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Abstract

We construct a modeling framework that allows for the flexible contribution of
intraday information to predict the conditional distribution of asset returns. A flexible
spline specification is proposed to capture the contribution of intraday returns inside a
GARCH-type specification for the daily return, and the “focused Bayesian” prediction
framework is adopted to allow the intraday contribution to be trained according to
the region of the support that is of interest. An empirical analysis of three broad
market indices and ten industrial indices demonstrates the gains from using (i) high-
frequency data, (ii) incorporated flexibly into the low-frequency model, (iii) estimated

using a focused Bayes approach.
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1 Introduction

Building on the foundational work of Engle (1982) and Bollerslev (1987), the class of gen-
eralized autoregressive conditional heteroskedastic (GARCH) model has been extensively
used in forecasting the distribution of financial returns. Since its introduction, this model
has been extended in many directions including the addition of leverage effects (e.g., Glosten
et al., 1993, Zakoian, 1994 and Chen and Ghysels, 2011), allowing for fat-tail innovations
(e.g., Hall and Yao, 2003, Fan et al., 2014) and accounting for long memory (e.g., Ding
et al., 1993; Baillie et al., 1996). With the development of the realized volatility computed
from intraday data, pioneered by Barndorff-Nielsen and Shephard (2002) and Andersen
et al. (2003), this measure has been incorporated in the GARCH framework and shown
to lead to improvements in predictive performance see Hansen et al. (2012), Engle et al.
(2013) and more recently Liu et al. (2023).

The use of realized volatility as a predictor implicitly imposes that all intraday observa-
tions have equal predictive content. The class of “mixed data sampling” (MIDAS) models
of Ghysels et al. (2006) provides a way to relax that constraint, by allowing intraday re-
turns to have flexible, estimated, weights. We adopt this framework and propose a method
to flexibly incorporate high-frequency data in a model for the conditional distribution of
lower-frequency returns. We model the weights for the high-frequency observations using
a flexible B-spline function, and we utilize regularized splines, so that the weights are (op-
timally) shrunk toward a flat weighting function. We name our model “High-Frequency
GARCH” (HF-GARCH). We estimate the model either by maximizing the log-score (analo-
gous to maximum likelihood), or maximizing a scoring rule that is “focused” on a particular
region of the support of the predictive density, e.g. the left tail.

Our use of high-frequency returns in a model for lower-frequency returns builds on the

work of Ghysels et al. (2006), Chen and Ghysels (2011) and Patton and Zhang (2022). Like



those papers, we allow intradaily returns to flexibly enter the lower-frequency model, rather
than imposing a fixed weight structure. However, distinct from these papers is our focus
on modeling the entire predictive distribution, rather than focusing only on the conditional
second moment. Also novel relative to these papers is our use of Bayesian estimation.
Bayesian estimation for estimating predictive return densities goes back to Bawa et al.
(1979), see also Jorion (1985) and Kandel and Stambaugh (1996) amongst others. The
Bayesian approach provides a coherent framework for incorporating parameter estimation
error, which can be sizable for flexible models such as ours, into the predictive distribution.

We adopt the “focused Bayesian” prediction framework introduced in Loaiza-Maya et al.
(2021). This framework is particularly helpful when the model is misspecified, as it allows
the researcher to optimize the fit of the model in the region(s) of greatest interest to the
forecast user, by tailoring the scoring rule used in estimation. The concept of calibrating
the model to a specific scoring rule has been investigated generically in the context of
forecasting, see Gneiting et al. (2007), and more recently in Patton (2020), Hansen and
Dumitrescu (2022) and Martin et al. (2022).

We apply our model to daily returns on three broad equity indices (the S&P 500, 400,
and 600 indices, which track large, mid-, and small capitalization firms) and ten industrial
indices. We find significant gains in predictive accuracy when using high-frequency data
in the models. Interestingly, we find that calibrating the model based on the likelihood,
thus prioritizing the overall fit of the predictive distribution, results in greater weight being
placed on end-of-day observations, consistent with Patton and Zhang (2022) for volatility
forecasting. However, when the focus is on the lower tail of the distribution of returns,
the weights tend to be approximately flat throughout the trade day. The focused Bayesian
estimation framework, coupled with the flexibility of the spline specified by the model,
allows for the discovery of these features. Finally, consistent with the theory in Hansen

and Dumitrescu (2022), we find that matching the scoring rule used for estimation to that



used for forecast evaluation, i.e. adopting the focused Bayesian methodology for estimation
almost always leads to forecast improvements.

The paper is organized as follows. In Section 2, we introduce our model for the predictive
distribution of daily asset returns, the HF-GARCH model, and discuss its relationship with
existing specifications. In Section 3 we outline the Bayesian prediction framework used in
this paper. Section 4 presents our empirical analysis of 13 equity return indices, showing
how the optimal weights for intradaily data vary, and comparing the competing models
via out-of-sample forecast accuracy. Section 5 concludes, and a supplemental appendix

contains additional details and analyses.

2 Density forecasting with mixed-frequency data

There are two main existing approaches for using high-frequency returns to construct a pre-
dictive distribution for daily returns. In the first approach, a volatility proxy for the second
moment can be defined through some predetermined aggregation of the high-frequency re-
turns, such as realized volatility or its variants. A model is then constructed for this proxy,
and predictions of the proxy can be utilized as input for the conditional distribution of daily
returns (e.g., see Corsi, 2009; Patton and Zhang, 2022). The second approach considers a
model directly for the return distribution, where the dynamics of the second moment of the
conditional distribution are based on past values of the daily returns (Engle, 1982; Boller-
slev, 1987), exogeneous covariates (Glosten et al., 1993; Brenner et al., 1996), a volatility
proxy constructed from high-frequency data (Hansen et al., 2012), or high-frequency ob-
servations directly (Chen and Ghysels, 2011; Chen et al., 2015; Dhaene and Wu, 2020). We
build on the latter approach and incorporate high-frequency returns into the model for the
conditional distribution of daily returns, allowing the data to dictate how past intraday

returns are weighted.



2.1 A high-frequency GARCH model

We propose a variation on a Gaussian-GARCH(p, ¢) model for the conditional distribution
of the daily asset return, y;. We replace the p lagged squared returns by all p x M squared

high-frequency returns over the last p lags:*

yt’It—l ~ N(Ma 0752) (1>

q
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where 1,_,, | = (nlp, ...,ntTfl)T collects the squared high-frequency returns over the
previous p trading days, with n,_, = (yf_i,l, e ,yf_LM)T being the M high-frequency
returns on day ¢t — 4, and T' = (y1,...,7)" . The quantity yfm serves as a proxy for
the volatility over the m!* trading period on day ¢, analogous to the squared daily return
serving as a proxy for daily volatility. We refer to the model in equation (1) as the High
Frequency-GARCH (HF-GARCH) model.

The main advantage of the model is its flexibility in aggregating high-frequency returns
when constructing the predictive distribution of daily returns. However, a significant chal-
lenge is the high dimensionality of I'; which contains p x M free parameters. Even setting
p=¢q=1and M = 78, the latter corresponding to a five-minute sampling frequency for

stocks on the NYSE, the number of parameters involved in the model is 81 in total.

2.2 Flexible weights with B-splines

The most flexible form of the model in equation (1) is to allow all M x p elements of T to
be freely estimated. However, the large number of parameters, which is unavoidable even

for the smallest choice of p, remains an obstacle for inference. In addition, allowing the

!The model can be easily modified to accommodate an irregular number of high-frequency returns per
day, as might arise when using event-time sampling. We focus on the simpler case for brevity.



elements of I' to be freely estimated means that estimates of adjacent weights may differ
more than is thought economically reasonable, due simply to estimation error.

To address this, we utilize the B-spline (see De Boor, 1978 for an early introduction and
Eilers and Marx, 2010 for a review) to specify the elements of I'. The j*® element given by
v; = exp (f(j)), where f(j) is a flexible function over the grid points j = 1,..., Mp. We
set f(j) = wj ¢, where w; = (wy,... Jwp,;) | is a vector of basis functions constructed
from a uniform B-spline of order [, and whose knots are uniformly distributed across the
interval [1 — (Mp—1)/2, Mp+ (Mp—1)/2]. The number of knots, k, along with the order
of the spline, [, defines the number of basis functions, B = k 4+ [ + 1. Under this setting,
c is a B—dimensional vector of B-spline coefficients, with B << Mp. The exponential
transformation ensures that all elements of I' are greater than zero, ensuring positivity of
the conditional volatility.

The use of the B-spline offers several advantages over alternative specifications. The
flexibility of the spline can be controlled by the number of basis functions B, and well-known
regularization techniques in inference of the spline coefficients ¢ assist with controlling the
smoothness of the spline. In classical likelihood framework, a LASSO type penalty term
can be applied, as in Eilers and Marx (1996). Under the Bayesian framework, a hierarchical

prior that ensures smoothness can be applied; see Kneib et al. (2011) and Klein and Kneib

(2016), for examples.

2.3 Comparison with existing models

The model proposed in equation (1) nests existing models within the GARCH literature.
When M = 1, the model reduces to the conventional GARCH(p,q) model of Bollerslev
(1986), and no high-frequency information is used. When the parameter vector I' exhibits
a blocked structure, such that I'" = (ozT ® LL)T, where o is a p X 1 vector of parameters

and ¢y is a M x 1 vector of ones, the model corresponds to the GARCH-RV (p, ¢) model,



which utilizes lagged realized volatility as past volatility proxy rather than lagged squared
returns. The GARCH-RV model utilizes high-frequency information but imposes that all
high-frequency returns on a given day have the same weight («;) in the model.

Our specification is related to the Hybrid GARCH proposed in Chen and Ghysels (2011),
though we focus on flexible weights as a function of the time of day, while Chen and Ghysels
(2011) allow the weights to vary as a function of the lagged return, thereby capturing a
flexible form of leverage effect (Engle and Ng, 1993). Dhaene and Wu (2020) propose
using intraday observations to model the conditional distributions of weekly returns, with
weighting schemes taking various forms of exponentially decaying weights with an estimated
decay parameter. With trading activities typically exhibiting diurnality patterns, as is
captured in the context of the duration of trades in Engle and Russell (1998) and in
the explicit modeling of intraday returns in Engle and Sokalska (2012), we allow for the
information in the data to reveal how each intraday return contributes to future volatility.
Finally, our model is in the spirit of Patton and Zhang (2022), who investigate the optimal
intradaily return weights when forecasting realized volatility. In contrast, we focus on
predicting the complete predictive distribution of daily returns, and we take into account
the parameter estimation error in our model via our Bayesian estimation approach.

We highlight here that our aim is not to search for the best fitting model for conditional
volatility with high-frequency data. Rather, we aim to utilize the mechanism of the model
in equation (1), which allows for flexible weights on high-frequency data but still operates in
a relatively simple GARCH structure, along with a focused Bayesian prediction framework
to allow for potential differences in the optimal weights depending on the region(s) in the
support of the density that are of interest. We discuss the focused Bayesian estimation

framework in Section 3.2 below.



3 Model inference

We use Bayesian methods to estimate the model, which offer several advantages for our
application. Most importantly, they allow us to incorporate the various sources and mag-
nitudes of estimation error in our predictive density, see Bawa et al. (1979), Jorion (1985)
and Kandel and Stambaugh (1996) for example. We also exploit the Bayesian structure
and apply a hierarchical prior to the B-spline coefficients, which regularizes the estimated
weights towards equal weights, and induces smoothness in the estimated weight function.
Moreover, by employing the generalized Bayesian framework (see Bissiri et al., 2016), we
can generate predictions for the tails of return distributions that are robust to model mis-
specification.

In this section, we first outline the conventional likelihood-based Bayesian method,
along with the prior specifications employed to assist in regularizing the B-splines in our
model specification. We then describe the focused Bayesian prediction framework (see
Loaiza-Maya et al., 2021) that is used to produce tail-focused predictive distributions. The
latter framework allows us to analyze the different optimal weight functions in the empirical

analysis presented in Section 4.

3.1 Likelihood-based Bayesian prediction

Denote yy.; = (y1,...,yr)" to be the vector of T daily returns, and 9. = (n{,...,n7)"
to the corresponding vector of MT intraday high-frequency returns. The probabilistic
model in equation (1) implies a density function of the form p(y|n,, ¥) = ¢(ys; p, o?) for

ys, where @(x;p, 0%) denotes the normal density function with mean p and variance o,

evaluated at x. The model prescribes the likelihood

T
P(Yr.rle, Mur) = Hp(yt|771:t—1790)7 (2)

t=1



where ¢ = (,u, Bo; Bl, cee Bp, cT> ! denotes the complete parameter vector with BO = log By
and B; = @~ 1(8;) for i = 1,...,p, where ®(-) is the univariate standard Gaussian distribu-
tion function. The transformations on the model parameters ensure that ¢ € RY for ease
of inference.

The key objective of Bayesian analysis is the computation of the posterior distribution,
combining the likelihood with prior distributions of the model unknowns. To this end, we
consider the uninformative priors p ~ N(0,10), By ~ Lognormal(0, 10) and 3; ~ Unif(0, 1)
for 2 = 1,...,p, inducing the implicit priors for the transformed parameter: By ~ N(0,10)
and f; ~ N(0,1).

For the coefficient vector of the basis functions we employ the hierarchical prior struc-
ture p(c|r?,¢) = ¢p(c;0p, 5 P(¥) 1), where P~(¢) denotes the banded precision matrix
mimicking the precision matrix of an autoregressive process of order 1, with autoregressive
coefficient 1. This prior, proposed in Klein and Kneib (2016) and also considered in Ong
et al. (2018), induces smoothness and regularizes the function f(j) towards a flat line, with
the hyperparameters 7 and 1, governing the deviation around the equal weights model. The
hyper-parameters are assumed to have a prior density p(72,¢) = p(72) 5551 (0 < 1 < 0.99),
where (1/72) ~ Weibull(\, k). We transform these two parameters to the real line as
7 =logr? and ¢ = 0.99/(1 + exp{—1}), and their priors are also modified according to
the Jacobian of the transformation. Under this hierarchical prior structure, the posterior

distribution is given as

(@, &Mrs Yrr) X p(Yr7Inr, ©)p(el€)p(E), (3)

where & = (4,7), p(€) = p()p(7) and p(p|€) = p(e|r?, ¥)p(u) [Ti—op(Bi). Such a hierar-
chical structure allows us to let the data inform the degree of regularization, with inference

on the hyper-parameters being part of the inferential problem. As such, the resulting im-



plied predictive distribution accounts for posterior uncertainties while at the same time
regularizing towards the GARCH-RV model.?

The posterior in equation (3) is not of closed form, and thus its computation requires a
simulation-based method. We employ a random walk Markov chain Monte Carlo (MCMC)
with Metropolis-Hastings (MH) steps to generate samples for 8 = (@', &")7 from its
posterior in equation (3). At the beginning of each MCMC iteration we randomly allocate
the model parameters into K mutually exclusive and collectively exhaustive blocks. The
k-th block is defined as 0y, = {0, : s € I}, where I}, C {1,...,dim(80)} is a random subset
of indexes such that Jp_, I, = {1,...,dim(8)} and I, (I = 0 for s # k. We sample one
block of parameters at a time, conditional on its complement set, 6\, = {0, : s ¢ I}, using
a Gaussian proposal of the form q(0x) = [],; ¢(0s;05,%;), where 0 denotes the previous
draw in the MCMC chain for the s—th element in 8, and X% its corresponding step size,
iteratively adapted to guarantee the MH acceptance rate between 30-70%. New proposal

draws 0; are accepted with probability

(4)

. p(Yrr M 9;67 9{1{)19(‘%)
a = min | 1, " Z
P(Yr.r M7, 07)p(07)

After adequate burnin and inference sampling periods, we collect J draws from the exact
posterior denoted as {6V |FE

Predictions from the model are computed from the posterior predictive density

pyre1lYir, Mr) = /P(?JTH“P’771;T)P(‘P|771:T>y1;T)d90- (5)

’In the frequentist context, penalization terms can be introduced to the criterion function, akin to
LASSO type penalty, see Eilers and Marx (1996). Such method relies on the selection of a penalty term to
control the smoothness, typically done by optimizing some criteria function, such as the AIC, or via cross
validation.



This predictive density is evaluated numerically as

J
ﬁ(yT-l-l |y1:T7 nl:T) = Z p(yT+1 |90[]]a nlzT)v (6)

J=1

NS

where Ul are the relevant subset of elements of the draw 6V obtained via the MCMC
scheme described above. We note that the Bayesian predictive is non-Gaussian even when
the underlying model assumes conditionally Gaussian predictive, due to the numerical

integration inducing a mixture of Gaussian as in equation (6).

3.2 Focused Bayesian prediction

If the model to be estimated is correctly specified, then maximizing the log-likelihood, as
in equation (5), yields the most accurate estimator: the posterior distribution obtained in
equation (3) will, via the required regularity conditions and the Bernstein-von Mises result,
concentrate to the true parameter value ¢,. Thus, heuristically, equation (5) will converge
to the true predictive density p(yri1|®g, Y1.7, M1.7)- However, if the model is misspecified,
the predictive density in equation (5) is no longer optimal in this sense, and can only
serve as an approximation to the true predictive distribution. Consequently, the Bayesian
predictive distribution may fail to accurately capture important characteristics of the true
predictive distribution of the returns, including its tails, which are often of primary interest
in the context of risk management.

A misspecification-robust approach to Bayesian prediction is to construct a Bayesian
posterior density tailored to the predictive task at hand, see Loaiza-Maya et al. (2021)
and Frazier et al. (2024). This can be achieved by following the principles of generalized
Bayesian inference (Bissiri et al., 2016), in which a prior distribution can be updated to a
posterior via a particular scoring function that reflects the relevant predictive task. Denote

such a scoring function as S(p(y¢|®, M14—1), ¥t), which measures the quality of the quoted

10



density p(vy:|,m14—1) as a prediction of the realized value y;. A focused posterior distri-
bution of the hierarchical model parameters, including the uncertainty of the hierarchical

priors described in the previous section, can be constructed as

Puw(p, EIM7: Y1) o< exp(wSz(¢))p(el€)p(§), (7)
where
St(p) = Z S(p(yele, ma—1), ve) (8)

and w is scalar controlling the relative weight that the prior and the scoring function are
given in the construction of the posterior. We can generate samples from the focused
posterior by employing the same random walk Metropolis-Hastings algorithm described in
Section 3.1.

The focused posterior distribution allocates higher posterior density to parameter values
that lead to higher predictive accuracy according to the chosen scoring rule. Consequently,

the focused Bayesian predictive density

Po(Yr1 Y1 Mr) = / PYr1lP Mr)Pw (P17, Yrr)dep, 9)

is geared to the predictive task that is consistent with the prescribed scoring rule used in
obtaining the focused posterior in equation (7).

We focus on strictly proper scoring rules (see Gneiting and Raftery, 2007 for a review
of this topic) to ensure that if the predictive model happens to be correctly specified,
then the focused Bayesian predictive density will converge to the true predictive density.
Several proper scoring rules have been proposed to address various forecasting needs, such
as evaluating prediction accuracy in the tails or other regions of return distributions, as well

as assessing the calibration of predictive intervals. In the context of the HF-GARCH model,
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using focused inference and prediction allows us to analyze whether the weights associated
with high-frequency returns vary over the trade day via the posterior inference of T' in
equation (1), even when the model is misspecified. Below, we discuss the scoring rules
examined in this context. For all scores, the scalar w, which plays a key role in balancing
prior and data information and thereby influencing the level of posterior uncertainty, is set

as in Loaiza-Maya et al. (2021).

3.3 Scoring rules

The most common scoring rule for density estimation is the logarithmic score (LS), defined
as S.s(p(Yel®, M.—1), yr) = log p(yt|, M1, ). This scoring rule evaluates the performance
of the predictive model across the entire support of ;. The inference in equation (7)
coincides with the likelihood-based posterior in equation (3) when the logarithmic score is
used as the updating rule and w = 1.

Another scoring rule that is widely used to gauge overall predictive performance is
the continuously ranked probability score (CRPS). This scoring rule puts emphasis on the
sharpness of the predictive distribution (Gneiting et al., 2007), and is less sensitive to

outliers than the logarithmic score. The CRPS is given as

o0

Scrps(P(Yel @ Mie1), ) = —/ ((P(y\%mm) —I(y > Z/t))2 dy, (10)

—00

where P(y:|¢,1,.,—1) is the cumulative distribution function associated with p.

Next we consider scoring rules that focus attention on specific region(s) of the support.
Score-based optimization allows the model to adapt to the region of distribution that
is of our key interest, as measured by the scoring rule, see Martin et al. (2022) in the
frequentist framework and in Loaiza-Maya et al. (2021) in the Bayesian framework. If the

model is correctly specified, the differences between the predictive distributions obtained

12



using likelihood-based inference and those obtained using an alternative proper scoring rule
vanish asymptotically. However, when the model is misspecified score-based estimation
optimizes the fit according to the forecast user’s preferences, as measured by the scoring
rule.

In risk management applications, the region of interest is typically in the tails of the
distribution, with the lower (upper) tail being relevant to risk of loss in long (short) positions
in an asset. Diks et al. (2011) propose the censored log score (CS), which allows users to

reward forecasts only on specific region(s) of interest. It is defined as

Scs(PWile, M), y:) = 1y € A)logp(yile, m1.4-1) (11)

+1(y; € A°)log (/ p(y!so,m;tl)dy> :
yeA°

where A is the region of interest and A° is its complement. The CS has been applied in
the evaluation of predictive distributions geared to risk management (Jensen and Maheu,
2013 and Chiang et al., 2021), as well as in inferential procedures geared to certain data
regions (Borowska et al., 2020 and Loaiza-Maya et al., 2021).

Finally, consider the case where one is interested in the accuracy of a (1 — «) predictive
interval with end points at the o/2 and (1 — a//2) quantiles. The interval score (IS) is an

appropriate scoring function for this predictive task, and is defined as

2 (e =) I (ye < 1) + g(yt —ug) (e <),  (12)

Sts(PWele, Me1),ve) = (e — 1) + o

where u, = P71 — /2|, m1,_y) and I, = P~ (ar/2], 11, 1).
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Table 1: Summary statistics. This table presents the tickers of the indices studied in
this paper, along with summary statistics for daily returns and daily realized variances for
these indices. The first two indices are available from January 3, 2000, the third is available
from October 30, 2002, and the remainder are available from November 3, 2006. The last
day in our sample for all indices is December 2, 2022.

Return statistics RV statistics
Symbol Index Description Skew Kurt Avg  5th  25th  75th  95th
SPY Large cap -0.220 10.186 0.988 0.080 0.211 0.977 3.123
MID Mid cap -0.426 10.532 0.956 0.113 0.244 0.847 3.046
SPCY Small cap -0.369 9.301 1.023 0.134 0.274 0.933 3.370
SPXEW10 Energy -0.332 9.465 3.051 0.400 0.860 3.112 9.080
SPXEW15 Materials -0.309 8.879 1.567 0.170 0.374 1.490 5.035
SPXEW20 Industrial -0.231 8.696 1.183 0.122 0.261 1.090 3.848
SPXEW25 Cons Discretionary -0.084 10.314 1.435 0.140 0.283 1.364 5.242
SPXEW30 Cons Staples -0.428 10.879 0.636 0.092 0.176 0.566 1.817
SPXEW35 Health Care -0.404 9.985 0.807 0.119 0.224 0.777 2.454
SPXEW40 Financial -0.001 16.869 1.919 0.145 0.324 1.482 7.833
SPXEW45 1.T. -0.177 7.695 1.283 0.148 0.316 1.287 4.147
SPXEW50 Telecom -0.239 10.451 1.257 0.202 0.373 1.211 3.803
SPXEW55  Utilities 0.249 14.226 1.123 0.168 0.332 0.956 2.844

4 Empirical analysis

4.1 Data description

We study the predictive distribution of 13 equity indices. The first three indices are broad
market indices: the SPY is an exchange-traded fund (ETF) that tracks the S&P 500 index,
an index of large market capitalization stocks. MID and SPCY are ETFs that track the
S&P 400 and S&P 600 indices, which are mid- and small-cap indices respectively. We
additionally consider ten S&P industry indices. All the data comes from the New York
Stock Exchange Trades and Quotes (TAQ) database. We sample high-frequency returns
at the five-minute frequency, yielding M = 78 high-frequency returns per day, balancing
the incremental information from finer sampling with the impact of market microstructure
noise (Liu et al., 2015). We omit the overnight return and any trading day with reduced

trading hours. Summary statistics on our data are provided in Table 1.
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4.2 Choosing the lag orders for the HF-GARCH(p,q) model

The HF-GARCH(p, ¢) model in equation (1) can be expressed as a form of ARCH(o0)

model:

q
0-152 = 60 Z ﬁio’?—i + FTnt—p:t—l
=1
Bo 1

= r'n, .
1—B(L) "1=B(@) M

Bo - j—1pT
= 1——B(L)+Z(B(L)) r Mt—pi-1 (13)

Jj=1

where B(L) = >_7 | 5;L" and L is the lag operator such that Lz, = x,_, for a generic time
series x;, and the third line follows from the expansion of the term 1/(1 — B(L)) as the
sum of an infinite geometric series. From the above, it is clear that even with p = ¢ =1
the HF-GARCH allows us to incorporate intraday information from beyond just a single
lag.

Using the structure in equation (13), we extract the model-implied weights from the
HF-GARCH(1,1) specification for SPY, fitted with B = 5 basis functions, to study the
impact of the intraday information over the 21 lags.®> We compare these with the model-
implied weights from the HF-GARCH(21,1), constructed with B = 15 basis functions. The
HF-GARCH(21,1), when constructed using the five-minute sampling interval, incorporates
1638 observations of squared intraday returns for each evaluation of o2, with the spline to
fit T' requiring a greater number of basis functions, resulting in a greater computational
cost.

Panel A of Figure 1 depicts the fitted conditional volatility and reveals the fitted volatil-
ities are very similar. Panel B depicts the model-implied weights of intraday information,

with those produced by the HF-GARCH(1,1) plotted in blue and the HF-GARCH(21,1)

3The choice of 21 lags here is motivated by the lag choice in the construction of the HAR model of
Corsi (2009).
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Panel A: Fitted o? Panel B: Model implied intraday weights

HFGARCH(1,1) HFGARCH(1,1)
- HFGARCH(21,1) | HFGARCH(21,1)

12

iy

06 [

04r

02 '\

I I I I I I I I I I L 0
2002 2004 2006 2008 2010 2012 2014 2016 2018 2020 2022 Lag 1 Lag5 Lag 10 Lag 21

Figure 1: Comparison of HF-GARCH(1,1) and HF-GARCH(21,1) for SPY. Fit-
ted o2 are depicted in Panel A, and the model-implied intraday weights of squared returns
on conditional volatility in Panel B.

in red. The implied intraday weights, in general, decay at an almost identical rate over
the trading days, but the HF-GARCH(1,1) captures more nuances in terms of the patterns
across a trading day. We observe such similarities across all series considered, and further
results, including an assessment of the comparative predictive performance of the models
calibrated using maximum likelihood estimation, are provided in Supplemental Appendix
C. Given the similarity in the information structure and fitted volatility, we adopt the

HF-GARCH(1,1) for computational speed.

4.3 Out-of-sample predictive performance

We now consider the out-of-sample performance of the competing models and estimation
methods. The model is estimated on the initial period of 1500 trading days via the MCMC
sampling scheme described in Section 3.1. We consider a burnin sample of 5000 and collect
an inference sample of 20000 draws, with every 10" draw used to construct the predictive
distribution. One-step-ahead predictive distributions are then obtained and evaluated for

the trading day following the estimation period. We then expand the estimation window
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by one trading day, and repeat this procedure until predictions for the last observation in
the sample are produced. To model the weights in the HF-GARCH model, we consider
a B-spline of order three and a total number of B = 5 basis functions.* In addition
to the HF-GARCH model, we also consider the GARCH-RV model, which incorporates
high frequency data but imposes that all intradaily returns are equally weighted, and the

GARCH model, which does not use intradaily data.

4.3.1 The gains from Focused Bayesian estimation

Before comparing all models, we first analyze the gains from matching the scoring rule used
in estimation to that used for forecast evaluation. Work by Gneiting et al. (2007), Patton
(2020), Hansen and Dumitrescu (2022) and Martin et al. (2022) suggests that this improves
forecasts when the model is misspecified. In Table 2, we consider the HF-GARCH model
(equation 1) estimated using one of seven scoring rules. We first consider the log-score,
analogous to maximum likelihood.> We then consider the continuously ranked probability
score (CRPS), given in equation (10); the interval score (IS), given in equation (12); and
four censored log-scores, given in equation (11). Two censored scores are focused on the
lower 10% and 20% tails of the returns, and are denoted as CS10 and CS20, and two focused
on the upper 10% and 20% tails, denoted as CS90 and CS80. In each estimation window,
the region A required in the evaluation of the censored score is defined via the marginal
empirical quantiles.

Table 2 reports the average out-of-sample scores of the HF-GARCH model when esti-
mated using each of the seven scoring rules given in the row labels and evaluated using

each of the rules in the column labels. All scores are reported in positive orientation, so

4We also considered B € (3,5,10) and the results are robust to this choice.

5We also provide a comparison of the Bayesian likelihood-based prediction and the predictions con-
structed using estimates from conventional maximum likelihood estimation (MLE) with penalized spline
in Supplemental Appendix B. While the two methods produce predictive distributions that are very sim-
ilar, we adopt the Bayesian predictive here due to its ability to incorporate parameter estimation error,
including any error related to spline regularizations.
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Table 2: Out-of-sample scores for SPY density forecasts. This table shows the aver-
age out-of-sample scores for density forecasts of daily SPY returns using the HF-GARCH
model in equation (1), estimated using the scoring rule given in the row label and evalu-
ated using the scoring rule given in the column label. Within each column, the estimation
method with the highest average score is given in bold and the models included in the 95%
model confidence set of Hansen et al. (2011) are shaded green.

Evaluation scoring rule

LS CS10 €S20 CS80  CS90  CRPS IS

Estimation rule

LS -1.069 -0.312 -0.513 -0.478 -0.265 -0.448 -4.129
CS10 -1.210 -0.303 -0.502 -0.612 -0.362 -0.485 -4.676
CS20 -1.171  -0.303 -0.501 -0.577 -0.334 -0.473 -4.514
CS80 -1.071  -0.311 -0.514 -0476 -0.265 -0.450 -4.090
CS90 -1.081  -0.311 -0.518 -0.478 = -0.265 -0.452 -4.125
CRPS -1.064 -0.320 -0.518 -0.475 -0.264 -0.446 -4.130

IS -1.100  -0.311 -0.528 -0.478 -0.265 -0.459 -4.108

that larger values are preferred. Within each column, the model with the highest score is
presented in bold, and models contained in the 95% model confidence set (MCS) of Hansen
et al. (2011) are shaded green. The diagonal of this matrix represents the cases where
the estimation and evaluation scoring rules match, and we observe that in three of the
seven cases the diagonal achieves the highest score, and in all seven cases the diagonal is
included in the MCS.® Conversely, models not calibrated to the evaluation scoring rule are
less frequently included in the MCS, as reflected by the off-diagonal values. This is strong

support for matching the scoring rule used in estimation to that used for evaluation.

4.3.2 Comparison with alternative models

We next compare the HF-GARCH model with the GARCH and GARCH-RV models. Given
the results supporting focused estimation presented in Table 2, we consider two estimation
methods for each of the models: one using the log-score, and the other matching the

scoring rule used in evaluation, i.e., focused Bayesian estimation. Models estimated using

SEstimation by CRPS achieves the highest out-of-sample scores in four out of seven cases, including the
case where it is also used for evaluation, but it is included in the MCS in only five out of seven cases.
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the latter method are appended with “-F” below. Further details on the implementation
of these approaches can be found in Supplemental Appendix A.

Tables 3, 4a and 4b report the predictive scores for the out-of-sample predictive assess-
ment for the three broad indices and the ten industrial indices, respectively. In each panel,
the seven column labels indicate the scoring rule used to measure predictive performance
and the six row labels indicate the model and estimation method used for prediction. As
in Table 2, within each column the model with the highest score is presented in bold,
and models contained in the 95% model confidence set of Hansen et al. (2011) are shaded
green. Note that for the LS column, the likelihood-based method and the focused method
coincide.

A striking finding from Tables 3, 4a and 4b is that our proposed HF-GARCH model,
when estimated using focused Bayesian methods (i.e., the method labeled “HF-GARCH-
E”), is in the 95% model confidence set (MCS) for all 13 x 7 = 91 combinations of assets
and scoring rules, and has the absolute highest out-of-sample average score in 78 of these
cases. This is strong evidence in support of our flexible approach for incorporating high
frequency data into a density forecast for lower-frequency returns, when combined with an
estimation method that acknowledges the underlying model may be misspecified.

A second key finding from Tables 3, 4a and 4b is the value of flexibly incorporating
high frequency data: we find that the HF-GARCH model has higher average out-of-sample
scores than the GARCH-RV and GARCH models (estimated either using the log-score or
a focused loss function) in 100% of combinations of assets, scoring rules, and estimation
methods. That is, optimally weighting the high-frequency returns significantly improves
out-of-sample forecast performance relative to imposing equal weights (as in traditional
realized variance) or ignoring high frequency information altogether (as in the GARCH
model).

It is noteworthy that in some cases the HF-GARCH-F method is the only model in the
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Table 3: Out-of-sample scores for various density forecasts: Large-, mid-, and
small-cap indices. This table shows the average out-of-sample scores for density fore-
casts of daily returns on the SPY, MID and SPCY indices. Three models are considered
(GARCH, GARCH-RV and HF-GARCH) and each model is estimated either to maximize
the log-score, or to maximize the scoring rule used in forecast evaluation (given in the
column labels), the latter are marked “-F” in the row labels. When forecasts are evaluated
using the log-score (first column) the two estimation methods coincide. Within each col-
umn, the estimation method with the highest average score is given in bold and the models
included in the 95% model confidence set of Hansen et al. (2011) are shaded green.

Out-of-Sample predictive score
LS CS10 €S20 CS80  CS90  CRPS IS

Panel A: Large caps (SPY)

GARCH - -0.339  -0.544 -0.492 -0.274 -0.454 -4.414
GARCH-F -1.125  -0.314  -0.515 -0.490 -0.273 -0.452 -4.366
GARCH-RV -0.326  -0.529 -0.485 -0.271 -0.451 -4.276

GARCH-RV-F -1.096 -0.312 -0.512 -0.484 -0.271 -0.450 -4.247
HF-GARCH - -0.312  -0.513  -0.478 -0.265 -0.448 -4.129
HF-GARCH-F -1.069 -0.303 -0.501 -0.476 -0.265 -0.446 -4.108

Panel B: Mid caps (MID)
GARCH - -0.353  -0.586 -0.511 -0.291 -0.552 -5.083
GARCH-F -1.312  -0.342  -0.574 -0.505 -0.287 -0.552 -5.065
GARCH-RV - -0.344  -0.577  -0.512  -0.291 -0.552 -5.015
GARCH-RV-F -1.303 -0.340 -0.571 -0.506 -0.289 -0.551 -4.937
HF-GARCH - -0.340  -0.572  -0.507 -0.288 -0.550 -4.941
HF-GARCH-F -1.292 -0.334 -0.565 -0.501 -0.285 -0.549 -4.831

Panel C: Small caps (SPCY)
GARCH - -0.338  -0.602 -0.549 -0.318 -0.582 -5.332
GARCH-F -1.412  -0.330  -0.593 -0.545 -0.315 -0.582 -5.307
GARCH-RV - -0.330  -0.593 -0.547 -0.315 -0.581 -5.226
GARCH-RV-F -1.400 -0.327 -0.589 -0.544 -0.313 -0.581 -5.180
HF-GARCH - -0.325 -0.587 -0.541 -0.310 -0.578 -5.083
HF-GARCH-F -1.386 -0.321 -0.583 -0.538 -0.308 -0.577 -5.012

MCS, while in other cases the MCS contains all of the models, indicating a lack of power to
discriminate between the methods. Tables 4a and 4b show that this is more common when
using the censored log-score (CS) or interval score (IS) as the scoring rule. When using

the log-score, in contrast, the MCS contains a single model in all but two cases, consistent
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Table 4a: Out-of-sample scores for various density forecasts: Industry indices
(I). This table shows the average out-of-sample scores for density forecasts of daily returns

on the SPXEW10, SPXEW15, SPXEW20, SPXEW25 and SPXEW30 indices. See the
notes to Table 3 for a detailed description of this table.

Out-of-Sample predictive score
LS CS10  CS20  CS80  CS90  CRPS IS

Panel A: Energy (SPXEW10)

GARCH - -0.382  -0.667 -0.637 -0.385 -0.800 -7.007
GARCH-F -1.715  -0.375 -0.662 -0.636 -0.385 -0.800 -7.016
GARCH-RV - -0.374  -0.659 -0.636 -0.386 -0.799 -6.993
GARCH-RV-F -1.706 -0.371 -0.656 -0.636 -0.387 -0.799 -6.985
HF-GARCH - -0.370  -0.655 -0.631 -0.382 -0.796 -6.877

HF-GARCH-F -1.696 -0.369 -0.653 -0.631 -0.382 -0.796 -6.885

Panel B: Materials (SPXEW15)

GARCH - -0.277  -0.583 -0472  -0.263 -0.507 -4.894
GARCH-F -1.294  -0.264 -0.539 -0470 -0.264 -0.506 -4.885
GARCH-RV -0.278  -0.554 = -0.465 -0.259 -0.506 -4.914

GARCH-RV-F -1.285 -0.264 -0.538 -0.465 -0.259 -0.505 -4.840
HF-GARCH - -0.263  -0.537 -0.461 -0.255 -0.501 -4.697
HF-GARCH-F -1.259 -0.254 -0.527 -0.460 -0.256 -0.501 -4.649

Panel C: Industrials (SPXEW20)
GARCH - -0.314  -0.577  -0474 -0.245 -0.458 -4.533
GARCH-F -1.197  -0.292  -0.555 -0.468 -0.245 -0.457 -4.515
GARCH-RV - -0.309  -0.571 -0.468 -0.243 -0.457 -4.487
GARCH-RV-F -1.183 -0.291 -0.553 -0.465 -0.243 -0.456 -4.417
HF-GARCH - -0.294  -0.554 -0.461 @ -0.236 -0.453 -4.289
HF-GARCH-F -1.155 -0.283 -0.543 -0.456 -0.236 -0.453 -4.244

Panel D: Consumer discretionary (SPXEW25)

GARCH - -0.313  -0.574 -0.467 -0.256 -0.500 -4.872
GARCH-F -1.247  -0.300 -0.559 -0.459 -0.256 -0.499 -4.857
GARCH-RV - -0.307  -0.568 -0.461 -0.253 -0.499 -4.762
GARCH-RV-F -1.233 -0.297 -0.556 -0.457 -0.251 -0.499 -4.670
HF-GARCH - -0.295 -0.553  -0.455 -0.247 -0.496 -4.572

HF-GARCH-F -1.210 -0.289 -0.546 -0.452 -0.245 -0.496 -4.502

Panel E: Consumer staples (SPXEW30)

GARCH - -0.360  -0.568 -0.497 -0.314 -0.370 -3.639
GARCH-F -0.986 -0.344 -0.551 -0.498 -0.322 -0.369 -3.632
GARCH-RV - -0.359  -0.567 -0.486 -0.303 -0.369 -3.590
GARCH-RV-F -0973 -0.342 -0.549 -0.484 -0.302 -0.369 -3.548
HF-GARCH - -0.350  -0.558 = -0.478 -0.296 -0.368 -3.451

HF-GARCH-F -0.954 -0.337 -0.543 -0.476 -0.295 -0.367 -3.402
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Table 4b: Out-of-sample scores for various density forecasts: Industry indices
(IT). This table shows the average out-of-sample scores for density forecasts of daily returns
on the SPXEW35, SPXEW40, SPXEW45, SPXEW50 and SPXEW55 indices. See the
notes to Table 3 for a detailed description of this table.

Out-of-Sample predictive score
LS CS10  CS20 CS80  CS90  CRPS IS

Panel F: Health care (SPXEW35)

GARCH - -0.395  -0.632  -0.521 -0.323 -0.449 -4.376
GARCH-F -1.172 -0.371 -0.604 -0.521 -0.323 -0.448 -4.338
GARCH-RV - -0.398  -0.634 -0.519 -0.322 -0.448 -4.343
GARCH-RV-F -1.170 -0.374 -0.608 -0.519 -0.322 -0.448 -4.273
HF-GARCH - -0.388 -0.624 -0.515 -0.318 -0.447 -4.246

HF-GARCH-F -1.154 -0.369 -0.602 -0.515 -0.318 -0.447 -4.191

Panel G: Financials (SPXEW40)
GARCH - -0.2562  -0.529 -0.450 = -0.207 -0.497 -4.796
GARCH-F -1.258  -0.237 -0.511 = -0.447 -0.207 -0.496 -4.787
GARCH-RV - -0.250  -0.526 -0.451 -0.209 -0.498 -4.886
GARCH-RV-F -1.254 -0.240 -0.513 -0.447 -0.205 -0.498 -4.818
HF-GARCH - -0.236  -0.511 -0.443 -0.204 -0.494 -4.669
HF-GARCH-F -1.227 -0.232 -0.504 -0.441 -0.201 -0.493 -4.650

Panel H: Information technology (SPXEW45)

GARCH - -0.349  -0.605 -0.504 -0.272 -0.520 -4.992
GARCH-F -1.300 -0.328 -0.637 -0.674 -0.271 -0.519 -4.945
GARCH-RV - -0.347  -0.602 -0.498 = -0.267 -0.518 -4.942
GARCH-RV-F -1.288 -0.327 -0.581 -0.498 -0.267 -0.518 -4.832
HF-GARCH - -0.332  -0.584  -0.490 -0.262 -0.514 -4.766

HF-GARCH-F -1.257 -0.319 -0.570 -0.488 -0.262 -0.514 -4.659

Panel I: Telecommunications (SPXEW50)

GARCH - -0.364 -0.614 -0.564 -0.337 -0.528 -4.985
GARCH-F -1.349  -0.353 -0.604 -0.563 -0.336 -0.527 -4.980
GARCH-RV - -0.356  -0.605 -0.558 -0.332 -0.526 -4.894
GARCH-RV-F -1.331 -0.350 -0.601 -0.559 -0.332 -0.526 -4.901
HF-GARCH - -0.348  -0.596 -0.551 -0.326 -0.523 -4.783

HF-GARCH-F -1.313 -0.346 -0.594 -0.550 -0.325 -0.523 -4.767

Panel J: Utilities (SPXEW55)

GARCH - -0.356  -0.608 -0.555 -0.353 -0.480 -4.550
GARCH-F -1.239  -0.348 -0.599 -0.558 -0.355 -0.480 -4.551
GARCH-RV -0.357  -0.610 -0.550 -0.347 -0.479 -4.403

GARCH-RV-F = -1.233 -0.346 -0.597 -0.552 -0.348 -0.478 -4.407
HF-GARCH - -0.351 -0.604 -0.544 -0.342 -0.477 -4.322
HF-GARCH-F -1.220 -0.343 -0.595 -0.547 -0.343 -0.476 -4.330
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with this being the most informationally efficient scoring rule when the underlying model

is correctly specified.

4.4 Understanding the predictive performance improvements

As discussed above, optimally weighting high-frequency returns in the density forecasting
model improves out-of-sample performance. We now turn our attention to the features of

the optimal weights and how they lead to better predictions.

4.4.1 Heterogeneity in intraday weights across series and time

Firstly, we analyze the structure of the estimated weights, I, imposing the standardization

that the mean weight equals one, so we study I' defined as:

I=Mp(,'T)'T (14)

With the scale impact removed, we gain insights into differences in the structure of
the intraday weights among the thirteen series over time. Figure 2 depicts the standard-
ized weights for the six index series where the HF-GARCH model significantly improves
predictive accuracy, namely the three broad market indices (SPY, MID, and SPCY) and
the Materials, Industrials, and Consumer Staples indices (SPXEW15, SPXEW20, and
SPXEW30). Each panel depicts the mean of the likelihood-based posterior estimate ob-
tained using the data from the beginning of the sample up to the end of the year specified
by the axis. Note that the corresponding intraday weight implied by the GARCH-RV
specification is a constant weight equal to one.

The six panels presented in Figure 2 reveal heterogeneity in the weights across indices
as well as time. For the three broad stock indices depicted in panels A to C, we observe

that the information from the end-of-day trading period tends to have a larger impact on
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typically associated with the volume of trading activities, however this is only present for
the SPY index.

There is a greater degree of heterogeneity observed in the industrial sub-indices, pre-
sented in panels D to F. In the case of the Materials index (SPXEW15), the model implied
weights are relatively flat at the start of the sample, while towards the end of the sample the
intraday weights gradually shift to patterns that align with the broad market indices. The
weights for both the Industrials (SPXEW20) and Consumer Staples (SPXEW30) indices
in panels E and F exhibit a pattern showing a larger contribution towards the middle of
the day, at least for the early part of the sample period, with the blue ribbons peaking in
the middle of the time-of-day dimension. However, towards the end of the sample period
there is a shift to larger weights on the end-of-day observations. For the Industrials index
(SPXEW20), the returns after noon exhibit relatively equal weights near 2022. In con-
trast, for Consumer Staples (SPXEW30), the weights become monotonically decreasing.
These results highlight the flexibility of the spline structure used to capture the intraday

information in our proposed HF-GARCH model.

4.4.2 Differences in weights from focused prediction

We now turn our attention to the differences in the estimated intraday weights when
we focus the predictive distribution to a specific scoring rule. Figure 3 summarizes the
standardized weights, T (defined in equation 14) for the three major indices. We depict
the log-score based posterior median weight along with its 90% posterior interval, which
is constructed using posterior quantiles and is shaded in blue, along with the tail-focused
counterparts in red. A comparison of the log-score based intervals and the CS20 focused
intervals are depicted in the left column in panels A, C, and E, while comparisons between
the log-score based intervals and the CS80 focused intervals are depicted in the right column

in panels B, D and F. In all plots, the posterior intervals are obtained from the model
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Figure 3: Optimal weights on intraday returns by estimation method. This plot
shows the optimal weights on intradaily returns as a function of time of day, when estimated
using different scoring rules, for the three broad equity indices.

fitted using the entire dataset, and the constant GARCH-RV weights are plotted as the

horizontal black dashed line for comparison. The results of the remaining industrial indices
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are presented in Supplemental Appendix C.

The results from Figure 3 reveal that the CS20-focused intraday weights in the right
column tend to be flatter in structure than the log-score based intraday weights for the three
broad market indices. This implies that in predicting the tail of the return distribution,
earlier information in the trading day also plays a role in improving the predictive accuracy.
It is important to note that while a flatter information structure is observed, there is still a
tendency for a higher weight given to observations later in the day, with the weight declining
as we move from 4pm back to 9.30am. On the other hand, the CS80 focused information
flow in the right column exhibits a pattern similar to that of the LS based information
flow for the three indices inspected here. This general pattern, for both CS20 and CS80
focused predictions, is also observed for the Industrial, Consumer Staples and Information
Technology indices (SPXEW20, SPXEW30 and SPXEW45), presented in Supplemental
Appendix D, where the HF-GARCH-F model yields a significant predictive gain compared

to the log-score prediction.

4.4.3 Focused prediction and the tails of density forecasts

Finally, we present a comparison of the predictive distributions produced from log-score
based HF-GARCH model with the tail-focused counterparts on a representative day when
the realized volatility of each respective index is at its median value. Figures 4 and 5 present
the predictive densities for the three broad market indices and the three industrial indices
where the HF-GARCH-F model produced significant predictive gain in the left tail, namely
the SPXEW?20, SPXEW30 and SPXEW45 indices.” When the upper tail is the focus, we
observe little difference between the log-score predictive density and the prediction obtained
using the upper-tail focused scoring rule, CS80, see the right columns of Figures 4 and 5.

In contrast, when the lower tail is the focus, we see that the tail-focused predictive density

"The predictive density plots of the remaining indices are provided in Supplemental Appendix D.
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Figure 4: Representative predictive densities for three broad equity indices. This
plot shows predictive densities for the three broad equity indices on a day where the realized
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tail, and the right column shows analogous results for the right tail.
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Figure 5: Representative predictive densities for the SPXEW20, SPXEW30 and
SPXEW45 indices. This plot shows predictive densities for three industry indices on a
day where the realized volatilityis at its median value, when estimated by different scoring
rules. The left column compares the log-score and censored log-score at the 20% threshold,
focusing on the left tail, and the right column shows analogous results for the right tail.
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(produced using the CS20 scoring rule) has fatter tails than the forecast from the log-score
based model. This is consistent with the negative skew in the returns on these indices (see
Table 1) being incompatible with the Gaussian density used in the model (see equation 1).
The focused scoring rule enables the misspecified model to better fit the region of interest,

in this case the left tail, at the expense of fitting other parts of the distribution.

5 Concluding remarks

Forecasting models that incorporate information from realized volatility measures have
found widespread success, see Hansen et al. (2012) and Engle et al. (2013) for examples,
however such models implicitly impose that all high-frequency returns are of equal pre-
dictive value. This paper introduces a novel density forecasting model that relaxes this
assumption and allows for a flexible and automated aggregation of high-frequency informa-
tion, in the spirit of the class of “mixed data sampling” (MIDAS) models of Ghysels et al.
(2006) and the “bespoke realized variance” model of Patton and Zhang (2022). Instead
of employing a pre-constructed measure of realized volatility, we model the weights on the
high-frequency observations using a flexible B-spline function, and we adopt a regularizing
hierarchical prior on the B-spline basis coefficients so that the weights deviate from equal
weights only when supported by the data. We estimate the model either by maximizing the
log-score (analogous to maximum likelihood), or via “focused Bayesian prediction” (Loaiza-
Maya et al., 2021) where we maximize a scoring rule that is “focused” on a particular region
of the support of the predictive density, e.g. the left tail.

We apply the model to daily returns on 13 equity indices over the period 2000 to 2022.
Consistent with Andersen et al. (2006) and many others, we find significant gains from
incorporating high frequency data into the predictive model. We also find that allowing

for heterogeneous weights over the trade day leads to additional significant gains, across

30



all assets and estimation methods, and these gains are particularly strong when the model
is estimated using the same scoring rule as used in forecast evaluation (i.e., using focused
Bayesian methods). The optimal intradaily weights tend to be higher towards market
closing time if overall fit is of interest, while they tend to be more even across the time of
day if the prediction of downside risk is of interest. We also find evidence of variation in
the optimal weights across time. These findings highlight the flexibility of our proposed
model, with the heteroeneity and time variation in the weights pointing to potential research
direction that incorporate these features in a model with richer time series dynamics and/or

a model of multivariate dimension.
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