = O

(
K1/2

)
.
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The second factor is Op

(
ζ (K) K1/2N−1/2

)
by Lemma A.1. For the third factor consider,

E
∥∥∥R′

w,Kεw/
√

Nw

∥∥∥2

= E
[

1
Nw

tr
(
ε′wRw,KR′

w,Kεw

)]
= E

[
1

Nw
tr
(
R′

w,Kεwε′wRw,K

)]
= tr

(
1

Nw
E
[
R′

w,KE [εwε′w|X]Rw,K

])
≤ σ̄2

w · tr
(
E
[
R′

w,KRw,K/Nw

])
= σ̄2

w · tr (Ωw,K)

≤ σ̄2
w ·K · λmax (Ωw,K)

≤ C ·K

Thus, the third factor is Op

(
K1/2

)
by Assumption 3.2, Lemma A.1 (ii) and Markov’s inequality. Putting

this together yields,

N−1/2
w

∥∥∥∥[Ω̂−1
w,KΣw,KΩ−1

w,K

]−1/2

Ω̂−1
w,KR

′

w,K · εw −
[
Ω−1

w,KΣw,KΩ−1
w,K

]−1/2

Ω−1
w,KR

′

w,K · εw

∥∥∥∥
= Op

(
ζ (K) K3/2N−1/2

)
.

Before proving Theorem 3/3. we need the following lemma.

Lemma B.1 We may partition V̂ and V analogously to the partition of V̂P and VP in Section 3.4.

V̂ =
(

V̂00 V̂01

V̂10 V̂11

)
and

V =
(

V00 V01

V10 V11

)
where V̂00 and V00 are scalars, V̂01 and V01 are 1× (K − 1) vectors, V̂10 and V10 are (K − 1)× 1 vectors
and V̂11 and V11 are (K − 1)× (K − 1) matrices. Then,

λmin

(
[N · V ]−1

)
≤ λmin

(
[N · V11]

−1
)

, λmax

(
[N · V ]−1

)
≥ λmax

(
[N · V11]

−1
)

and if Op

(
ζ (K)2 K3/2N−1

)
+ Op

(
ζ (K) K1/2K−s/d

)
= op (1),

λmin

([
N · V̂

]−1
)
≤ λmin

([
N · V̂11

]−1
)

, λmax

([
N · V̂

]−1
)
≥ λmax

([
N · V̂11

]−1
)

with probability approaching one.

Proof The proof follows by the interlacing theorem, (see, for example, Li and Mathias (2002)): If A is
an n× n positive semi-definite Hermitian matrix with eigenvalues λ1 ≥ ... ≥ λn, B is a k × k principal
submatrix of A with eigenvalues λ̃1 ≥ ... ≥ λ̃k, then

λi ≥ λ̃i ≥ λi+n−k, i = 1, ..., k.

[16]



In our case, N · V̂ and N · V are positive semi-definite, symmetric and thus positive semi-definite,
Hermitian. So then, by the interlacing theorem

λmin (N · V ) ≤ λmin (N · V11) =⇒ λmax

(
[N · V ]−1

)
≥ λmax

(
[N · V11]

−1
)

and

λmax (N · V ) ≥ λmax (N · V11) =⇒ λmin

(
[N · V ]−1

)
≤ λmin

(
[N · V11]

−1
)

.

Moreover, by Lemma A.2, N · V̂ is nonsingular with probability approaching one so that again by the
interlacing theorem we obtain

λmin

(
N · V̂

)
≤ λmin

(
N · V̂11

)
=⇒ λmax

([
N · V̂

]−1
)
≥ λmax

([
N · V̂11

]−1
)

and

λmax

(
N · V̂

)
≥ λmax

(
N · V̂11

)
=⇒ λmin

([
N · V̂

]−1
)
≤ λmin

([
N · V̂11

]−1
)

.

Proof of Theorem 3.3 When the conditional average treatment effect is constant we may choose the
two approximating sequences, γ0

0,K and γ0
1,K , to differ only by way of the first element (the coefficient

of the constant term in the approximating sequence). To simplify notation, define

δ̂1K = γ̂11,K − γ̂01,K , δ∗1K = γ∗11,K − γ∗01,K .

We may again follow the logic of Lemmas (A.3), (A.4), and (A.5) to conclude that

T ∗′ ≡
((

δ̂1K − δ∗1K

)′
· V̂ −1

11 ·
(
δ̂1K − δ∗1K

)
− (K − 1)

)/√
2 (K − 1) d−→ N (0, 1)

We need only show that |T ∗′ − T ′| = op(1) to complete the proof. First, note that

∥∥γ∗w1,K − γ0
w1,K

∥∥2
=

K∑
i=2

(
γ∗w1,K,i − γ0

w1,K,i

)2
≤

K∑
i=2

(
γ∗w1,K,i − γ0

w1,K,i

)2
+
(
γ∗w0,K − γ0

w0,K

)2
=

∥∥γ∗w,K − γ0
w,K

∥∥2

= O
(
KK−2s/d

)
, (B.37)

by Lemma A.6 (ii) and

∥∥γ̂w1,K − γ0
w1,K

∥∥2
=

K∑
i=2

(
γ̂w1,K,i − γ0

w1,K,i

)2
≤

K∑
i=2

(
γ̂w1,K,i − γ0

w1,K,i

)2
+
(
γ̂w0,K − γ0

w0,K

)2
=

∥∥γ̂w,K − γ0
w,K

∥∥2

=
[
Op

(
ζ (K) KN−1

)
+ O

(
K−s/d

)]2
. (B.38)
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by Lemma A.6 (iii). We may choose the last (K − 1) elements of the approximating sequence to be
equal, γ0

11,K = γ0
01,K . This allows us to bound,∥∥∥δ̂1K

∥∥∥ = ‖γ̂11,K − γ̂01,K‖

=
∥∥γ̂11,K − γ0

11,K + γ0
01,K − γ̂01,K

∥∥
≤

∥∥γ̂11,K − γ0
11,K

∥∥+
∥∥γ0

01,K − γ̂01,K

∥∥
= Op

(
ζ (K) KN−1

)
+ O

(
K−s/d

)
(B.39)

by equation (B.38). Also,

‖δ∗1K‖ =
∥∥γ∗11,K − γ∗01,K

∥∥
=

∥∥γ∗11,K − γ0
11,K + γ0

01,K − γ∗01,K

∥∥
≤

∥∥γ∗11,K − γ0
11,K

∥∥+
∥∥γ0

01,K − γ∗01,K

∥∥
= O

(
K1/2K−s/d

)
(B.40)

by equation (B.37). Next note that,

∣∣T ∗′ − T ′∣∣ =
((

δ̂1K − δ∗1K

)′
V̂ −1

11

(
δ̂1K − δ∗1K

)
− δ̂′1K V̂ −1

11 δ̂1K

)/√
2 (K − 1)

=
(
δ∗1K

′V̂ −1
11 δ∗1K − 2 · δ̂′1K V̂ −1

11 δ∗1K

)/√
2 (K − 1) (B.41)

First consider,∣∣∣δ∗1K
′V̂ −1

11 δ∗1K

∣∣∣
=

∣∣∣tr(δ∗1K
′V̂ −1

11 δ∗1K

)∣∣∣
= N ·

∣∣∣∣tr(δ∗1K
′
[
N · V̂11

]−1

δ∗1K

)∣∣∣∣
≤ N · λmax

([
N · V̂11

]−1
)
· ‖δ∗1K‖

2

≤ N · λmax(
([

N · V̂
]−1
)
· ‖δ∗1K‖

2 (B.42)

= N ·
[
O (1) + Op

(
ζ (K) K3/2N−1/2

)
+ Op

(
ζ (K) K3/2K−s/d

)]
O
(
KK−2s/d

)
= Op

(
ζ (K) K5/2K−2s/dN1/2

)
, (B.43)

where equation (B.42) follows by Lemma B.1 and equation (B.43) follows from Lemma B.2 and the proof
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of Theorem 3.1. Now consider,∣∣∣δ̂′1K V̂ −1
11 δ∗1K

∣∣∣
=

∣∣∣tr(δ̂′1K V̂ −1
11 δ∗1K

)∣∣∣
= N ·

∣∣∣∣tr(δ̂′1K

[
N · V̂11

]−1

δ∗1K

)∣∣∣∣
≤ N · λmax

([
N · V̂11

]−1
)∥∥∥δ̂1K

∥∥∥ ‖δ∗1K‖

≤ N · λmax

([
N · V̂

]−1
)∥∥∥δ̂1K

∥∥∥ ‖δ∗1K‖ (B.44)

= N ·
[
O (1) + Op

(
ζ (K) K3/2N−1/2

)
+ Op

(
ζ (K) K3/2K−s/d

)]
×
[
Op

(
ζ (K) KN−1

)
+ O

(
K−s/d

)] [
O
(
K1/2K−s/d

)]
= O

(
ζ (K) K2K−3s/dN

)
(B.45)

where equation (B.44) follows by Lemma B.1 and equation (B.45) follows from Lemma B.2 and the proof
of Theorem 3.1. Thus, we have that equation (B.41) is,∣∣T ∗′ − T ′∣∣ = O

(
K−1/2

) [
Op

(
ζ (K) K5/2K−2s/dN1/2

)
+ Op

(
ζ (K) K2K−3s/dN

)]
= Op

(
ζ (K) K2K−2s/dN1/2

)
+ Op

(
ζ (K) K3/2K−3s/dN

)
which is op (1) under Assumptions 3.2 and 3.3.

Proof of Theorem 3.4 First, note that we may partition RK(x) as

RK(x) =
(

R1

RK−1(x)

)
.

Next, consider

ρN · sup
x∈X

|∆(x)| = sup
x
|µ1(x)− µ0(x)− τ |

≤ sup
x∈X

∣∣RK(x)′γ0
1,K − µ1(x)

∣∣+ sup
x∈X

∣∣RK(x)′γ0
0,K − µ0(x)

∣∣
+sup

x∈X

∣∣RK(x)′γ̂0,K −RK(x)′γ0
0,K

∣∣+ sup
x∈X

∣∣RK(x)′γ̂1,K −RK(x)′γ0
1,K

∣∣
+sup

x∈X
|RK−1(x)′γ̂11,K −RK−1(x)′γ̂01,K |+ |R1γ̂10,K −R1γ̂00,K − τ |

≤ sup
x∈X

∣∣RK(x)′γ0
0,K − µ0(x)

∣∣+ sup
x∈X

∣∣RK(x)′γ0
1,K − µ1(x)

∣∣
+sup

x∈X
‖RK(x)‖ ·

∥∥γ̂0,K − γ0
0,K

∥∥+ sup
x∈X

‖RK(x)‖ ·
∥∥γ̂1,K − γ0

1,K

∥∥
+sup

x∈X
‖RK−1(x)‖ · ‖γ̂11,K − γ̂01,K‖+ |R1γ̂10,K −R1γ̂00,K − τ |

≤ sup
x∈X

∣∣RK(x)′γ0
0,K − µ0(x)

∣∣+ sup
x∈X

∣∣RK(x)′γ0
1,K − µ1(x)

∣∣
+ζ(K) ·

∥∥γ̂0,K − γ0
0,K

∥∥+ ζ(K) ·
∥∥γ̂1,K − γ0

1,K

∥∥+ ζ(K) · ‖γ̂11,K − γ̂01,K‖
+ |R1γ̂10,K −R1γ̂00,K − τ | .
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Thus,

‖γ̂11,K − γ̂01,K‖ ≥ ζ(K)−1 · ρN · sup
x∈X

|∆(x)| − ζ(K)−1 · sup
x∈X

∣∣RK(x)′γ0
0,K − µ0(x)

∣∣
−ζ(K)−1 · sup

x∈X

∣∣RK(x)′γ0
1,K − µ1(x)

∣∣− ∥∥γ̂0,K − γ0
0,K

∥∥− ∥∥γ̂1,K − γ0
1,K

∥∥
−ζ(K)−1 · |R1γ̂10,K −R1γ̂00,K − τ | .

We may follow the steps of the proof of Theorem 3.2 to obtain, for any M ′,

Pr
(
N1/2ζ (K)−1/2

K−1/2 ‖γ̂11,K − γ̂01,K‖ > M ′
)
−→ 1. (B.46)

Next, we show that this implies that

Pr

(
C̃ · (γ̂11,K − γ̂01,K)′ V −1

11 (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

> M

)
−→ 1, (B.47)

for an arbitrary constant C̃ ∈ R++. Denote λmin([N · V11]
−1) and λmax([N · V11]

−1) by λ11 and λ̄11,
respectively and note that by Lemma A.2 and Lemma B.1 it follows that λ11 is bounded away from zero
and λ̄11 is bounded.

Pr

(
C̃ · (γ̂11,K − γ̂01,K)′ V −1

11 (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

> M

)

= Pr

(
C̃ ·N · (γ̂11,K − γ̂01,K)′ [N · V11]

−1 (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

> M

)
= Pr

(
C̃ ·N · (γ̂11,K − γ̂01,K)′ [N · V11]

−1 (γ̂11,K − γ̂01,K) > M
√

2 (K − 1) + K − 1
)

≥ Pr
(
λ11C̃ ·N · (γ̂11,K − γ̂01,K)′ (γ̂11,K − γ̂01,K) > M

√
2 (K − 1) + K − 1

)
= Pr

(
Nζ (K)−1

K−1 · (γ̂11,K − γ̂01,K)′ (γ̂11,K − γ̂01,K) >
(
λ11C̃

)−1

ζ (K)−1
K−1

[
M
√

2 (K − 1)1/2 + K − 1
])

= Pr
(

N1/2ζ (K)−1/2
K−1/2 ‖γ̂11,K − γ̂01,K‖ >

(
λ11C̃

)−1/2

ζ (K)−1/2
(
M
√

2K−1 (K − 1)1/2 + 1−K−1
)1/2

)
Since for any M , for large enough N , we have(

λ11C̃
)−1/2

ζ (K)−1/2
(
M
√

2K−1 (K − 1)1/2 + 1−K−1
)1/2

< 2
(
λC̃
)−1/2

it follows that this probability is for large N bounded from below by the probability

Pr
(

N1/2ζ (K)−1/2
K−1/2 ‖γ̂11,K − γ̂01,K‖ > 2

(
λC̃
)−1/2

)
which goes to one by (B.46). To conclude we must show that this implies that

Pr(T ′ > M) = Pr

(
(γ̂11,K − γ̂01,K)′ V̂ −1

11 (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

> M

)
−→ 1.

Let λ̂11 = λmin([N · V̂11]−1) for simplicity of notation. Let A1 denote the event that λ̂11 > λ11/ 2 which
satisfies Pr (A1) → 1 as N → ∞ by Lemmas A.1, A.2, and B.1 along with Assumptions 3.2 and 3.3.
Also define the event A2,

(λ11/ 2)N · (γ̂11,K − γ̂01,K)′ (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

> M .
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Note that

Pr

(
C̃ · (γ̂11,K − γ̂01,K)′ V −1

11 (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

> M

)

= Pr

(
C̃ ·N · (γ̂11,K − γ̂01,K)′ [N · V11]

−1 (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

> M

)

≤ Pr

(
λ̄11C̃ ·N · (γ̂11,K − γ̂01,K)′ (γ̂11,K − γ̂01,K)− (K − 1)√

2 (K − 1)
> M

)

which goes to one as N →∞ by equation (B.47). Since C̃ was arbitrary we may choose C̃ = (λ11/ 2)·λ̄−1
11

and so Pr (A2) → 1 as N → ∞. Thus, Pr (A1 ∩A2) → 1 as N → ∞. Finally, note that the event
A1 ∩A2 implies that

T ′ =
(γ̂11,K − γ̂01,K)′ V̂ −1

11 (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

=
N · (γ̂11,K − γ̂01,K)′

[
N · V̂11

]−1

(γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

≥ λ̂11N · (γ̂11,K − γ̂01,K)′ (γ̂11,K − γ̂01,K)− (K − 1)√
2 (K − 1)

>
(λ11/ 2)N · (γ̂11,K − γ̂01,K)′ (γ̂11,K − γ̂01,K)− (K − 1)√

2 (K − 1)
> M .

Hence Pr(T ′ > M)) −→ 1.

Lemma B.2 Suppose Assumptions 2.1-2.3 and 3.1-3.2 hold. Then (i),∥∥∥Σ̂w,KΩ̂−1
w,K − Σw,KΩ−1

w,K

∥∥∥ = Op

(
ζ (K)2 K2N−1

)
+ Op

(
ζ (K) KN−1/2

)
+ Op

(
ζ (K) KK−s/d

)
,

and (ii)∥∥∥Ω̂−1
w,KΣ̂w,KΩ̂−1

w,K − Ω−1
w,KΣw,KΩ−1

w,K

∥∥∥ = Op

(
ζ (K) K3/2N−1/2

)
+ Op

(
ζ (K) K3/2K−s/d

)
.

Proof For (i) note that,∥∥∥Σ̂w,KΩ̂−1
w,K − Σw,KΩ−1

w,K

∥∥∥ =
∥∥∥Σ̂w,KΩ̂−1

w,K − Σw,KΩ̂−1
w,K + Σw,KΩ̂−1

w,K − Σw,KΩ−1
w,K

∥∥∥
≤
∥∥∥Σ̂w,K − Σw,K

∥∥∥∥∥∥Ω̂−1
w,K

∥∥∥ (B.48)

+ ‖Σw,K‖
∥∥∥Ω̂−1

w,K − Ω−1
w,K

∥∥∥ (B.49)

First, consider equation (B.48),∥∥∥Σ̂w,K − Σw,K

∥∥∥ = Op

(
ζ (K)2 K3/2N−1

)
+ Op

(
ζ (K) K1/2K−s/d

)
by Lemma A.1. Next,∥∥∥Ω̂−1

w,K

∥∥∥ ≤ K1/2 · λmax

(
Ω̂−1

w,K

)
= O

(
K1/2

)
+ Op

(
ζ (K) KN−1/2

)
.
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For equation (B.49) we have that,

‖Σw,K‖ ≤ K1/2 · λmax (Σw,K) = O
(
K1/2

)
.

Also, we have∥∥∥Ω̂−1
w,K − Ω−1

w,K

∥∥∥ = Op

(
ζ (K) K1/2N−1/2

)
(B.50)

by Lemma A.1. Thus,∥∥∥Σ̂w,KΩ̂−1
w,K − Σw,KΩ−1

w,K

∥∥∥
=
[
Op

(
ζ (K)2 K3/2N−1

)
+ Op

(
ζ (K) K1/2K−s/d

)] [
O
(
K1/2

)
+ Op

(
ζ (K) KN−1/2

)]
+
[
O
(
K1/2

)] [
Op

(
ζ (K) K1/2N−1/2

)]
= Op

(
ζ (K)2 K2N−1

)
+ Op

(
ζ (K) KN−1/2

)
+ Op

(
ζ (K) KK−s/d

)
.

For (ii) note that,∥∥∥Ω̂−1
w,KΣ̂w,KΩ̂−1

w,K − Ω−1
w,KΣw,KΩ−1

w,K

∥∥∥
=
∥∥∥Ω̂−1

w,KΣ̂w,KΩ̂−1
w,K − Ω−1

w,KΣ̂w,KΩ̂−1
w,K + Ω−1

w,KΣ̂w,KΩ̂−1
w,K − Ω−1

w,KΣw,KΩ−1
w,K

∥∥∥
≤
∥∥∥Ω̂−1

w,K − Ω−1
w,K

∥∥∥∥∥∥Σ̂w,KΩ̂−1
w,K

∥∥∥ (B.51)

+
∥∥∥Ω−1

w,K

∥∥∥∥∥∥Σ̂w,KΩ̂−1
w,K − Σw,KΩ−1

w,K

∥∥∥ (B.52)

For equation (B.51) the first factor is Op

(
ζ (K) K1/2N−1/2

)
by equation (B.50) and the second factor

is ∥∥∥Σ̂w,KΩ̂−1
w,K

∥∥∥
≤ λmax

(
Σ̂w,K

)∥∥∥Ω̂w,K

∥∥∥
≤ λmax

(
Σ̂w,K

)
λmax

(
Ω̂w,K

)
K1/2

= λmax (Σw,K) λmax (Ωw,K) K1/2 + Op

(
ζ (K)2 K2N−1

)
+ Op

(
ζ (K) KK−s/d

)
= O

(
K1/2

)
+ Op

(
ζ (K)2 K2N−1

)
+ Op

(
ζ (K) KK−s/d

)
.

Thus, equation (B.51) is∥∥∥Ω̂−1
w,K − Ω−1

w,K

∥∥∥∥∥∥Σ̂w,KΩ̂−1
w,K

∥∥∥ = Op

(
ζ (K) KN−1/2

)
+ Op

(
ζ (K)2 K3/2K−s/dN−1/2

)
.

For equation (B.52) the first factor is,∥∥∥Ω−1
w,K

∥∥∥ ≤ λmax

(
Ω−1

w,K

)
‖I‖ = O

(
K1/2

)
.

The second factor is∥∥∥Σ̂w,KΩ̂−1
w,K − Σw,KΩ−1

w,K

∥∥∥ = Op

(
ζ (K)2 K2N−1

)
+ Op

(
ζ (K) KN−1/2

)
+ Op

(
ζ (K) KK−s/d

)
by (i). Thus, equation (B.52) is∥∥∥Ω−1

w,K

∥∥∥∥∥∥Σ̂w,KΩ̂−1
w,K − Σw,KΩ−1

w,K

∥∥∥ = Op

(
ζ (K) K3/2N−1/2

)
+ Op

(
ζ (K) K3/2K−s/d

)
[22]



Finally,∥∥∥Ω̂−1
w,KΣ̂w,KΩ̂−1

w,K − Ω−1
w,KΣw,KΩ−1

w,K

∥∥∥
= Op

(
ζ (K) KN−1/2

)
+ Op

(
ζ (K)2 K3/2K−s/dN−1/2

)
+ Op

(
ζ (K) K3/2N−1/2

)
+ Op

(
ζ (K) K3/2K−s/d

)
= Op

(
ζ (K) K3/2N−1/2

)
+ Op

(
ζ (K) K3/2K−s/d

)
.
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