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Problem 1. For T' = 2 consider the standard panel data model:
Yit = TS+ i + €
a) Numerically compare the fixed effect and first difference estimates.

b) Compare the error variance estimates from the two methods.

Solution. The difference estimates are obtained by taking the difference across time periods
to eliminate the unobservable. Hence, for individual i we have,

Yio — Yir = (Tia — 1) B + (€2 — €i1) = Ay; = Az, 0+ Ag;

Assuming that E (Ax;Ag;) = 0, the difference estimate of [ is,
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The fixed effects estimator is obtained demeaning each equation. Let 7; = %, T, =
2utte and € = 92 then:

Vit — Ui = [T —Ti)0+ €4 — &, t=1,2

then, the fixed effect estimate of (3 is,
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Now, note that,
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and,
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Replacing these results into the FE estimator we have:
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Thus, R R
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The variance covariance matrix of Spg equals to,
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where the residuals from the difference estimator, e
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= Ay;—Ax; B pE, are used to calculate,
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On the other hand, variance covariance matrix of Srg equals to

o2 [Zan—zz [z — I]]

i=1 t=1
where the residuals from the fixed-effect estimator,
8T = [y — 5] — v — ) Brp t = 1,2,
are used to calculate,
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Using the fact that Bpe = Bre:
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Then, the sum of squared residuals from the fixed effect estimator is,
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Problem 2. Consider the following panel data model:

Yit = @ + Ty + 27 + €it
Let z; = (w1, ..., z7), and assume E (g;]x;, z;, ;) = 0. Let 02 = V(o) and 02 = V(ey).
a) Let ¢; = a; + 2z;v. Find V(¢;) and compare it to o2.

b) Compare the estimated variance of the unobserved effect when estimating the model by
fixed effects to the estimated variance of the unobserved effect to if we estimated the
model by random effects..

Solution. Given the general assumptions we have:
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then,
V(cilti, z:) = 0 + 5077 — 2107 = o))

Using the conditional variance identity we have:

V(c;) =V (E (¢ilwi, 21)) + E(V (5|2, 2))
=7V (2) + o,
> Ui

For (b) note that when you estimate a fixed effects model, the unobserved effect that is
estimated is ¢;, while when you estimate a random effects model «; is the unobserved effect
as z; can enter as an explanatory variable. From (a) it follows that the estimated variance
of the unobserved effect is larger when it is estimated using fixed-effects.
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Problem (Hayashi Analytical Exercise #1). Solution. (a) Following the hint in the book,
let,
Mp = Iy, — D(D'D) D’

then, we can pre-multiply the original model by this annihilator matrix associated to
D and obtain,
0
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The estimate of [ is, R
B =[F'MpMpF|'F'MpMpy

To show that this estimate equals the fixed effects estimator it must be true that
MpF = F which is true if Mp = I,, ® Q, where Q = In; — tar(Vypenr) "y,
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as we wanted to show.

(b) We have that, R
= (D'D) Y (D'y — D'Fp)



then,
D'D = (I, ® ty) (I, @ epr) = (IL1,) @ (yyear) = M1,

D'y=(I,®wu)y
D'F =(I,®uy)F

The i — th element of & can be written as,
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& = M(bﬁwyi — I FB) = i — i wEiB
as we wanted to show.
(c) Given the assumptions of the model, we have that:
E (n:|W) = E (n:| F, D)
=E (n|F,D) =0 (since D is full of constants)
= E (m| Fi) (by assumption (i))
=0 (by assumption (ii))

thus, the assumption of strict exogeneity holds.

E (minlW) = E (mini| F, D)
= E (nin| F') = U%IM by assumption (iii)

and,

E (min;IW) = E (i} |F, D)
=E (nE (1| Fj) |F) =0 by assumption (iii)

therefore, the residual is spherical, and the assumptions of the classical regression hold.

O
Problem (Hayashi Analytical Exercise #2). Solution. (a) To show this is true consider,

then,
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In the case where C' is created from @, the identity follows directly.
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(b) The model is,
Yi = Fi} + tabyy + i + 15
which multiplied by C’ yields,
C'y; = C'EB + Clupygbly + Clipa; + C'ny;
Cly;=C'Fig+C'n;
since C'vy; = 0.

(d) We have that,
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Using W = (CC")' @ (1%, xix;)_l we have,
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which is the fixed effect estimator.
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(e) In this case the efficient weighting matrix W = S™!, with S = &[n;n}]®@&[z;x!]. Therefore
the efficient weighting matrix is given by,
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The efficient GMM estimator is,
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To obtain the asymptotic variance of the GMM estimator note that,
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Using the sampling error equation we can easily obtain the asymptotic variance of this
estimator.
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(f) The proposed estimate of W satisfies the conditions of Proposition 4.1. Most importantly,
the residuals are calculated using a consistent estimate of 3, and the cross moment
correlation between the regressors exists and is of column full rank. Hence, it is a
consistent estimate of .

(g) Sargan test in this case equals,
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(h) The first result that has to be verified follows from the fact that,
U = €[] = € [CninC) = 0.C" [y, C = 02C'C
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hence, a consistent estimator of W is,
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Replacing this value of the estimator found in (e) we obtain,
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which if the fixed effects estimator. This was derived using the fact that Q = C(C'C)~*C’
and that @) is an idempotent matrix.

O
Problem (Hayashi Analytical Exercise #4). Solution. (b) Let y;o be given, then:

Yilr = & + pYio + Mi1
Yio = a; + play + pyio + nin) + Mo
=a;(1+p) + P*Yio + pPiin + iz

m

1+p
1—p

m—1,

+ P Yio + Nim + PRim—1 + -+ P N0

Yim = Q4

Multiplying this last equation by 7, and taking expectations we have:
14 p™
L—p

+ 0" E (m7in)

E (yimnin) =E (cinin) + p"'E (yionin) + E (Minnim) + PE (Min0im—1) + - - -

By assumption we have that E (c,;n;,) = 0, E (vi0min) = 0 and E (947 m—;) = 0, then

E (Yimnin) = 0.



(c) We use again the recursion, and multiply this last equation by 7, ;,—;,
1+pm
I—p
+o PR (0 ) o 0" E (niain)

E (YimMim—;) =E (il m—;) + p"E (Yioim—;) + E Dim—iNim) + PE (Nism—iMim—1)

then,

E (yimni,m—j) =p ]0727



