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1 Introduction

Efficiency bounds for structural parameters in econometric and statistical models have been

of great interest for several decades. Bounds such as the Cramer-Rao bound for parameters

in parametric models and semiparametric efficiency bounds, as introduced in Stein(1956)

for finite dimensional parameters in models with nonparametric components, have proven

to be very useful for a number of reasons. One is that they have help in quantifying the

efficiency loss of adopting a given estimation procedure by comparing its variance to that of

the bound. Second, they also provide information on the relative asymptotic efficiency of any

particular consistent estimator. For example, in the class of parametric models, Cramer-Rao

bounds have been used to show the efficiency (under appropriate regularity conditions) of

the maximum likelihood estimation procedure.

Consequently, several important papers have proposed methods for computing these

bounds. Important examples include Koshevnik and Levit(1976), Pfanzagl and Wefmeyer(1982),

Begun et al.(1983), Newey(1990) and more recently Severini and Tripathi(2003). Severini

and Tripathi(2003) proposed a simplified procedure for deriving bounds in a class of moment

condition models, which was a welcome addition to the literature since the aforementioned

previous work made calculation of bounds relatively difficult.

However, for a class of models the aforementioned bounds are not very useful. This is

because, for these models, the aforementioned bounds are not finite, making standard opti-

mality theorems- e.g. Hajek’s(1970) convolution theorem inapplicable to ascertain optimal

estimation procedures. Consequently, this paper aims to define and attain efficiency bounds

for such models where standard notions cannot be applied.

Like in existing work, we will work with the concept of minimax risk on bounds to define

our notion of optimality. For the class of irregular models we consider we will attain minimax

risk bound from below which is of order slower than the regular rate of the square root of the

sample size. This is analogous to existing results in the literature on attain optimal rates of

convergence for the parameters of interest. However this paper aims to go one step further

in the sense that we also aim to attain qualitative bounds.

The concept of optimality for irregular models is not new to the statistics and economet-

rics literature. The notion of efficiency bounds for irregular models, those where the optimal

rate of convergence for the parameters of interest are different from the regular rate of the

square root of the sample size, is covered in detail in van der Vaart(1991), who provides a

series of examples for parametric models. Certain nonparametric models can fit into this

setting as well, see for example Hasminskii and Ibragimov(1981) who consider efficient es-
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timation of a density function. Our results in this paper are different in the sense that the

parameter we consider conducting optimal inference is finite dimensional in a model with

infinite dimensional nuisance parameters- i.e. a semiparametric model.

The class of irregular models that have been studied in Econometrics literature is sub-

stantially different from the models covered in this paper. Existing literature focuses on the

cases of discontinuity of the likelihood function or derivatives which normally leads to the

convergence rates which are faster than the parametric rate. For instance, Chernozhukov

and Hong(2004) study a class of models with jumps in density functions and analyze the

properties of Bayesian and classical estimators for these models. Hirano and Porter(2003)

analyze the class of models with parameter-dependent support and use the notion of the

asymptotic minimax risk to build tools for comparison of superefficient estimators. In our

paper we deal with a substantially different case where the semiparametric model has zero

information. In this case the definition of asymptotic efficiency will require not only the

optimal choice of a normalizing sequence for the estimator, but also the choice of the “best”

parametric sub-model of the semiparametric model.

The rest of the paper is organized as follows. The next section defines the notions we

will be working with, such as minimax risk and minimax bounds, so that we can intro-

duce our notion of optimality. Section 3 then provides the general theorem of this paper,

which is analogous to deriving the formal efficiency bound as defined in the previous sec-

tion. Section 4 then illustrates our results in the context of deriving the bounds for three

specific parameters: 1)the regression coefficients in binary choice models under median and

mean restrictions, 2)the regression coefficients in randomly censored regression models and

3) the average treatment effect (ATE) under an unconfoundedness condition. Section 5 then

concludes by summarizing and discussing areas for future research.

2 Definitions

The notion of the efficiency bound naturally arises in parametric models. In that case we

consider sampling of data from the parametrized family of distributions {Fθ (·) , θ ∈ Θ ⊂ R}
and the members of this family are free from complications such as parameter-dependent

support, mass-points and density jumps. The lower bound for the variance of the estimator of

a smooth function of θ, ϕ(θ) is provided by Cramér-Rao bound which is defined by the inverse

Fisher information for θ and the Jacobi matrix for ϕ(·). The Fisher information requires

L2-differentiability of the square root of the density, and the regularity of a particular model

2



is associated with the existence of a finite Fisher information on the parameter set. In this

paper we refer to a particular estimator Tn of a parameter θ as a regular estimator4 if there

exists a Gaussian element G(·) such that

√
n (Tn − θ)⇒ G(·),

where ⇒ denotes weak convergence of a corresponding empirical process.

A more general approach to bounds in parametric setting was provided in Le Cam(1986)

where the problem of parameter estimation is considered from the point of view of the

concept of a statistical experiment. Evaluation of bounds in this setting will be associated

with general loss functions and risk functions rather than the asymptotic variance as in the

simplest case. A statistical experiment is characterized by a triple (X , B, Fθ) with θ ∈ Θ

where X is the support of random variable, B is a corresponding σ-algebra. Denote T1/
√
n

a sequence of asymptotically normal estimators and θ1/
√
n a sequence of estimators for θ.

We consider a set of statistical experiments Eε =
(
X (ε), B(ε), F

(ε)
θ

)
with θ ∈ Θ. Following

Ibragimov and Hasminskii(1981) we can define that a sequence of estimators for θ: θ̂ε is

`ε-asymptotically efficient at point θ ∈ Θ with respect to the family of loss functions `ε(·) if

lim
δ→0

lim
ε→0

[
inf
Tε

sup
|u−θ|<δ

E
(ε)
u `ε (Tε − u)− sup

|u−θ|<δ
E

(ε)
u `ε

(
θ̂ε − u

) ]
= 0. (2.1)

This definition can be extended to the entire set Θ. In this paper we only consider subconvex

loss functions. We call a particular loss function ` : Rk 7→ [0,∞) subconvex if for each z the

projection of its lower contour set {x : `(x) ≤ z} is convex and closed.

Expression (2.1) could be difficult to verify in practice. To make the study of `ε-

asymptotic efficiency more tenable, we can adapt the techniques developed for parametric

settings and verify that using these techniques it is possible to develop estimators consistent

with (2.1). General results regarding the properties of the risk function in semi-parametric

settings are provided in van der Vaart and Wellner(1996), and here we provide a general

overview of the existing results. In the semiparametric setting we consider the problem of

estimating a parameter

ψ (F ) = ϕ0

(∫
ϕ(x)F (dx)

)
,

where F ∈ F can be a substantially larger set of functions than {Fθ, θ ∈ Θ}. In this

model the generalized information will be associated with a functional derivative of F , and

4See Newey(1990) for a slightly different definition of a regular estimator.
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correspondingly reflect the properties of the efficient score of the model. To find the value

of the functional derivative, we consider a smooth parametric family η = {Fh(x)} ∈ F and

denote ψ (F ) = t. Then we impose that for h = t Ft = F . This re-arrangement has “picked”

a subset of F which is much easier to analyze than F itself. This subset is a parametric family

of distributions and we can compute the information for this family in the parametric sense.

For a precise definition of the information in the semiparametric case we impose restrictions

that ψ (Fh) = h+ o (h− t) as h→ t. Moreover, the likelihood ratio can be defined as

λu =

[
dF c

t+u

dFt
(X)

]1/2

,

and we assume that it has a mean-square derivative λ̇0 at u = 0 such that

lim
u→0

1

u2
EF

[[
dF c

t+u

dFt
(X)

]1/2

− 1− uλ̇0

]2

= 0.

Then the information for the considered family of distributions η is

I (F, η) = 4EFλ
2
0.

The information for the semiparametric model can be defined over all parametric families

as:

inf
ϕ∈F

I (F0, ϕ) = I (F ) .

The existence of a finite generalized information in the semiparametric model implies the

possibility of the parametric rate of convergence of an efficient semiparametric estimator. In

particular, a generalized version of the asymptotic efficiency in this case will imply that for

regular estimators ψ̂n for ψ (F )

lim
n→∞

inf ψ̂n supF∈F EF `
(√

n
(
ψ̂n − ψ (F )

))

≥ sup
F0∈F

1√
2π

∫
`
(
I−1/2 (F0) x

)
exp

(
−x2

2

)
dx.

This concept is valid when the information is finite. In this paper we consider the case where

the information is infinite, but there exists a normalizing sequence rn such that a sequence

of estimators ψ̂n is regular with respect to this normalizing sequence

rn

(
ψ̂n − ψ (F )

)
F⇒ L,

for all F ∈ F and a fixed tight probability measure L in a Banach space. Then the risk

bound can take into account the fact that the asymptotic risk can depend on the choice of

a normalizing sequence:

sup
S⊂F

lim inf
n→∞

sup
F∈S

EF `
(
rn

[
ψ̂n − ψ (F )

])
≥ E ` (G) ,

where S are proper subsets of F and G is a Gaussian element.
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3 Bounds for Irregular Models

Consider the problem of semiparametric M-estimation where the finite-dimensional param-

eter θ is defined by a semi-parametric moment condition. This moment condition is defined

by the unknown density f0 of random covariate z as:

E [m (z, θ0, f0)] = 0.

This moment equation is assumed to suffer from the problem of irregular identification for

θ as described by Khan and Tamer (2007). The irregularity of an estimator for the model

with irregular identification generally leads to the singularity of the information matrix cor-

responding to the model. However, it is still possible to estimate the parameter of interest

using estimation procedures converging at non-parametric rates. In the subsequent discus-

sion we will call a pair (θ, f) - the parameters of the model, and in this pair θ is a Euclidean

parameter of interest while f is a nuisance parameter denoting the distribution of covariate

z.

We impose the following set of assumptions on functions and parameters of the model.

Assumption 1 A.1 θ ∈ Θ ⊂ Rk, where Θ is compact with respect to the Euclidean norm

in Rk. f belongs to a subset F of Sobolev space Sd which is compact with respect to the

Sobelev norm in Sd. z ∈ Rp is a random variable with absolutely continuous density

f0.

A.2 m (z, θ, f) is locally Lipschitz in θ in the neighborhood of (θ0, f0)

A.3 There exists a function Γ(z) such that E
[‖Γ(z)‖2] <∞ and a number ‖J0‖ <∞ such

that

∂

∂θ
E [Γ(z)m (z, θ, f0)]

∣∣∣∣
θ=θ0

= J0.

A.4 There exists δ(z), E
[‖δ(z)‖2] < ∞ such that for each δf such that f0 + δf is in the

tangent set

‖m (z, θ0, f0 + δf)−m (z, θ0, f0)− δ(z) δf‖ ≤ L(z) ‖δf‖ ,

for E
[‖L(z)‖2] <∞.

A.5 Maximum convergence rate for estimation of irregularly identified θ is γn
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A.6 Equation E [m (z, θ, f0)] = 0 has a unique solution in Θ at point θ0.

Consider a family of local perturbations of parameters (θt, ft) similarly to Ibragimov and

Has’minskii(1981):

θt = θ0 + Γ(z)t∆θ, and ft(z) = f0(z) [1 + λ(z)t] ,

where λ(z) is such that f + f λ ∈ Sd, E [f(z)λ(z)] = 0 and E
[‖λ(z)‖2] <∞. We chose the

parameters such that t ∈ [0, 1] and :

Et [m (z, θt, ft)] = 0.

Analogously to the terminology developed for regular semi-parametric estimation, we will

call the closure of the linear envelope of the set of scores of the model corresponding to the

perturbed nuisance parameter the local tangent set of the model. In the examples that we

consider in this paper we explicitly perform such local perturbations, and thus explicitly

show that the local tangent set is not empty.

The paths along the local perturbations pass through (θ0, f0). At the next step we com-

pute the derivative of the moment condition along the path indicated by local perturbations.

In this case we relate λ(z) to the score of the model St(z) along the parametrization path t.

Then we can express ∆θ as:

J0 ∆θ = −E [(m (z, θ0, f0) + δ(z))St(z)] .

This expression defines the quantity ∆θ which can be characterized as a normalized path-

wise derivative of the Euclidean parameter. For the expectation on the right-hand side

standard projection results in Newey(1994) will hold. In fact, our modification of the usual

score calculus is augmented only in the part when we compute the Jacobi matrix of the

moment equation while the pathwise derivative for the nuisance parameter is computed in

the standard way. As a result, we can find the quasi-influence function of the model:

ψ(z) = −{m (z, β0, f0) + (δ(z)− E [δ(z)])} . (3.2)

Consider a class of the generalized linear estimators θ̂ denoting θ = E
[
θ̂
]

such that:

γn

(
θ̂ − θ

)
=

1

n

n∑
i=1

ζn(zi)ψ̃(zi) + op(1),

where E
[
ζn(zi)ψ̃(z)

]
= 0, lim

n→∞
E [n−1 |ζn (zi)|] < ∞ and the conditions of the Lindeberg-

Feller CLT are satisfied. We will show next that the estimator for irregularly identified
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parameter θ belongs to the class of the generalized linear estimators. Moreover, the quasi-

influence function ψ(·) plays the role of ψ̃(·).
Suppose that moment vector m (·) forms a system of moments which exactly identifies

the parameter θ. Consider an estimator f̂ (n) for the density f0. Denote

m̂(n) (θ) =
1

n

n∑
i=1

m
(
zi, θ, f̂

(n)
)
.

We will first introduce a high-level assumption regarding the asymptotic behavior of the

empirical moment function and later give primitive conditions justifying this assumption.

Assumption 2 A.1 Then assume that for all θ̃
p−→ θ0 there exists ε > 0 such that for all

‖δθ‖ < ε

m̂(n)
(
θ̃ + γ−1

n δθ
)
−m(n)

(
θ̃
)
− J0δθ = op (‖δθ‖) .

A.2 Empirical moment function evaluated at the true Euclidean parameter value

√
nm(n) (θ0)

d−→ N
(
0, σ2

m

)
.

The estimator for β solves the system of equations:

m̂(n) (θ) = 0. (3.3)

The following theorem summarizes the properties of the estimator of interest:

Theorem 3.1 Suppose that Assumptions 1.1-1.5 and 2.1-2.2 are satisfied. Then γn

(
θ̂ − θ

)

is generalized asymptotically linear with

ψ (zi) = m (zi, θ0, f0) + δ (zi)− E [δ (zi)] ,

and ζn (zi) =
√
nJ0. Moreover, the asymptotic variance of γn

(
θ̂ − θ

)
does not depend on

the type of the estimator for the unknown density.

Proof:
Note that γn/

√
n approaches zero. Therefore, defining δθ =

(
θ̂ − θ

)
γn√
n

and applying As-

sumptions 2.1-2.2 and the definition of the estimator, we obtain that the estimator is asymp-

totically normal. Then using the proof of Theorem 2.1 in Newey(1994) we verify that the

influence function associated with the estimator will be defined by (3.2). �
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Now let us analyze lower level assumptions required to obtain the result of Theorem

3.1 without using Assumptions 2.1-2.2. First of all, note that the Lipschitz constant in

Assumption 1.4 is a function of z only. From this assumption we can formulate a requirement

on the convergence rate of the estimator for the density of covariate z.

Assumption 3

√
n
∥∥∥f̂ (n) − f0

∥∥∥
2 p−→ 0.

Assumption 3 implies that the convergence rate for the non-parametric density estimate

should not be slower than n1/2 to not impact the asymptotic variance of θ̂. As γn reflects

non-parametric convergence rate, for problems that we are interested in this convergence

rate can be significantly lower than n−1/4. Such estimators are readily available for problems

with sufficiently smooth distributions of covariates.

The next condition assuring the appropriate behavior of the non-parametric estimate is

the condition for the stochastic equicontinuity of the moment equation. By Assumption

1.4 the moment equation belongs to the type II class of functions in the definition of An-

drews(1994). Therefore, as shown by Andrews(1994), the Pollard’s entropy condition should

hold for these functions with the envelope Cδ(·), where C is a fixed constant. Next, we need

an additional requirement for the moments of the envelope function δ(·).

Assumption 4 For some ε > 0 E [δ(z)2+ε] <∞.

Assumptions 1.4 and 4 assure stochastic equicontinuity of the moment equation. The next

step is to introduce quantity δ(z)f0(z) − E [δ(z)f0(z)]. The following assumption sets the

restriction on δ(·)f0(·) so that it mitigates differences between the integration over the non-

parametrically estimated distribution F̂ (n) and the empirical distribution.

Assumption 5

√
n

{∫
δ(z)

[
f̂ (n) − f0

]
f0 dz − 1

n

n∑
i=1

[δ(zi)f0(zi)− E [δ(z)f0(z)]]

}
p−→ 0.

To see the intuition behind this assumption, note that
∫
δ(z)

[
f̂ (n) − f0

]
f0 dz =

∫
[δ(z)f0(z)− E (δ(z)f0(z))] f̂ (n) dz.

This means that the error in the moment condition due to plug-in estimate of density is small

enough that does not exceed the sampling error, represented by the empirical distribution.
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Assumptions 1.4, 3, 4, 5 validate Lemma 5.1 in (Newey, 1994). As a result, we conclude that

for

Ω = Var [m (z, θ0, f0) + δ(z)− E [δ(z)]] ,

the moment equation evaluated at the true value of the Euclidean parameter converges to

normal distribution at the parametric rate. Thus,

√
nm̂(n) (θ0) =

1√
n

n∑
i=1

[m (zi, θ0, f0) + δ(zi)− E [δ(zi)]] + op(1)
d−→ N (0, Ω) .

Consistency of the estimator θ̂ is provided by Assumptions 1.4 and 1.6. Asymptotic normality

of the estimate of θ0 normalized by the Jacobi matrix will follow from the same arguments

as in Andrews(1991) as structure of the Jacobi matrix and the vector of moment equations

has similar properties to that problem.

Theorem 3.1 suggests that asymptotic properties of the semiparametric estimate of the

finite-dimensional parameters, normalized by the Jacobi matrix do not depend on a particular

selection of the sieve functions used to compute non-parametric components of the model.

In our case, however, the estimation method will influence the variance of the unnormalized

parameters. We consider local representations for coefficients with

θ̂n − θn =
(
θ̂n − θ0

)
− (θn − θ0

)
.

We consider a normalization sequence γn such that

γ−1
n Jn = Jη0 + op(1),

γn
(
θn − θ0

)
= hη + op(1).

We label both the bias and the normalized Jacobi matrix by η to indicate that, generally

speaking, these limits depend on the choice of structure used to estimate infinite-dimensional

nuisance parameter of the model. Then the asymptotic distribution of parameter of interest

can be expressed as:

γn
(
θ̂n − θ0

)
d−→ N

(
hη, (Jη0 )−1 Ω (Jη0 )−1

)

The following theorem states the main result in this section

Theorem 3.2 For a chosen normalizing sequence γn corresponding to the fastest conver-

gence rate for estimators of θ0 ∈ Θ ⊂ Rk, estimators θ̂ηn converging at rate γn and depending

on the estimation method η ∈ Ξ for nuisance parameter, and a subconvex loss function `(·):

inf
η∈Ξ

lim
n→∞

inf
ψ̂ηn

sup
F∈F

EF `
(
γn

(
θ̂ηn − θ0 (F )

))
> 0.
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This theorem establishes the minimax bound for the estimator of θ0 across possible non-

parametric distributions. The intuition behind this result is that it suggests that minimiza-

tion over estimation procedures and over all estimators for the ”coarsest” non-parametric

distribution does not make the minimum risk with normalization by γn degenerate.

4 Bounds for Irregularily Identified Semiparametric Mod-

els

In this section we illustrate the relevance of Theorems 3.1 and 3.2 by applying them to

widely studied semiparametric models whose irregularity properties have been established in

the literature. Specifically, we will consider regression coefficients in semiparametric binary

choice models under conditional mean and median conditions, as well the average treatment

effect (ATE) in the treatment effect model under unconfoundedness.

4.1 (Smoothed) Maximum Score Model

Consider the model with the binary outcome

yi = 1[x′iβ0 − εi > 0]

where xi is a k− dimensional vector of observed covariates, and the unobserved error term εi

satisfies a conditional median restriction, thus allowing for the conditional heteroskedasticity.

The object of interest is the k− dimensional vector of regression coefficients β0.

Manski(1975,1985) established the identification of β0 under mild smoothness conditions

on the distributions of x′iβ0 and εi. Horowitz(1992) strengthened these smoothness conditions

in order to attain faster rates of convergence for estimating β0 and proposed the smoothed

maximum score estimator which has a limiting gaussian distribution. Horowitz(1993) es-

tablished the upper bounds on achievable rates of convergence for estimating β0, but did

not provide qualitative bounds for estimators that do indeed achieve the optimal rate.

Horowitz(1992) also establishes a minimized MSE for his proposed estimator but this bound

is left as a function of the kernel function chosen for implementation.

Here we apply Theorems 3.1 and 3.2 to provide bounds for the class of estimators achiev-

ing the optimal rate established in Horowitz(1993). We can do so because the identification
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of β0 explicitly stems from the conditional moment condition:

β0 = −E
[
δ(P (xi)− 1

2
)

fX(xi)
xi

]

where to simplify exposition we assumed the model has a single continuous regressor xi

whose coefficient has been normalized to 1 and whose density function is denoted by fX(·),
P (xi) = E [yi|xi] is the propensity score, and δ(·) denotes the Dirac delta function.

The idea of the smoothed maximum score estimator is that the delta-function can be

approximated by a family of smooth functions δε(·) such that δε(·) ε→0−→ δ(·), where we

consider weak convergence in the class of generalized functions. The idea of the estimator

will be to consider a set of approximating moment equations with the moment function

lε (yi, xi) = −δε
(P (xi)− 1

2

)

fX (xi)
xi.

The optimal estimation problem in this case will boil down to the optimal choice of the

smoothing sequence εn as n → ∞. We assume that the optimal convergence rate for the

estimator β̂n is γn and it is known. In this case for each ε

γn

(
β̂n − β0

)
d−→ N (bε∗ , Vε∗) .

This shows that for a specific sequence εn there will be an asymptotic bias. We can compute

the asymptotic variance as:

Vε∗ = E

[
1

fX (xi)
2 (δε∗(ui)xi − E [δε∗(ui)xi])

2

]
,

and squared bias is

b2
ε∗ = E

[
δε∗(ui)xi
fX (xi)

]2

.

The minimum risk for the estimator of β0 is evaluated in this case as:

rε = sup
ε∗>0

1√
2π

∫
`
(
V
−1/2
ε∗ (−bε∗ + x)

)
exp

(−x2/2
)
dx.

For a smooth parametrization the least upper bound will be non-zero and can be solved for

by solving the non-linear first order condition:

∫
`′
(
V
−1/2
ε∗ (−bε∗ + x)

)[
−1

2
V
−3/2
ε∗ V ′ε∗ (−bε∗ + x)− V −1/2

ε∗ b′ε∗

]
exp

(−x2/2
)
dx = 0.
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Denoting derivative of the approximating function with respect to the smoothness pa-

rameter δ′ε(·), the optimal ε∗ solves

∫
`′ (ξ)

[
− ξV −1

ε∗ E

[
δ′
ε∗xi−E[δ′ε∗xi]

f2
X(xi)

(δε∗xi − E [δε∗xi])

]

−V −1/2E
[
δ′
ε∗xi

fX(xi)

] ]
exp (−x2/2) dx = 0.

(4.4)

Therefore we can apply the previous theorems to attain the following qualitative bound

for the maximum score model:

Theorem 4.1 Under Assumptions 1-10 in Theorem 3.5 in Horowitz(1998) the bound for

estimating β0 is:

rε∗ =
1√
2π

∫
`
(
V
−1/2
ε∗ (−bε∗ + x)

)
exp

(−x2/2
)
dx,

where ε∗ solves (4.4)

In practical applications the loss function is restricted by the the type of the applied prob-

lem for which a particular irregularly identified model is used. For instance, if the problem

requires the best in-sample mean-squared prediction, then the associated loss function will

be quadratic. In this case the derivation of the minimax bound for the problem reduces to

the evaluation of the asymptotic variance of the estimator, and the asymptotic bias arising

due to the dominating role of the non-parametric component of the model. Below we derive

the minimax bound for such a concrete example.

To simplify the notation we assume that the parameter of interest is an intercept term,

i.e. the binary model has only one varying regressor whose coefficient has been normalized

to 1. Denote the kernel function by K(·). Then by picking the bandwidth such that the

estimator converges at its fastest rate, the asymptotic bias, bε∗ , and variance, Vε∗ are:

bε∗ = c2Q−1
s∑
j=1

1
j!(s−j)!F

(j)(0)f
(s−j)
X (0)

Vε∗ = c1Q−1 fX(0)Q−1

where

Q = 2[F (1)(0|0)fX(0)].

In these expressions F (1)(·|·) denotes the first derivative of the error distribution function

in the binary model conditional on regressor x, ci are constants associated with the kernel
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function, s denotes the assumed order of smoothness of the probability and index density

functions and the superscript j denotes the jth order derivative. Coefficients c1 and c2 will

be determined by the optimal kernel structure and the order of smoothness of estimated

distributions. Below we give an example of computing these constants if the degree of

smoothness of the propensity score is up to four.

One concrete example when we can provide the constant for the minimum risk in case

of quadratic loss function is the case where the function δ(·) is approximated by a sequence

of functions (kernels) with finite support. Consider the following procedure for estimating

parameters in the model.

• Step 1

Estimate functions P(·) and fX(·) non-parametrically denoting estimates P̂(·) and

f̂X(·)

• Step 2

estimate parameters of interest using kernel K(·)

β̂ = − 1

nh

n∑
i=1

K
( bP(xi)− 1

2

h

)

f̂X (xi)
P̂ ′ (xi) xi,

for a particular choice of bandwidth h.

This procedure is constructed to approximate the infeasible estimator

β0 = −E
[
δP−1( 1

2)(x)

fX(x)
x

]
,

where δa(x) is the Dirac delta-function. We assume that a compact set X contains all

covariates. We also assume that estimators P̂(·), P̂ ′(·) and f̂X(·) are such that for each

x ∈ X they converge with rate of at least n−1/4. The existence of such estimators will be

assured by smoothness of these functions, compactness of their support and their continuity

on the boundary of support. Given that h = O
(
n−1/3

)
, this means that error due to

approximation error in P̂(·) and f̂X(·) is negligible. Therefore, we consider the asymptotics

for

nα
(
β̂ − β0

)
= nα


− 1

nh

n∑
i=1

K
(P(xi)− 1

2

h

)

fX (xi)
P ′ (xi) xi − β0


+ op(1),

13



where α is the convergence rate determined by the order of smoothness of P(·). We assume

that P(·) is locally monotone and 2k times differentiable. The kernel is symmetric and

integrates to one. Consider

βh = −E
[

1
h

K

�
P (x)− 1

2
h

�
fX(x)

P ′(x)x

]
= − 1

h

∫
K
(
P (x)− 1

2

h

)
P ′(x)x dx

= − ∫ K(u)P−1
(

1
2

+ uh
)
du.

To derive the minimax bound over kernel-based procedures we consider cases where the the

degree of smoothness of the propensity score functions is from 1 to 4. In the Appendix we

demonstrate the procedure to derive the bound. In the first step we determine the conver-

gence rate of the estimator which can be found by balancing the bias and the variance. In

the second step, we optimize the kernel structure using the fact that we impose restrictions

on the degree of smoothness of the propensity score function. Thus, we can find the cor-

responding structure of the kernel by representing it in terms of a basis expansion in an

appropriate functional space. We find that for the cases with 2 and 3 - times differentiable

propensity score the optimal Kernel has Epanechnikov structure with

K(u) =
1√
2
L0(u)− 1√

10
L2(u) =

3

4

(
1− u2

)
,

where Li(·) are normalized Legendre polynomials of degree i. The minimum mean-squared

error of estimating the kernel can be computed as

n4/5MSE
(
β̂
)

=
5

4

(
9β4

0

80

)2/5( P ′′ (−β0)

P ′ (−β0) f 2
X (−β0)

)2/5

.

Similarly, for 4 and 5-times differentiable propensity score cases the optimal kernel can be

written as

K(u) =
1√
2
L0(u)−

√
10

4
L2(u) +

36
√

2− 3
√

38

136
L4(u).

A detailed derivation can be found in Appendix.

4.2 Binary Choice Model with Exclusion Restriction

In this section we consider a model with the binary outcome

yi = I[x′iβ0 + vi − εi > 0],

14



where vi is a continuously distributed regressor whose coefficient has been normalized to

1 and whose distribution is assumed to be independent from εi conditional on xi. Lewbel

established the identification of β0 under support conditions on εi and proposed a consistent

estimator for β0. Khan and Tamer(2007) established an impossibility theorem for this model

that is analogous to the theorem in Chamberlain(1986). They further showed how optimal

rates, slower than the parametric rate of the square root of the sample size, depend on

relative tail behavior conditions on vi and εi, but did not provide qualitative bounds. The

Lewbel(2001) identification result is based on the moment condition:

β0 = E[(yi − I[vi > 0])f(vi)
−1] ≡ E[(yi − I[vi > 0])w(vi)]

with the weight function w(vi) = f(vi)
−1 where f(·) here denotes the density of vi, where

here again we assumed a single regressor, vi, to ease the exposition.

The nature of the irregularity here is of the same kind as in case of the smooth maximum

score with the only difference that the irregularity occurs at the tails of the regressor. In

this case it would be convenient to introduce a family of trimmed moment functions:

lε (yi, xi, vi) =
(yi − 1{vi > 0})

f (vi)
1 {vi < 1/ε}

Note that this moment function converges to the original moment function for ε → +0.

Estimation will proceed given an optimal choice of the trimming sequence εn → n. We

assume that the optimal convergence rate for the estimator of β0 is known and corresponds

to the optimal choice of the trimming sequence. In this case for the optimal sequence ε∗

γn

(
β̂n − β0

)
d−→ N (bε∗ , Vε∗) .

This shows that for a specific sequence εn there will be an asymptotic bias. We can compute

the asymptotic variance as:

Vε∗ = E

[(
(yi − 1{vi > 0})

f (vi)
1 {vi < 1/ε∗} − E

[
(yi − 1{vi > 0})

f (vi)
1 {vi < 1/ε∗}

])2
]
,

and squared bias is

b2
ε∗ = E

[
(yi − 1{vi > 0})

f (vi)
1 {vi < 1/ε∗}

]2

.

The minimum risk for the estimate of β0 is evaluated in this case as:

rε = sup
ε∗>0

1√
2π

∫
`
(
V
−1/2
ε∗ (−bε∗ + x)

)
exp

(−x2/2
)
dx.
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For smooth parametrization the least upper bound will be non-zero and can be obtained by

solving a non-linear first order condition:

∫
`′
(
V
−1/2
ε∗ (−bε∗ + x)

)[
−1

2
V
−3/2
ε∗ V ′ε∗ (−bε∗ + x)− V −1/2

ε∗ b′ε∗

]
exp

(−x2/2
)
dx = 0.

Denote zi = (yi−1{vi>0})
f(vi)

then

V ′ε∗ =

(
E

[
z2
i

∣∣∣∣vi =
1

ε∗

]
− 2E

[
zi1

{
vi <

1

ε∗

}]
E

[
zi

∣∣∣∣vi =
1

ε∗

])
fv

(
1

ε∗

)
.

Similarly, we find the derivative of the bias as

b′ε∗ = E

[
zi

∣∣∣∣vi =
1

ε∗

]
fv

(
1

ε∗

)
.

This leads to the equation for the optimal ε∗:

∫
`′ (ξ) fv

(
1
ε∗
)
V −1

(
ξE

[
z2
i

2
− ziE

[
zi1
{
vi <

1
ε∗
}] ∣∣∣∣vi = 1

ε∗

]

+V 1/2E
[
zi|vi = 1

ε∗
])

= 0.

(4.5)

From the identification condition for the parameter vector β we can derive qualitative

bounds for the parameter of interest for the class of estimators converging at the optimal

rate:

Theorem 4.2 Under Assumptions 1-5 in Lewbel(2001) the bound for estimating β0 is:

rε∗ =
1√
2π

∫
`
(
V
−1/2
ε∗ (−bε∗ + x)

)
exp

(−x2/2
)
dx,

where ε∗ solves (4.5).

As the result of the theorem suggests, the minimax bound is associated with the optimal

choice of the trimming sequence which keeps the integral in the expectation from explosive

behavior. Our result, however, does not provide a recipe for constructing such a sequence.

Next we provide the results for the minimax bound when we consider a quadratic loss

function, where we can associate the minimax bound for the estimator with a particular way

of trimming.

To simplify notation we will assume that the parameter of interest is an intercept term,

i.e. the binary model has only one varying regressor whose coefficient has been normalized to
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1. We will examine the asymptotic bias and variance of the infeasible version of the estimator

where the density of the special regressor is assumed to be known. The asymptotic bias, bε∗

and variance Vε∗ are

bε∗ = lim
γn→∞

γn(1−P(γn)

Vε∗ = lim
γn→∞

γ−1/2
n

γn∫

−∞

P(v) (1−P(v))

f(v)
dv.

where f(·) denotes the density of the special regressor and P(·) denotes the propensity score

function, which in this model is only a function of the values that the special regressor takes.

In this case the bias and the variance are determined solely by the functional form of density

and the propensity score.

We can demonstrate a concrete example of the choice of trimming sequence for the

example with one special regressor and one intercept term. We also assume that it is known

that the propensity score is twice differentiable. We consider a family of weighting functions

generated by ratios of kernels

ωh (v) = 1 + h−2K1

(
v
h

)

K2

(
v
h

) , (4.6)

where each of the kernels Ki(·) is symmetric. We assume that

lim
h→0

h−2K1

(
v
h

)

K2

(
v
h

) = 0, for each v ∈ R,

and
+∞∫

−∞

x∫

0

K1 (z)

K2 (z)
dz dx = 0.

We use the weights to generate the sample moment condition

β̂h =
1

n

n∑
i=1

(yi − 1{vi > 0})
f (vi)

ωh (vi) .

Note that

βh = E
[
β̂h

]
=

+∞∫

−∞

∫

ε

[1 {v + β0 − ε > 0} − 1 {v > 0}]ωh (v) dv dFε

= −
∫

ε




ε−β0∫

0

ωh(v) dv


 dFε = β0 +

∫
fε (β0 + hu)

(∫ u

0

K1(z)

K2(z)
dz

)
du.
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Using the properties of the weighting function, we find that

βh − β0 = hP ′′(0)

∫
u

(∫ u

0

K1(z)

K2(z)
dz

)
du+ o (h) .

To compute the variance note that

Var
(
β̂h

)
=

1

nh4
Eε


sign{ε− β0}

ε−β0∫

0

f(v)−1K
2
1

(
v
h

)

K2
2

(
v
h

) dv



=
2

nh2

P ′ (0)

fv (0)

+∞∫

0

u∫

0

K2
1(z)

K2
2(z)

dz du+ o
(
n−1h−2

)
.

This provides an expression for the minimum mean-squared error

n1/2MSE
(
β̂
)

= 2
√

2
(
P ′(0)(P ′′(0))2

fv(0)

)1/2
[

+∞∫
−∞

u∫
0

uK1(z)
K2(z)

dz du

] [
+∞∫
0

u∫
0

K2
1 (z)

K2
2 (z)

dz du

]1/2

.

The optimal bandwidth sequence is hn = O
(
n−1/4

)
. The optimal structure of the kernels

can be found if one represents them as expansions in the basis of Legendre polynomials. The

coefficients of these expansions can be found numerically.

4.3 Treatment Effects Model under Exogenous Selection

A central problem in evaluation studies is that potential outcomes that program participants

would have received in the absence of the program is not observed. Letting di denote a binary

variable taking the value 1 if treatment was given to agent i, and 0 otherwise, and letting

y0i,y1i denote potential outcome variables, we refer to y1i − y0i as the treatment effect for

the i’th individual. A parameter of interest for identification and estimation is the average

treatment effect, defined as:

β = E[y1i − y0i] (4.7)

One identification strategy for β was proposed in Rosenbaum and Rubin(1983), who

imposed the following:

(i) There exists an observed variable xi s.t. di and (y0i, y1i) are independent of each other

given xi.

(ii) 0 < P (di = 1|xi) < 1 ∀xi
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Hirano et al.(1999) showed the following inverse weighting identification result:

β = E

[
yi(di − P(xi))

P(xi)(1− P(xi))

]
(4.8)

whereas Khan and Tamer(2007) show identification is irregular for a wide class of models

satisfying the above assumptions, precluding estimation at the parametric rates. They derive

upper bounds for optimal rates for estimating β that they show depends on the density of

the propensity score near the limit points of 0 and 1.

Consider a simple case of one-dimensional x, then we can provide a trimmed version of

the moment equation for β by

lε (yi, xi) =
yi(di − P(xi))

P(xi)(1− P(xi))
1 {ϕ(xi) < ε} ,

where ϕ(·) is the function indicating the domain of the propensity score. This function is

constructed such that ε → 0, then the moment equation converges to the original moment

equation. We choose the optimal trimming sequence corresponding to the optimal conver-

gence rate of the estimator for treatment effect. In this case for the optimal sequence ε∗

convergence of the estimator is described as

γn

(
β̂n − β0

)
d−→ N (bε∗ , Vε∗) .

As in the previous examples, estimation at an optimal rate will be associated with an asymp-

totic bias. We can compute the asymptotic variance as:

Vε∗ = E

[(
yi(di − P(xi))

P(xi)(1−P(xi))
1 {ϕ(xi) < ε∗} − E

[
yi(di − P(xi))

P(xi)(1− P(xi))
1 {ϕ(xi) < ε}

])2
]
,

and squared bias is

b2
ε∗ = E

[
yi(di − P(xi))

P(xi)(1−P(xi))
1 {ϕ(xi) < ε}

]2

.

The minimum risk for the estimate of β0 is evaluated in this case as:

rε = sup
ε∗>0

1√
2π

∫
`
(
V
−1/2
ε∗ (−bε∗ + x)

)
exp

(−x2/2
)
dx.

For smooth parametrization the least upper bound will be non-zero and can be solved for

by solving a non-linear first order condition:
∫
`′
(
V
−1/2
ε∗ (−bε∗ + x)

)[
−1

2
V
−3/2
ε∗ V ′ε∗ (−bε∗ + x)− V −1/2

ε∗ b′ε∗

]
exp

(−x2/2
)
dx = 0.
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Denote zi = yi(di−P(xi))
P(xi)(1−P(xi))

then

V ′ε∗ =

(
E

[
z2
i

∣∣∣∣xi = ϕ−1 (ε∗)
]
− 2E [zi1 {ϕ (xi) < ε∗}]E

[
zi

∣∣∣∣xi = ϕ−1 (ε∗)
])

fX
(
ϕ−1 (ε∗)

)
.

Similarly, we find the derivative of the bias as

b′ε∗ = E

[
zi

∣∣∣∣xi = ϕ−1 (ε∗)
]
fX
(
ϕ−1 (ε∗)

)
.

This leads to the equation for the optimal ε∗:

∫
`′ (ξ) fX (ϕ (ε∗))V −1

(
ξE

[
z2
i

2
− ziE [zi1 {xi < ϕ−1 (ε∗)}]

∣∣∣∣xi = ϕ−1 (ε∗)
]

+V 1/2E [zi|xi = ϕ−1 (ε∗)]
)

= 0.

(4.9)

Given the moment condition in (4.8) we can apply the theorems from the previous section

to derive bounds:

Theorem 4.3 Under Assumptions 1-3 in Hahn(1998) the bound for estimating β is:

rε∗ =
1√
2π

∫
`
(
V
−1/2
ε∗ (−bε∗ + x)

)
exp

(−x2/2
)
dx,

where ε∗ solves (4.9).

Similarly to the case with inverse density weighting, both the bias and the variance are only

determined by the properties of the propensity score.

A concrete example of the minimax bound with a particular degree of smoothness of

the propensity score can be taken directly from the binary choice model with an exclusion

restriction. Then using the same weighting function (4.6) we can form the estimator

β̂h =
1

n

n∑
i=1

yi(di − P(xi))

P(xi)(1− P(xi))
ωh (xi) .

The structure of the optimal bandwidth sequence as well as the structure of the optimal

mean-squared error will be equivalent to that in the case of the binary choice model with an

exclusion restriction.
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5 Simulation Results

In this section we illustrate the irregularity of the identification attained for some of the

models we derived efficiency bounds for. Results are illustrated in tables I-V, which report

the basic statistics mean bias, median bias and MSE, for various distributional assumptions

on the error term and regressors. Results are reported for sample sizes of 100, 400, 1600,

and 6400, using 10000 replications for each design.

Tables I and II consider estimation of the intercept term (up to scale) in a binary choice

model. Table I reports results for the case when the density of the special regressor is known.

The three designs considered were 1) both regressor and error standard normal distributed

independently of each other, 2) both regressor and error distributed standard logistic inde-

pendent of each other, and 3) regressor distributed standard normal and error distributed

(independently) logistic. As the results illustrate, the estimator, although performing very

well, does not converge at the parametric (root-n) rate, as its MSE does not decline at the

rate the sample size increases, for any of the 3 designs. Table II considers the same ex-

ercise, but now with the density of the regressor estimated using a normal kernel function

and Silverman’s rule of thumb for bandwidth selection. This estimator performs better than

the previous one in terms of MSE than the previous one, but also does not converge at the

parametric rate, as indicated by the rate of decline of its MSE.

Tables III and IV report results for estimation of the ATE. Here we simulated from a

simple model where the treatment equation was an indicator taking the value one if the sum

of a regressor and an error term exceeded 0, and 0 other wise. The counterfactual outcome

equations were the sum of the same regressor and an independently distributed standard

normal error for the treated and untreated, but the treatment outcome also had an intercept

term of 1. Table III reports results for the case where the propensity score was known,

and Table IV reports results for when it was estimated, using a Nadaraya-Watson kernel

estimator with a normal kernel function and the Silverman rule of thumb for bandwidth

selection. As with the binary choice model, the MSE does not decline at the parametric

rate, although this only becomes apparent in the larger sample sizes.

Table V reports results for the smooth maximum score estimator, using integrals of the

normal and logistic p.d.f.s as kernel functions and a bandwidth sequence of the sample size

raised to the minus one fifth. The design simulated here involved one regressor distributed

standard normal, and a homoskedastic standard normal error. The slower than root-n rate

of convergence is demonstrated here as well. Note that the MSE’s tabulated here can give

indication of the relative efficiency of the SMS compared to the bound derived in this paper.

21



Note the minimum MSE for the simple design here can be calculated from the expression

on page 14, which provides us with a value of 1.623. For the normal kernel case, n4/5 times

the calculated MSE gives us values of 21.350, 4.163, 3.431, 3.105, and for the logistic kernel

332.149, 12.108, 11.743, 11.661. We note that the difference between the results attained

in the simulation study and the bound are likely due to our choice of bandwidth selection,

which is suboptimal compared to that proposed in Horowitz(1992).

6 Conclusions

This paper considered developing a notion for efficiency bounds for finite dimensional pa-

rameters in a class of models that are irregular in the sense that these parameters cannot

be (Hajek-regularly) estimated at the parametric rate. As in existing work our evaluation of

bounds will be associated with subconvex loss and minimax risk functions, but our results

differ in the sense that there exist a sequence of estimators which are regular with respect to

a normalizing sequence which diverges at a rate slower than the square-root of the sample

size. Under our choice of loss and risk functions optimality criteria are directly related to

minimizing asymptotic mean squared error.

We apply these results to three specific models which have already been shown in the

literature to be irregular under the stated conditions- the regression coefficients in two binary

choice models, and the average treatment effect in a treatment model under exogenous

selection.

The work in this paper immediately suggests areas for future research. For one, it would

be useful to evaluate the relative efficiency of exiting estimation procedures for these models

that have been proposed in the literature. Second, it would be useful to use these bounds to

propose estimators which are asymptotically efficient in the sense their limiting distributions

attain or come arbitrarily close to attaining these bounds. Finally, are notion of efficiency

and method of deriving bounds could be applied to other irregularly identified models - see,

e.g. Hahn(1994), and Ridder and Wouterstan(2003). We leave all of these for future work.
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A Appendix: the Optimal Kernel Structure for the

Smoothed Maximum Score

We consider for simplicity the cases where k = 1, 2. For k = 1

βh = β0 +
h2

2
P ′′ (−β0)
P ′ (−β0)3

∫
K(u)u2 du+ o

(
h2
)
.

Similarly, for k = 2 if K(·) is a second-order kernel

βh = β0 + h4

24
10P ′′′(−β0)P ′′(−β0)P′(−β0)−P ′′′′(−β0)P ′′(−β0)2−15P′′(−β0)3

P′(−β0)7

∫
K(u)u4 du+ o

(
h2
)
.
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We find variance using the asymptotic approximation for β̂ using the fact that h is small:

Var
(
β̂
)

= 1
Nh2

∫ K

�
P (x)− 1

2
h

�2

fX(x) P ′(x)2x2 dx+ o
(
N−1h−2

)

= 1
Nh

∫ K2(u)

fX(P−1( 1
2

+uh))P
′ (P−1

(
1
2 + uh

)) (P−1
(

1
2 + uh

))2
du

= 1
Nhβ

2
0
P′(−β0)
fX(−β0)

∫
K2(u) du+ o

(
N−1h−1

)
.

Relying on smoothness, we find that normalization α = 2/5 for k = 1 and α = 4/9 for k = 2. Then
we can find the mean-squared errors. In case of k = 1

N4/5MSE
(
β̂
)

= β
8/5
0

5
4

( P ′′ (−β0)
P ′ (−β0) f2

X (−β0)

)2/5 [∫
K2(u) du

]4/5 [∫
u2K(u) du

]2/5

.

In case where k = 2

N8/9MSE
(
β̂
)

= β
16/9
0

320/9

4
A1/9

[∫
K2(u) du

]8/9 [∫
u4K(u) du

]1/9

,

where

A =
10P ′′′ (−β0)P ′′ (−β0)P ′ (−β0)− P ′′′′ (−β0)P ′′ (−β0)2 − 15P ′′ (−β0)3

f8
X (−β0)

P ′ (−β0) .

We need to minimize over possible K(·) simultaneously with h. Suppose that K(·) is s times
differentiable with support on [−1, 1] where s > 2k. We look for the solution in the form of
expansion in terms of normalized Legendre polynomials

K(x) =
s∑

i=0

aiLi(x).

For k = 1 we will solve the problem by noticing that 1 =
√

2L0(x) and x2 =
√

2
3 L0(x) + 2

√
10

15 L2(x).
Then, omitting the terms not related to the kernel, we can see that the problem is equivalent to
the standard constrained optimization for

[∫
K2(u) du

]4/5 [∫
u2K(u) du

]2/5

=

(
s∑

i=0

a2
i

)4/5(√
2

3
a0 +

2
√

10
15

a2

)2/5

,

which minimized with respect to a0, . . . , aK with restriction
∫
K(u) du =

∫
L0(u) · 1 du =

√
2a0 = 1.

In these expressions we used orthonormality of the polynomial series. This immediately leads to the
result a0 = 1√

2
. Substituting this to the objective function we can write the first-order condition

to the form

2
√

10
(
a2 +

1√
10

)2(1
2

+ a2
2

)1/5
(

1
3

+
2
√

10
15

a2

)3/5

= 0.
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The objective has a unique minimum a2 = − 1√
10

. Therefore, the optimal kernel has Epanechnikov
structure

K(u) =
1√
2
L0(u)− 1√

10
L2(u) =

3
4
(
1− u2

)
.

As a result, the minimal mean-squared error is

N4/5MSE
(
β̂
)

=
5
4

(
9β4

0

80

)2/5( P ′′ (−β0)
P ′ (−β0) f2

X (−β0)

)2/5

.

To extend this result to the case where k = 2 we note that

x4 =
7
√

2
35

L0(x) +
4
√

10
35

L2(x) +
8
√

2
105

L4(x).

Then the objective function can be written as

[∫
K2(u) du

]8/9 [∫
u4K(u) du

]1/9

=

(
s∑

i=0

a2
i

)8/9(
7
√

2
35

a0 +
4
√

10
35

a2 +
8
√

2
105

a4

)1/9

.

The constraints are provided by the fact that we consider a second-order kernel, so that
∫
K(u) du =

∫
L0(u) · 1 du =

√
2a0 = 1,

and
∫
u2K(u) du =

√
2

3
a0 +

2
√

10
15

a2 = 0.

¿From the constraints it immediately follows that a0 = 1√
2

and that a2 = −
√

10
4 . Substituting the

numbers into the objective function and solving the first- order condition we can see that a unique
minimum is attained at a4 = 36

√
2−3
√

38
136 .
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