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Problem 1. For T = 2 consider the standard panel data model:

yit = xitβ + αi + ǫit

a) Numerically compare the fixed effect and first difference estimates.

b) Compare the error variance estimates from the two methods.

Solution. The difference estimates are obtained by taking the difference across time periods
to eliminate the unobservable. Hence, for individual i we have,

yi2 − yi1 = (xi2 − xi1)β + (ǫi2 − ǫi1) ⇒ ∆yi = ∆xiβ + ∆ǫi

Assuming that E (∆x′

i∆ǫi) = 0, the difference estimate of β is,

β̂DE =

[
N∑

i=1

∆x′

i∆xi

]−1 N∑

i=1

∆x′

i∆yi

The fixed effects estimator is obtained demeaning each equation. Let ȳi = yi1+yi2

2
, x̄i =

xi1+xi2

2
, and ǭi = ǫi1+ǫi2

2
then:

yit − ȳi = [xit − x̄i]β + ǫit − ǭi, t = 1, 2

then, the fixed effect estimate of β is,

β̂FE =

[
N∑

i=1

2∑

t=1

[xit − x̄i]
′[xit − x̄i]

]−1 N∑

i=1

2∑

t=1

[xit − x̄i]
′[yit − ȳi]

Now, note that,

2∑

t=1

[xit − x̄i]
′[xit − x̄i] =

2∑

t=1

[

xit −
xi1 + xi2

2

]
′
[

xit −
xi1 + xi2

2

]

=
[xi1 − xi2

2

]
′
[xi1 − xi2

2

]

+ [
xi2 − xi1

2

]
′
[xi2 − xi1

2

]

=
∆x′

i∆xi

2
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and,

2∑

t=1

[xit − x̄i]
′[yit − ȳi] =

2∑

t=1

[

xit −
xi1 + xi2

2

]
′
[

yit −
yi1 + yi2

2

]

=
[xi1 − xi2

2

]
′
[yi1 − yi2

2

]

+
[xi2 − xi1

2

]
′
[yi2 − yi1

2

]

=
∆x′

i∆yi

2
Replacing these results into the FE estimator we have:

β̂FE =

[
N∑

i=1

∆x′

i∆xi

�2

]−1 N∑

i=1

∆x′

i∆yi

�2
= β̂DE

Thus,
β̂FE = β̂DE .

The variance covariance matrix of β̂DE equals to,

σ̂2

DE

[
N∑

i=1

∆x′

i∆xi

]−1

where the residuals from the difference estimator, êDE
i = ∆yi−∆xiβ̂DE , are used to calculate,

σ̂2

DE =

∑N

i=1
(êDE

i )2

N − k

On the other hand, variance covariance matrix of β̂FE equals to,

σ̂2

FE

[
N∑

i=1

2∑

t=1

[xit − x̄i]
′[xit − x̄i]

]−1

where the residuals from the fixed-effect estimator,

êFE
it = [yit − ȳi] − [xit − x̄i]β̂FE t = 1, 2,

are used to calculate,

σ̂2

FE =

∑N

i=1
(êFE

i1 + êFE
i2 )2

N − k

Using the fact that β̂DE = β̂FE:

êFE
i1 =

[yi1 − yi2

2

]

−
[xi1 − xi2

2

]

β̂FE

=
−∆yi + ∆xiβ̂DE

2
= −

êDE
i

2

êFE
i2 =

[yi2 − yi1

2

]

−
[xi2 − xi1

2

]

β̂FE

=
∆yi − ∆xiβ̂DE

2
=

êDE
i

2

2



Then, the sum of squared residuals from the fixed effect estimator is,

σ2(FE) =

∑

i[(ê
FE
i1 )2 + (êFE

i2 )2]

N − k

=

∑

i[(−êDE
i )2 + (êDE

i )2]

4(N − k)

=
1

2

∑

i[(ê
DE
i )2]

N − k
=

1

2
σ2(DE)

Therefore,

V (β̂DE) =σ̂2

DE

[
N∑

i=1

∆x′

i∆xi

]−1

=
σ̂2

DE

2

[
N∑

i=1

∆x′

i∆xi

2

]−1

=σ2(FE)

[
N∑

i=1

2∑

t=1

[xit − x̄i]
′[xit − x̄i]

]−1

=V (β̂FE)

♦

Problem 2. Consider the following panel data model:

yit = αi + xitβ + ziγ + εit

Let xi = (xi1, . . . , xiT ), and assume E (εit|xi, zi, αi) = 0. Let σ2
α = V (αi) and σ2

ε = V (εit).

a) Let ci = αi + ziγ. Find V (ci) and compare it to σ2
α.

b) Compare the estimated variance of the unobserved effect when estimating the model by
fixed effects to the estimated variance of the unobserved effect to if we estimated the
model by random effects..

Solution. Given the general assumptions we have:

E (ci|xi, zi) =E (αi + ziγ|xi, zi)

= E (αi|xi, zi)
︸ ︷︷ ︸

0

+ziγ

=ziγ

E
(
c2

i |xi, zi

)
E
(
α2

i + z2

i γ
2 + αiziγ|xi, zi

)

=E
(
α2

i |xi, zi

)
+ z2

i γ
2 + E (αi|xi, zi) ziγ

=σ2

α + z2

i γ
2
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then,
V (ci|xi, zi) = σ2

α + z2

i γ
2 − z2

i γ
2 = σ2

α

Using the conditional variance identity we have:

V (ci) = V (E (ci|xi, zi)) + E (V (ci|xi, zi))

= γ2V (zi) + σ2

α

> σ2

α

For (b) note that when you estimate a fixed effects model, the unobserved effect that is
estimated is ci, while when you estimate a random effects model αi is the unobserved effect
as zi can enter as an explanatory variable. From (a) it follows that the estimated variance
of the unobserved effect is larger when it is estimated using fixed-effects.

♦

Problem (Hayashi Analytical Exercise #1). Solution. (a) Following the hint in the book,
let,

MD = IMn − D(D′D)−1D′

then, we can pre-multiply the original model by this annihilator matrix associated to
D and obtain,

MDy = ����:0
MDDα + MDFβ + MDη

The estimate of β is,
β̂ = [F ′MDMDF ]−1F ′MDMDy

To show that this estimate equals the fixed effects estimator it must be true that
MDF = F̃ which is true if MD = In ⊗ Q, where Q = IM − ιM (ι′M ιM )−1ι′M ,

MD = IMn − (In ⊗ ιM)((In ⊗ ιM)′(In ⊗ ιM ))−1(In ⊗ ιM )′

= In ⊗ IM − (In ⊗ ιM)((In ⊗ ιM)′(In ⊗ ιM ))−1(In ⊗ ιM )′

= In ⊗ IM − (In ⊗ ιM)[(I ′

nIn)−1 ⊗ (ι′M ιM )−1](In ⊗ ιM)′

= In ⊗ IM − (In ⊗ ιM)(In ⊗ M−1)(In ⊗ ιM )′

= In ⊗ IM − (In ⊗ ιMM−1)(In ⊗ ιM)′

= In ⊗ IM − (In ⊗ ιM ι′MM−1)

= In ⊗
[

IM − ιM ι′MM−1

]

= In ⊗ Q

as we wanted to show.

(b) We have that,
α̂ = (D′D)−1(D′y − D′F β̂)
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then,

D′D = (In ⊗ ιM)′(In ⊗ ιM ) = (I ′

nIn) ⊗ (ι′M ιM ) = MIn

D′y = (In ⊗ ιM)′y

D′F = (In ⊗ ιM)′F

The i − th element of α̂ can be written as,

α̂i =
1

M
(ι′Myi − ι′MFiβ̂) = ȳi −

1

M
ι′MFiβ̂

as we wanted to show.

(c) Given the assumptions of the model, we have that:

E (ηi|W ) = E (ηi|F, D)

= E (ηi|F, D) = 0 (since D is full of constants)

= E (ηi|Fi) (by assumption (i))

= 0 (by assumption (ii))

thus, the assumption of strict exogeneity holds.

E (ηiη
′

i|W ) = E (ηiη
′

i|F, D)

= E (ηiη
′

i|F ) = σ2

ηIM by assumption (iii)

and,

E
(
ηiη

′

j|W
)

= E
(
ηiη

′

j|F, D
)

= E
(
ηiE

(
η′

j |Fj

)
|F
)

= 0 by assumption (iii)

therefore, the residual is spherical, and the assumptions of the classical regression hold.
♦

Problem (Hayashi Analytical Exercise #2). Solution. (a) To show this is true consider,

C =





−1 0
1 −1
0 1





then,

C ′IM =

(
−1 1 0
1 −1 1

)




1
1
1



 =

(
−1 + 1 + 0
1 + −1 + 1

)

=

(
0
0

)

In the case where C is created from Q, the identity follows directly.
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(b) The model is,
yi = Fiβ + ιMb′iγ + ιmαi + ηi

which multiplied by C ′ yields,

C ′yi = C ′Fiβ + C ′ιMb′iγ + C ′ιmαi + C ′ηi

C ′yi = C ′Fiβ + C ′ηi

since C ′ιM = 0.

(d) We have that,

Sxz =
1

n

∑

i

(C ′Fi) ⊗ xi = (C ′ ⊗ IK)

(

1

n

∑

i

Fi ⊗ xi

)

sxy = (C ′ ⊗ IK)

(

1

n

∑

i

yi ⊗ xi

)

Using Ŵ = (CC ′)−1 ⊗
(

1

n

∑

i xix
′

i

)
−1

we have,

βGMM =
(

S ′

xzŴSxz

)
−1

SxzŴ sxy

=





(

1

n

∑

i

Fi ⊗ xi

)
′

(C ′ ⊗ IK)
′

(CC ′)−1 ⊗

(

1

n

∑

i

xix
′

i

)
−1

(C ′ ⊗ IK)

(

1

n

∑

i

Fi ⊗ xi

)



−1

×

(

1

n

∑

i

Fi ⊗ xi

)
′

(C ′ ⊗ IK)
′

(CC ′)−1 ⊗

(

1

n

∑

i

xix
′

i

)
−1

(C ′ ⊗ IK)

(

1

n

∑

i

yi ⊗ xi

)

=





(

1

n

∑

i

F ′

iQFi

)

⊗
1

n

∑

i

x′

i

(

1

n

∑

i

xix
′

i

)
−1

xi





−1

×

(

1

n

∑

i

F ′

iQyi

)

⊗
1

n

∑

i

x′

i

(

1

n

∑

i

xix
′

i

)
−1

xi

=

[(

1

n

∑

i

F ′

iQFi

)]
−1

×

(

1

n

∑

i

F ′

iQyi

)

which is the fixed effect estimator.

(e) In this case the efficient weighting matrix W = S−1, with S = E [ηiη
′

i]⊗E [xix
′

i]. Therefore
the efficient weighting matrix is given by,

Ŵ = Ψ̂−1 ⊗

(

1

n

∑

i

xix
′

i

)
−1
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The efficient GMM estimator is,

βGMM =




1

n

∑

i

F̃ ′

i ⊗ x′

iΨ̂
−1 ⊗

(

1

n

∑

i

xix
′

i

)
−1

1

n

∑

i

F̃i ⊗ xi





−1

×
1

n

∑

i

F̃ ′

i ⊗ x′

iΨ̂
−1 ⊗

(

1

n

∑

i

xix
′

i

)
−1

1

n

∑

i

ỹi ⊗ xi

=




1

n

∑

i

F̃ ′

i Ψ̂
−1F̃i ⊗

1

n

∑

i

x′

i ⊗

(

1

n

∑

i

xix
′

i

)
−1

xi





−1

1

n

∑

i

F̃ ′

i Ψ̂
−1ỹi

1

n

∑

i

x′

i ⊗

(

1

n

∑

i

xix
′

i

)
−1

xi

=

[

1

n

∑

i

F̃ ′

i Ψ̂
−1F̃i

]
−1

1

n

∑

i

F̃ ′

i Ψ̂
−1ỹi

To obtain the asymptotic variance of the GMM estimator note that,

βGMM =

[

1

n

∑

i

F̃ ′

i Ψ̂
−1F̃i

]
−1

1

n

∑

i

F̃ ′

i Ψ̂
−1[F̃iβ + η̃i]

= β +

[

1

n

∑

i

F̃ ′

i Ψ̂
−1F̃i

]
−1

1

n

∑

i

F̃ ′

i Ψ̂
−1η̃i

Using the sampling error equation we can easily obtain the asymptotic variance of this
estimator.

(f) The proposed estimate of Ψ satisfies the conditions of Proposition 4.1. Most importantly,
the residuals are calculated using a consistent estimate of β, and the cross moment
correlation between the regressors exists and is of column full rank. Hence, it is a
consistent estimate of Ψ.

(g) Sargan test in this case equals,

J = ngn(β̂)Ŝ−1gn(β̂)

= n

[

1

n

∑

i

F̃i ⊗ ỹi −
1

n

∑

i

F̃i ⊗ xiβ̂

]

Ψ̂−1 ⊗

(

1

n

∑

i

xix
′

i

)
−1




[

1

n

∑

i

F̃i ⊗ ỹi −
1

n

∑

i

F̃i ⊗ xiβ̂

]

(h) The first result that has to be verified follows from the fact that,

Ψ = E [η̃iη̃
′

i] = E [C ′ηiη
′

iC] = σ2

ηC
′IMC = σ2

ηC
′C
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hence, a consistent estimator of Ψ is,

Ψ̂ = σ̂2

ηC
′C

Replacing this value of the estimator found in (e) we obtain,

β̂ =

[

1

n

∑

i

F̃ ′

i [σ̂
2

η ]
−1(C ′C)−1F̃i

]
−1

1

n

∑

i

F̃ ′

i [σ̂
2

η ]
−1(C ′C)−1ỹi

=

[

1

n

∑

i

F̃ ′

i (C
′C)−1F̃i

]
−1

1

n

∑

i

F̃ ′

i (C
′C)−1ỹi

=

[

1

n

∑

i

F ′

iC(C ′C)−1C ′Fi

]
−1

1

n

∑

i

F ′

iC(C ′C)−1Cyi

=

[

1

n

∑

i

F ′

iQFi

]
−1

1

n

∑

i

F ′

iQyi

=

[

1

n

∑

i

F ′

iQ
′QFi

]
−1

1

n

∑

i

F ′

iQ
′Qyi

which if the fixed effects estimator. This was derived using the fact that Q = C(C ′C)−1C ′

and that Q is an idempotent matrix.
♦

Problem (Hayashi Analytical Exercise #4). Solution. (b) Let yi0 be given, then:

yi1 = αi + ρyi0 + ηi1

yi2 = αi + ρ(αi + ρyi0 + ηi1) + ηi2

= αi(1 + ρ) + ρ2yi0 + ρηi1 + ηi2

...

yim = αi

1 + ρm

1 − ρ
+ ρmyi0 + ηim + ρηi,m−1 + · · ·+ ρm−1ηi1

Multiplying this last equation by ηih and taking expectations we have:

E (yimηih) =E (αiηih)
1 + ρm

1 − ρ
+ ρm

E (yi0ηih) + E (ηihηim) + ρE (ηihηi,m−1) + · · ·

+ ρm−1
E (ηi1ηih)

By assumption we have that E (αiηih) = 0, E (yi0ηih) = 0 and E (ηihηi,m−j) = 0, then

E (yimηih) = 0.
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(c) We use again the recursion, and multiply this last equation by ηi,m−j ,

E (yimηi,m−j) =E (αiηi,m−j)
1 + ρm

1 − ρ
+ ρm

E (yi0ηi,m−j) + E (ηi,m−jηim) + ρE (ηi,m−jηi,m−1)

+ · · · + ρm−j
E
(
η2

i,m−j

)
+ · · ·+ ρm−1

E (ηi1ηih)

then,
E (yimηi,m−j) = ρm−jσ2

η

♦
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