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Abstract

This paper develops a theory of the emergence of modern innovation-driven Schumpeterian

growth. It uses a tractable model that yields a closed-form solution, consisting of an S-shaped

(i.e., logistic-like) time path of Örm size and a set of equations that express the relevant endoge-

nous variables ó GDP, product variety and product quality, consumption, the shares of GDP

earned by the factors of production ó as functions of Örm size. It also obtains closed-form

solutions for the dates of the events that drive the economyís phase transitions as functions of

the fundamentals. The resulting path of GDP per capita consists of a convex-concave proÖle

replicating the key feature of long-run data: an accelerating phase followed by a deceleration

with convergence to a stationary growth rate. Compared to other availables theories, the paper

focuses on the within-industry forces that regulate the response of Örms and entrepreneurs to

Smithian market expansion.
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Technological creativity seems to be a uniform and ubiquitous feature of the human

species, and yet just once in history has it led to a sea change comparable to phase

transitions in physics or the rise of Homo sapiens sapiens in evolutionary biology. The

Industrial Revolution and the subsequent developments did not just rise the level of

technological capabilities; they changed the entire dynamics of how innovation comes

about and the speeds of both invention and di§usion. For much of human history,

innovation had been primarily a byproduct of normal economic activity, punctuated

by periodical áashing insight that produced a macroinvention, such as water mills or

the printing press. But sustained and continuous innovation resulting from systematic

R&D carried out by professional experts was simply unheard of until the Industrial

Revolution. (Mokyr 2010, p. 37)

1 Introduction

One of the most interesting questions tackled by contemporary research on economic development

and growth concerns the forces that drove the massive acceleration of income per capita growth at

the time of the Industrial Revolution. The literature has produced insights that have changed the

way we think about the issue.1 Current theories, however, do not yet rise to what Mokyr (2005,

2010), among others, sees as the main challenge: to explain not only the rise of the growth rate,

but also the qualitative transformation of the economy as sustained growth fueled by proÖt-driven

technological change become its deÖning feature. To quote in full:

ìPre-1750 growth was primarily based on Smithian and Northian e§ects: gains from

trade and more e¢cient allocations due to institutional changes. The Industrial Rev-

olution, then, can be regarded not as the beginnings of growth altogether but as the

time at which technology began to assume an ever-increasing weight in the generation

of growth and when economic growth accelerated dramaticallyî (2005, p. 1118).

In this paper I develop a theory of the emergence of modern growth. The main building block

is a Schumpeterian model with two types of innovation activity: existing Örms invest in-house to

improve the quality of the goods they sell; entrepreneurs invest to design new products and set up

new Örms to serve the market.2 I refer to these activities as quality (or vertical) and variety (or

horizontal) innovation, respectively. The literature has long recognized that the returns to these

1 In the last ten, Öfteen years this literature has áourished and is now immense. For reviews, see Galor (2005,

2011). Mokyr and Voth (2010) discuss its contribution to improving the historianís understanding of the issues.
2Why a Schumpeterian model? In Mokyrís words, history provides the answer (emphasis mine): ì...favorable

institutions explain Örst and foremost the kind of Smithian growth in which the expansion of commerce, credit,

and more labor mobility were the main propulsive forces. But the exact connection between institutional change

and the rate of innovation seems worth exploring, precisely because the Industrial Revolution marked the end of

the old regime in which economic expansion was driven by commerce and the beginning of a new Schumpeterian
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activities are increasing in the scale of operation of the Örm. What it has not fully appreciated

is that because investment in innovation is a sunk cost that is economically justiÖed only when

the anticipated revenue áow is su¢ciently large, there exist corner solutions where investment in

innovation is zero.3 Taking this property into account helps in meeting Mokyrís challenge because

it produces a theory of when and how endogenous Schumpeterian innovation becomes the main

driver of growth.

To appreciate the paperís contribution, it is instructive to compare its perspective to the UniÖed

Growth Theory (UGT) pioneered by Galor and Weil (2000) and reviewed in Galor (2005, 2011;

see also Lucas 2002), which currently is the dominant approach to the study of the Industrial

Revolution.

First, the focus is di§erent. Rather than studying the breakdown of the Malthusian regime

and the demographic transition, this paper focuses on the incentives to innovate and how they

evolve with aggregate market size. This di§erence in focus drives its di§erent modeling choices.

SpeciÖcally, in order to focus on the role of the quantity-quality trade-o§ for children, UGT needs

to simplify elsewhere ó and it does so by modeling technological change as a black box. This paper

does the opposite: it opens the black box of technological change and keeps the model tractable by

abstracting from reproduction and education decisions.4

Second, the core logic of the Malthusian regime is that population growth is the channel through

which technological change yields larger output while living standards stagnate. The idea is that

population size fully absorbs improvements in the economyís production capacity. Crucially, there-

fore, the Malthusian regime says that the economy develops and eventually activates the quntity-

quality trade-o§ for children only because there is technological change, either exogenous or asso-

ciated to population size, that drives the e§ective supply of land.5 But then, precisely because it

world of innovationî (2010, pp. 37-38). Another, equally important, reason is that this class of models has received

substantial empirical support recently, especially as an explanation of long-term historical data. For examples, see

Ha and Howitt (2007), Madsen (2008, 2010), Madsen and Ang (2011), Madsen, Ang and Banerjee (2011), Laincz and

Peretto (2006), Ulku (2007).
3Such corner solutions exist in all models of endogenous innovation but to date have played no role in the theoretical

work on the Industrial Revolution.
4Recent notable attempts to integrate endogenous innovation mechanisms in UGT are Desmet and Parente (2012)

and Strulik, Prettner and Prskawetz (2013). Although they ask di§erent research questions, both papers propose

full-áedged UGT models that, because of their ambition and large number of key ingredients, are quite complex.

Desmet and Parente (2012) ask a question and deploy a mechanism that are su¢ciently close to what this paper does

to deserve some discussion. They argue that a central mechanism at the hart of the Industrial Revolution was the

rise in market competition, visible in falling mark-ups. They credit Peretto (1998, 1999a, 1999b) for being the Örst

to integrate such mechanisms in endogenous growth theory, and extend the scope of the analysis by adding the key

ingredients of UGT (e.g., fertility choice) and an agricultural sector whose productivity grows exogenously in the early

history of the model. Given the complexity of the model, they need to resort to numerical simulations. This paper, in

contrast, shuts down those additional UGT channels and concentrates on the industry-level Schumpeterian response

to market expansion and provides an analytically transparent characterization of the forces at play. Moreover, because

it shuts down endogenous mark-ups as well, it emphasizes di§erent drivers of the incentives to innovation.
5UGT models this process in reduced-form by positing that the rate of land-augmenting technological change is

an increasing function of population size that yields a strictly positive rate of technological change for all values of
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models technological change as a black box, UGT leaves unexplained the key driver of the dynam-

ics. To see why this is important, note that if, applying the Malthusian logic, the economy studied

in this paper sets population growth at zero to stabilize output per capita, it cannot take o§ since

it fails to cross the threshold of market size for positive technological progress. This observation

forces out in the open the danger of the back-box assumption in UGT and, perhaps more interest-

ingly, it suggests that initially shrinking output per capita due to a growing population is the price

that society pays to create the aggregate market size needed to support proÖt-driven investment

in innovation. This feature seems to turn the logic of Malthusian equilibria on its head and is

worth exploring since it reÖnes our understanding of the dynamic interactions among land scarcity,

technology and demography.

A third di§erence between UGT and this paper, therefore, is that this paper posits that popula-

tion growth drives aggregate market growth and eventually takes the economy across the threshold

of Örm size ó which is really a threshold of proÖtability ó where investment in new technology

yields a su¢ciently high rate of return. In this perspective, the paper articulates a vision of the

take-o§ process in line with that proposed by Julian Simon (2000), who argued that (exogenous)

population growth triggered the ìgreat breakthroughî and the consequent acceleration of world

growth. The paperís characterization, which yields an analytical solution for the growth path,

sheds new light on long-standing questions concerning the features of the process. Why is this

di§erence important? Aside from it being a modeling sempliÖcation analogous to UGTís black

boxing of technological change ó and thus something to be explicitly acknowledged ó this as-

sumption cuts to the chase and focuses directly on the role of population growth as the trigger

of the economyís phase transition independently of the underlying forces driving it. Furthermore,

it fully acknowledges that the existence of a corner solution where technological change is zero

suggests the potential for a chicken-and-egg problem: which comes Örst, technological change or

population growth? UGT takes the view that land-augmenting technological change comes Örst and

drives (i.e., causes) population growth; this paper simpliÖes things by going to the other extreme:

population expansion triggers the onset of Schumpeterian innovation.

To summarize, the key features of my analysis are the following. First, to keep thing simple the

model takes no position on the initial state of the economy: it simply posits population growth and

studies its implications.6 Moreover, it posits that an activity already recognizable as ìindustryî

population size. If, instead, it admits a threshold level of population below which technological change is zero, then

escaping the Malthusian trap is not a necessary outcome of the model. In fact, such a variant of the theory would

yield the same prediction as the one developed here. Namely, the economy needs an initial period of population

growth not driven by technological change to cross the population size threshold and activate the engine of growth.
6One interpretation is that population growth just stands in for forces that enlarge the market. Alternatives

to exogenous population growth that I have explored are: exogenous disembodied technological change; exogenous

growth of the resource endowment (e.g., discovery and opening up of new land); growth of embodied knowledge

through ìnaturalî curiosity and/or learning by being/doing e§ects. It is possible, moreover, to augment the model

with endogenous fertility and reproduce the main results discussed here. An advantage of such exercise is that it

captures additional feedbacks that I leave out of this paper for simplicity. They are nevertheless worth studying, and

I am doing so in work in progress. It is also possible to add features that make the initial state Malthusian in the
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undertaken in institutions already recognizable as ìÖrmsî exists.7 These are simpliÖcations that

allow me to concentrate on the forces that drive Örmsí and entrepreneursí incentives to engage in

costly innovation activity. Second, the model uses population growth as the trigger that moves the

economy from a state of a§airs with no proÖt-driven innovation to one with it. The Schumpeterian

approach, however, shows that it is not market size per se that matters, but its contribution to

Örm size trough interactions that thus far have been ignored. In this perspective, the paper focuses

on the within-industry forces that regulate the response of Örms and entrepreneurs to Smithian

market expansion and identiÖes an ampliÖcation mechanism that is not speciÖc to a particular

driver ó population growth or something else ó of such expansion. The paper thus di§ers from

UGT fundamentally in that it puts Örms and industry at the heart of the theory of the Industrial

Revolution that it proposes.

The paper is organized as follows. Section 2 provides a preview of the main results. Section 3 sets

up the model. Section 4 solves it. Section 5 interprets the solution and discusses its implications

for history and its potential empirical applications. Section 6 discusses further features of the

theory that although not central to the paperís main message are nevertheless of interest. Section

7 concludes.

2 Preview of the results

As mentioned in the previous section, I posit exogenous population growth to capture, in reduced

form, forces that enlarge the market in the economyís early history. This is a simpliÖcation that

proves convenient in deriving analytical results and in focusing the paper on the evolution of

industrial activity. There exist two thresholds of Örm size, one where variety innovation is zero and

the other where quality innovation is zero. Because at least one of these two thresholds is Önite,

as long as the market for industrial goods grows due to aggregate forces, the economy must turn

on Schumpeterian innovation. The intuition is that the rents earned by incumbent Örms become

larger and larger and eventually must be competed away either by entry of new Örms or by in-house

investment by existing Örms.

Since innovation must start, the only question is when and what speciÖc sequence of events

unfolds. The model reduces to a pair of piece-wise linear di§erential equations describing the evo-

lution of Örm size in two scenarios. In one the economy crosses the threshold for variety innovation

Örst, in the other it crosses the threshold for quality innovation Örst. In each scenario I obtain a

closed-form solution, consisting of an S-shaped (i.e., logistic-like) time path of Örm size and a set

of equations that express the relevant endogenous variables ó GDP, product variety and product

quality, consumption, the shares of GDP earned by the factors of production ó as functions of Örm

size. I also obtain closed-form solutions for the dates of the events that drive the economyís phase

sense of UGT, but, for the purposes of this paper, doing so complicates the analysis with no gain in insight. I provide

Örther details on the comparison between this model and UGT in the Conclusion section.
7 It is possible to add features that explain the appearence of manufacturing Örms undertaking production in

centralized facilities called factories, but doing so would take the analysis beyond its present scope.
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transitions as functions of the fundamentals. The transition path of GDP per capita consists of a

convex-concave proÖle replicating the key feature of long-run data: an accelerating phase followed

by a deceleration with convergence from below to a stationary growth rate.

The story that these solutions tell is one where the economy starts out in a situation where

there is no proÖt-driven innovation and Örms earn rents that grow with the size of the market.

They also reap e¢ciency gains due to static economies of scale (i.e., unit production costs fall with

the volume of production). There is no guarantee, however, that such gains translate aggregate

growth into per capita growth. Moreover, whatever its sign, the growth rate of GDP per capita in

this phase is negligible since it is a fraction of the rate of population growth.

What happens next depends on which type of innovation starts Örst. If variety innovation starts

Örst, there is a period in which the tension between the exploitation of Örm-level static economies

of scale, that requires Örm growth, and the exploitation of social returns to variety, that requires

entry, results in a proÖle of GDP per capita growth that is always convex but can be increasing,

U-shaped or decreasing over time. Hence, the onset of proÖt-driven horizontal innovation can be,

but not necessarily is, associated to a continuation of the slowdown due to the gradual exhaustion

of static economies of scale. This intermediate phase ends when the economy crosses the threshold

for quality innovation. The solution for the date of this event says that it is not necessarily Önite

so that the economy may fail to complete the transition to modern growth.

If, instead, quality innovation starts Örst, there is a period in which the rate of innovation

exhibits explosive behavior because Örms are still earning escalating rents driven by aggregate

market growth. This intermediate phase has Önite duration because the date when the economy

crosses the threshold for variety innovation is necessarily Önite. The time proÖle of the growth rate

of GDP per capita is necessarily convex and decreasing at the onset of quality innovation. The

reason is that the initial contribution of quality growth cannot overcome the gradual exhaustion of

Smithian static economies of scale since initially it follows a very shallow path.

In both cases growth eventually accelerates, as the contribution of Schumpeterian innovation

starts dominating over the gradually vanishing contribution of Smithian economies of scale. Modern

growth takes hold when Örm size is su¢ciently large and the economy turns on both innovation

engines. In this Önal phase the economy exhibits desirable properties, like the sterilization of the

scale e§ect, that have interesting implications for the role of fundamentals and policy.

The closed-form solution for the transition path provides analytical insight on the timing of

the key events in the economyís history. It identiÖes the determinants of the take-o§ date, deÖned

as the onset of proÖt-driven innovation, and the determinants of the duration of the transition to

the modern phase with both innovation engines turned on and convergence to sustained scale-free

growth. Moreover, it provides a novel insight on why the economy might fail to reach the modern

growth phase: when horizontal innovation starts Örst, it might fail to turn on vertical innovation

due to premature market saturation.

The conáicting forces playing out in the intermediate phase result in a rich set of possible

shapes of a path that eventually converges to the general S-shaped pattern described above. The
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comparison of these possible histories suggests that the cross-country variation that the data show

in terms of take-o§ dates and shapes of the paths in the immediate neighborhood of the take-o§

date should not come as a surprise and can be explained within a uniÖed analytical structure that

captures the interplay between the size of the market, which evolves according to aggregate forces

like population, and the proÖtability of the individual Örm that, given market size, depends on the

number of Örms active in the market.

3 The model

The economy is closed. All variables are functions of (continuous) time but to simplify the notation

I omit the time argument unless necessary to avoid confusion.

3.1 Households

The economy is populated by a representative household that supplies labor and land services and

trades assests in competitive markets. The household has preferences

U (0) =

Z 1

0
etL (t) log


C (t)

L (t)


dt;  >  > 0; (1)

where 0 is the arbitrary point in time when it makes decisions,  is the individual discount rate,

C (t) is aggregate consumption, and L (t) = L0et, L0  1, is population size (the mass of household
members). Since each household member is endowed with one unit of time, L (t) is the householdís

endowment of labor. The householdís endowment of land is the constant .

Let w and p denote, respectively, the price of labor and land services. In this setup the household

supplies labor and land services inelastically and thus faces the áow budget constraint

_A = rA+ wL+ p C; (2)

where A is assets holding and r is the rate of return on assets. Denoting c  _C=C  , the
consumption plan that maximizes (1) subject to (2) consists of the Euler equation

r = + c; (3)

the budget constraint (2) and the usual boundary conditions.

3.2 Final producers

A competitive representative Örm produces a Önal good Y that can be consumed, used to produce

intermediate goods, invested in the improvement of the quality of existing intermediate goods, or

invested in the creation of new intermediate goods. The Önal good is the numeraire so its price is
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PY  1. To keep things simple, there is no physical capital.8 The production technology is

Y =

Z N

0
X
i

 
Zi Z

1

L

NL

  

N

1!1
di; 0 < ; ; ; L;  < 1; (4)

where N is the mass of non-durable intermediate goods, Xi is the quantity of good i, and L and

 are, respectively, the services of labor and land purchased from the household.9 Quality is the

goodís ability to raise the productivity of L and . More speciÖcally, the contribution of good i

to the productivity of the non-reproducible factors depends on its own quality, Zi, and on average

quality, Z =
R N
0 (Zj=N) dj.10

The parameters L and  capture the degree of congestion (or rivalry
11) of the services of labor

and land across intermediate goods. For L =  = 0 there is no congestion, meaning that services

of labor and land can be shared by all intermediate goods with no loss of productivity. This is a

case of extreme economies of scope in the use of the services of the physical factor of production

L and  that, as I show below, in the reduced-form representation of the production function

in equilibrium manifest themselves as strong social increasing returns to product variety. At the

opposite end of the spectrum, L =  = 1 yields full congestion, where there are no economies of

scope and therefore no social returns to variety. For 0 < L;  < 1 the technology features social

returns to variety of degree less than one and social returns to quality of degree 1.

The Örst-order conditions for the proÖt maximization problem of the Önal producer yield that

each intermediate producer faces the demand curve

Xi =




Pi

 1
1

Zi Z
1


L

NL

  

N

1
; (5)

where Pi is the price of good i. Also, the Önal producer pays total compensation
Z N

0
PiXidi = Y , wL =  (1 )Y and p = (1 ) (1 )Y (6)

to intermediate goods, labor and land suppliers, respectively.
8More precisely, there is no physical capital in the neoclassical sense of a homogenous, durable, intermediate

good accumulated through foregone consumption. Instead, there are di§erentiated, non-durable, intermediate goods

produced through foregone consumption. One can think of these goods as capital, albeit with 100% instantaneous

depreciation. Introducing neoclassical physical capital complicates the analysis without adding insight.
9This representation implicitly imposes labor and land market clearing.
10This speciÖcation modiÖes the augmented Schumpeterian model developed by Aghion and Howitt (1998) to make

it better suited to my purposes and yet leave the core mechanism essentially unchanged. The Örst modiÖcation is

diminishing private returns to own quality, i.e.,  < 1. This allows me to work with symmetric equilibria that feature

creative accumulation, whereby all incumbent Örms do R&D, as opposed to creative destruction, whereby outsiders

do R&D to replace the current incumbent. The second modiÖcation is that quality enters with exponent 1, instead
of 1, because my intermediate producers face a marginal cost of production in units of the Önal good, instead of a

marginal cost in units of (physical) capital proportional to their quality level. Both approaches imply that quality

enters the reduced-form version of (4) as augmenting the input in exogenous supply, which here is a Cobb-Douglas

composite of labor and land.
11Rivalry can be modeled by writing the labor and land inputs with a subscript i to capture that their services are

assigned to the speciÖc good i and cannot be shared with the other goods. The approach in the text is simpler.

8



3.3 Intermediate producers

The typical intermediate Örm operates a technology that requires one unit of Önal output per unit

of intermediate good and a Öxed operating cost Zi Z
1, also in units of Önal output. The Örm

can increase quality according to the technology

_Zi = Ii; (7)

where Ii is R&D in units of Önal output. Using (5), the Örmís gross proÖt (i.e., before R&D) is

i =

"
(Pi  1)




Pi

 1
1

L

NL

  

N

1
 

#
Zi Z

1: (8)

The Örm chooses the time path of price and R&D in order to maximize the price of its shares,

Vi (0) =

Z 1

0
e

R t
0 r(s)ds [i(t) Ii (t)] dt; (9)

subject to (7) and (8), where r is the interest rate and 0 is the arbitrary point in time when the

Örm makes decisions. The Örm takes average quality, Z, in (8) as given. The characterization of

the Örmís decision yields a symmetric equilibrium where

r = 


Z
(10)

is the return to quality innovation (see the Appendix for the derivation) and  is now intuitively

interpreted as the elasticity of the Örmís gross proÖt with respect to its own quality.

New products are developed by entrepreneurs that set up new Örms to serve the market. To

start up activity an entrpreneur must sink Y=N units of Önal output (see Barro and Sala-i-Martin

2004, pp. 300-302, for arguments in support of this assumption). Because of this sunk cost, the

new Örm cannot supply an existing good in Bertrand competition with the incumbent monopolist

but must instead introduce a new good that expands product variety. Entry is positive if the value

of the new Örm is equal to its setup cost, i.e., if Vi = Y=N . Entrepreneurs Önance entry by issuing

equity and enter at the average quality level. The latter is a simplifying assumption that preserves

symmetry of equilibrium at all times. The free-entry condition then yields the return to variety

innovation (see the Appendix for the derivation)

r =
N ( I)
Y

+
_Y

Y


_N

N
: (11)

4 The economyís dynamics

This section focuses on the key allocation problem of the economy ó the allocation of Önal output

Y to consumption, production of intermediates and, when proÖtable, vertical and horizontal inno-

vation ó and derives the reduced-form representation of the resulting equilibrium dynamics. The

representation yields an analytical solution for the economyís path.
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4.1 General equilibrium

Intermediate producers set P = 1=. Imposing symmetry in the production function (4) and using

(5) to eliminate X yields the following reduced-form production function for Önal output:

Y = 
2
1 NZL1 ;   1 L  (1 ) ; (12)

where the composite NZ represents the state of technology and  is the degree of social returns

to variety. Taking logs and time derivatives of (12) and subtracting population growth yields

y = n+ z  (1 ); (13)

where y  _Y =Y  , n  _N=N and z  _Z=Z. In words, Önal output per capita growth is given

by the growth rate of technology minus the growth drag due to the presence of land, which over

time becomes relatively more and more scarce as population L grows exponentially at rate . Of

course, if  = 1 the drag disappears.

The key component of the model is the characterization of the incentives to vertical and hori-

zontal innovation. As equations (10)-(11) and the deÖnition of gross proÖt (8) show, the returns to

both activities depend on the gross cash áow of the Örm X (P  1) ó i.e., revenues minus variable

production costs ó since this is the appropriate measure of proÖtability for Örms that spread Öxed

costs, including the cost of developing innovations, over their own volume of sales. On closer in-

spection, moreover, one can see that both returns can be written as functions of the quality-adjusted

gross cash áow of the Örm. It is thus useful to deÖne

x 
X (P  1)

Z
=
gross cash áow

quality

and use it as the modelís key measure of Örm size.

Intermediate producers receiveN PX = Y from the Önal producer. Consequently, NX = 2Y .

Equation (12) then yields

x =  (1 )
Y

NZ
= (1 ) 

1+
1 

L1

N1 : (14)

Substituting into (10) and (11) the returns to innovation become:

r =  (x ) ; (15)

r =
1




1

+ z

x


+
_x

x
+ z; (16)

where to simplify notation I deÖne

 


 (1 )
=

Y=N

X (P  1)
=

entry cost
gross cash áow

:

Expressions (15)-(16) capture the modelís main property: Örm-level decisions depend on the

quality-adjusted cash áow, which is increasing in population and the land endowment because they
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drive production of Önal goods and thereby demand for intermediate goods. It should be clear,

thus, that from the viewpoint of the managers of incumbent Örms and of the entrepreneurs that

set up new Örms the critical market size variable is expenditure on intermediates, Y . Recall,

moreover, that consumption, production of intermediates and quality and variety innovation are all

in units of the Önal good so that the resource allocation problem of this economy is the allocation

across its alternative uses of the quantity Y produced according to (12). The following property

characterizes the consumption áow that results from such allocation.

Proposition 1 In equilibrium the economyís consumption ratio is

C

Y
=

(
(1 )

h


1 +z

x


+ 1
i
n = 0 z  0

(1 ) [ ( ) + 1] n > 0 z  0
: (17)

Proof. See the Appendix.

When entry is positive the fraction of Önal output that is consumed is constant throughout

the transition as well as in steady state. When entry is zero, instead, the consumption ratio is

increasing in Örm size, x, and decreasing in the R&D intensity of the Örm, z = I=Z, if positive.

The reason is that incumbents earn rents that they distribute to the household as dividends. These

rents increase with the size of the market (the numerator of x) because the Öxed operating cost

Z (under symmetry) implies a falling unit production cost as the scale of operations of the Örm

rises. When entrants become active, these rents are competed away and the consumption ratio no

longer rises with Örm size.12

4.2 Horizontal and vertical innovation

Proposition 1 highlights that there exist corner solutions where one or both of the two R&D

activities shut down. When entrants are active and the consumption ratio c is constant, the return

to saving (3) reduces to r = + y and thus (16) yields

n =

8
<

:

1



1 +z

x


 +  z > 0

1



1 

x


 +  z = 0

; (18)

which says that there is a threshold of Örm size below which entrants are not active (n = 0) because

the return is too low. The value of the threshold depends on whether entrants anticipate that in

the post-entry equilibrium z > 0 or z = 0 since it a§ects the net cash áow that they anticipate to

earn. Similarly, the saving schedule (3), the reduced-form production function (12), the return to

quality innovation (15) and the top line of (18) yield

z =

(
 (x ) +  n  n > 0

 (x ) +  (c y)  n = 0
; (19)

12This property deserves a much more detailed discussion. To preserve this sectionís focus on solving analytically

the model, I postpone it to the next section where I discuss the anatomy of the growth path of the economy.
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which says that there is a threshold of Örm size below which incumbents do not do quality R&D

(z = 0) because the return is too low. The value of the threshold depends on whether n > 0 or

n = 0 since it a§ects the return to innovation that they anticipate they must earn to deliver to

their stockholders (the savers) their reservation rate of return on assets.

The interdependence of agentsí activation decisions implies that the sequence in which the

economy turns on the two innovation engines determines the shape of its transition path and the

timing of the key events. It is useful to begin the analysis with a characterization of the equilibrium

where both types of R&D are positive.

Proposition 2 Let xN denote the threshold of Örm size for variety innovation and xZ the threshold
of Örm size for quality innovation. Assume x >  8x  , i.e.,  > . Then, for x >

max fxZ ; xNg the equilibrium rates of variety and quality innovation are:

n =
(1  ( ))x (1 )+  + 

x 
> 0; (20)

z =
(x )


 

x


 (1 ) ( ) 
1 

x

> 0: (21)

Proof. See the Appendix.

Thus, if Örm size grows su¢ciently large, the economy turns on both innovation engines. Setting

aside for the moment the issue of stability, it is useful to characterize the steady state associated

to such equilibrium.

Proposition 3 (The modern growth steady state) Assume:

 >
1




1 


 +



1 


> 1:

Then in the region x > max fxZ ; xNg there exists the steady state:

x =
(1 )


 + 

1



1  

 + 

1

 > 0; (22)

n =


1 
> 0; (23)

z =

2

4  (  1)

1  

 + 

1

  1

3

5

 +



1 


> 0: (24)

This steady state exhibits growth of Önal output per capita

y = n + z  (1 ) =  (x  ) ;

which is positive i§


(  1)


 + 

1



1  

 + 

1

 > : (25)
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Proof. See the Appendix.

This proposition establishes conditions under which the economy possesses a steady state where

both types of R&D are positive and the growth rate of Önal output per capita is constant and

positive. Does the economy converge to such steady state?

4.3 Dynamics

The structure of incentives for innovation discussed above identiÖes conditions that yield two se-

quences of events.

Proposition 4 There exists a combination of values of the parameters such that the thresholds xN
and xZ are identical. There are thus two regimes, characterized by the order in which the economy

activates the quality and the variety engines of growth.

 Dominant incentives for variety innovation. For parameters such that




 +

 + 1

 ( ) + 1


> 

( )
1 ( )

;

the ordering of the thresholds is xN < xZ , where

xN =


1 ( )
;

xZ = arg solve
n
(x )






x


= (1 ) ( ) + 

o
:

 Dominant incentives for quality innovation. For parameters such that




 +

 + 1

 ( ) + 1


< 

( )
1 ( )

;

the ordering of the thresholds is xZ < xN , where

xN =
(1 ) +  
1  ( )

;

xZ = arg solve

(
 (x ) =

1 + 1=

1 
x + 1=



)
:

Proof. See the Appendix.

The di§erence between the two cases is that in the variety-Örst case xZ is the threshold for

quality R&D given that the market already supports entry of new Örms, whereas in the quality-

Örst case it is the threshold for quality R&D given that the market does not yet support entry of

new Örms. Accordingly, in the variety-Örst case incumbents undertaking quality R&D compete for

resources with entrants and face a constant reservation interest rate demanded by savers. In the

quality-Örst case, instead, they do not compete for resources with entrants that are setting up new

13



Örms but, because the free entry condition does not hold and they distribute to shareholders rents

that grow with the size of the market, they face a reservation interest rate that reáects the growing

consumption ratio. Similar reasoning applies to the threshold xN . The following proposition

provides the paperís main analytical result.

Proposition 5 Let the economyís initial condition be

x0 = (1 ) 
1+
1 

L0
1

N1
0

< min fxN ; xZg

and recall the steady-state Örm size x characterized in equation (22). The two regimes then yield

the following dynamics.

 The variety-Örst path to modern growth. The equilibrium law of motion of Örm size is

piecewise linear,

_x =

8
><

>:

x x  xN
 (x  x) xN < x  xZ
 (x  x) x > xZ

; (26)

with coe¢cients,

 
1 



1 


 +



1 


;

x 


1 

 + 

1

 ;

 
1 



1  


 +



1 


;

and yields the explicit solution x (t) illustrated in Figure 1: Örm size follows an S-shaped path

with ináection point at TN and convergence from below to x, where

TN =
1


log


xN
x0


(27)

is the date when the economy crosses the threshold xN and turns on variety innovation and

TZ = TN +
1


log


x  xN
x  xZ


: (28)

is the date when the economy crosses the threshold xZ and turns on quality innovation.

 The quality-Örst path to modern growth. The equilibrium law of motion of Örm size is

piecewise linear,

_x =

8
><

>:

x x  xZ
x xZ < x  xN

 (x  x) x > xN

; (29)

and yields the explicit solution x (t) illustrated in Figure 2: Örm size follows an S-shaped path
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Figure 1: The time path of Örm size in the variety-Örst case

Figure 2: The path of Örm size in the quality-Örst case
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with ináection point at TN and convergence from below to x, where

TZ =
1


log


xZ
x0


(30)

is the date when the economy crosses the threshold xZ and turns on quality innovation and

TN = TZ +
1


log


xN
xZ


=
1


log


xN
x0


: (31)

is the date when the economy crosses the threshold xN and turns on variety innovation.

Proof. See the Appendix.

The di§erence between the two solutions for the last part of the equilibrium path is only in the

time periods over which they hold, which are determined by the starting dates TZ and TN . The key

di§erence between the two solutions, however, is that in the variety-Örst case premature market

saturation that prevents the economy from reaching the phase of quality innovation is possible.

This outcome is the red (lighter) path in Figure 1 that converges to the steady state x.

4.4 Discussion

The reduced-form, state-space representation of this model consists of a pair of piece-wise linear

di§erential equations in Örm size x characterizing two possible scenarios. In one the incentives for

horizontal innovation dominate and the economy crosses the threshold for variety innovation Örst.

In the other the reverse is true: the incentives for vertical innovation dominate and the economy

crosses the threshold for quality innovation Örst.

Proposition 4, speciÖcally the expressions for the smaller threshold in each of the two cases, says

that a Önite threshold of Örm size that activates one or the other innovation engine always exists.

This means that as long as population growth is positive the economy must turn on Schumpeterian

innovation. The intuition is that as long as the overall market for intermediate goods grows due to

exogenous forces, Örm size (i.e., proÖtability) grows and eventually must cross the threshold where

one of the two engines of growth is turned on. This is, in essence, a no-arbitrage argument: as

rents escalate the only force that can prevent agents from investing in activities aimed at capturing

a share of them is inÖnite innovation costs or, equivalently, zero productivity of investment of Önal

goods in variety and quality innovation (in the modelís notation,  !1 and ! 0).

Since innovation must start, the only question is when and what speciÖc sequence of events

unfolds. Proposition 4 says that the modelís parameters space consists of two thick regions, one

where variety innovation starts Örst, the other where quality innovation starts Örst. The two paths

of Örm size shown in Figures 1-2 generate drastically di§erent economic histories.

5 Interpreting the model: three phases of growth

This section focuses on the modelís predictions. It characterizes the economyís path in each case

in terms of (a) within-phase behavior of key observables and (b) the timing of the transitions from
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one phase to the next.

5.1 Anatomy of the transition: The variety-Örst case

Along the paths of the state variable x shown in Figures 1-2 the level of Önal production is given

at any point in time by (12). That expression contains only the levels of the state variables N

(product variety), Z (product quality) and L (population). Consequently, the path Y (t) obtains

from the paths N (t), Z (t) and L (t). As argued, for simplicity the path of population is exogenous

and exponential. Moreover, given initial conditions N0 and Z0, and the solution x (t), the paths

of variety and quality are fully determined by equations (20) and (21). Although this procedure

allows one to solve analytically for the paths Y (t), N (t), Z (t) and L (t), it is more insightful to

characterize the evolution of the economy in terms of equations that express the relevant variables

as functions of Örm size x.

5.1.1 Final output, GDP and consumption

Proposition 1 shows that the allocation of Önal output across its alternative uses features a ratio

C=Y that is increasing in Örm size x when entrants are not active and constant when entrants are

active. As argued, such behavior stems from static economies of scale that manifest themselves as

e¢ciency gains in the production of intermediates.

To reÖne that intuition let G denote this economyís GDP. Subtracting the cost of intermediate

production from the value of Önal production and using (14) yields

G

Y
= (1 )





1



x


+ 1


: (32)

The term in brackets is increasing in x because the unit cost of production of the typical intermediate

Örm falls as its scale of operation rises. Taking logs and time derivatives of (32) yields

_G

G
=
_Y

Y
+  (x)

_x

x
;  (x) 



(1 + )x 
; (33)

where  (x) is the elasticity of GDP with respect to Örm size. This expression says that GDP

growth is given by Önal output growth plus the contribution from e¢ciency gains in intermediate

production due to Örm size growth.

Equations (12)-(13) and (32)-(33) provide a complete characterization of output dynamics for

this economy. Initially, Önal output grows only because of population growth, that is, _Y =Y = .

Moreover, because consumption equals GDP, _C=C = _G=G = [ (x) + 1] . Thus, in the early

Smithian phase with no Schumpeterian innovation, GDP and consumption growth are due solely to

population growth and its ampliÖcation through static economies of scale. As the economy crosses

the threshold xN and enters the second phase, Önal output growth becomes _Y =Y =  + n (x),

where the rate of variety growth n (x) is given by the top line of (18). The third and Önal phase

has both variety and quality innovation so that _Y =Y = + n (x) + z (x), where n (x) and z (x)

are given, respectively, by (20) and (21) in Proposition 2.
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Figure 3: The growth rates of fnal output and GDP per capita as functions of Örm size in the

variety-Örst case

It is useful to summarize this characterization in terms of the growth rates of per-capita Önal

output, GDP and consumption ó y, g, and c, respectively ó since these are the objects that the

empirical literature typically discusses. Furthermore, it is useful to write these growth rates as the

sum of a Schumpeterian innovation component that does not vanish in steady state and a Smithian

component, due to static economies of scale, that vanishes in steady state:

y (x) =

8
>><

>>:

 (1 )   x  xN

1  1


 

1 

x

x  1

xN < x  xZ

 (x )  x > xZ

;

g (x) =

8
>><

>>:

([ (x) + 1]   1)   x  xN

1  1


+

h
 (x) 

1

i


x

x  1

xN < x  xZ

 (x ) +  (x) 

x

x  1


x > xZ

;

c (x) =

(
g (x)   x  xN
y (x) x > xN

:

Figures 3-4 illustrate these functions and the associated solutions for the growth rates.

The story that these equations tell is one where the economy starts out in a situation where

there is no entry and Örms earn rents. These rents grow with the size of the market and fuel GDP

and consumption growth in excess of Önal output growth. Consequently, negative growth of Önal

output per capita does not necessarily imply falling GDP and consumption per capita. In fact, it is

possible to choose parameter values such that [ (x) + 1]  > 1, meaning that GDP per capita grows
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Figure 4: The growth rates of fnal output and GDP per capita as functions of time in the variety-

Örst case

all the time.13 More generally, GDP per capita growth can start out negative and stay negative

until the economy hits x = xN and turns on variety innovation. When that happens, the growth

rate of GDP per capita starts rising and eventually turns positive if the contribution of product

variety to Önal production is su¢ciently strong. The growth rate of consumption per capita c, in

contrast, drops to the growth rate of Önal output per capita, y, and remains below the growth rate

of GDP per capita, g, until the end of the transition, where the constant Örm size, x = x, yields

a constant ratio between Önal output and GDP.

In the intermediate phase the tension between the exploitation of static economies of scale, that

requires Örm growth, and the exploitation of social returns to variety, that requires entry, results

in a proÖle of GDP per capita growth that is always convex but can be increasing, U-shaped or

decreasing in x throughout the interval xN < x  xZ . The parameter that drives these cases is

the degree of social returns to variety . To avoid clutter, the Ögures illustrate only the second

possibility, corresponding to situations where  is su¢ciently large that there exists a value of x

where dg (x) =dx becomes positive in the interval xN < x  xZ . If such value of x is larger than
xZ , which happens when the degree of social returns to variety  is small, the function g (x) is

decreasing throughout the range xN < x  xZ and the third case arises. This case is remarkable
in that it says that the onset of systematic, proÖt-driven horizontal innovation is associated to a

continuation of the slowdown of GDP per capita growth due to the gradual exhaustion of static

economies of scale.
13 Intuitively, this requires a restriction on the elasticity of output with respect to land in Önal production, i.e.,

1    (1 ( )) = (1 + ).
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5.1.2 Timing of events: the role of the fundamentals

The closed-form solution for the transition path provides analytical insight on the determinants of

the timing of the key events in the economyís history. The expressions for TN and TZ in (27) and

(28) reveal the following pattern.

 The activation of horizontal innovation occurs earlier, i.e., TN is lower, in economies where

the ratio xN=x0 is lower.

 The activation of vertical innovation occurs if and only if the steady-state Örm size x asso-

ciated to the variety-driven phase is smaller than the threshold for quality R&D xZ .

 Given TN , and conditional on x > xZ , the activation of vertical innovation occurs earlier,

i.e., TZ is lower, in economies where:

ñ the steady-state Örm size x is larger;

ñ convergence in the variety-driven phase is faster, i.e., where  is higher;

ñ the threshold for quality R&D xZ is smaller.

Checking the expressions for x0, , xN , xZ , x provides further detail.

Proposition 6 The date of activation of variety innovation, TN , is:

 decreasing in the initial population L0, the land endowment , the population growth rate 
and the elasticity of output with respect to labor ;

 increasing in the Öxed operating cost , the sunk entry cost  and the discount rate ;

 independent of the elasticity of gross proÖt with respect to own quality  and the degree of
social returns to variety .

The duration of the phase with variety innovation only, TZ  TN , is:

 decreasing in the Öxed operating cost  and the elasticity of gross proÖt with respect to own
quality ;

 increasing in the degree of social returns to variety ;

 depends ambiguously on the population growth rate , the elasticity of output with respect to
labor , the sunk entry cost  and the discount rate ;

 independent of the initial population L0, the land endowment .
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This characterization identiÖes factors that explain why some economies take o§ earlier than

others ó deÖning the take-o§ as the onset of systematic, proÖt-driven innovation ó and factors

that explain why some economies experience a faster transition than others to the ultimate phase

with both innovation engines turned on and convergence to sustained growth. Moreover, it provides

a novel insight on why some economies might fail to reach the modern growth phase: they might

fail to turn on vertical innovation due to premature market saturation.

5.1.3 A closer look at consumption-saving behavior and factor remuneration

It is useful to examine the behavior of the ratio of consumption to GDP, which can be written

C

G
=
C

Y

Y

G
=

8
><

>:

(1+z
x )+1

(1
x )+1

n = 0 z  0
()+1
(1

x )+1
n > 0 z  0

:

When entrants are not active (n = 0), the ratio is 1 if there is no vertical innovation (z = 0)

because in that case the economy makes no investment and thus needs no saving. If instead there

is vertical innovation (z > 0), the ratio is less than 1 and decreasing in z, because faster quality

growth requires more investment, and increasing in x, because Örm size growth leads to falling unit

costs in intermediate production. When entrants are active (n > 0), the ratio is independent of z

and decreasing in x. One can summarize these observations as follows:

C

Y
=

(
(1 )

h


1 

x


+ 1
i
  x  xN

(1 ) [ ( ) + 1] x > xN
;

C

G
=

8
<

:
1   x  xN

()+1
(1

x )+1
x > xN

:

The Örst expression, reproduced from Proposition 1 for convenience, captures the property already

discussed that static e¢ciency gains drive consumption growth in excess of Önal output growth

in the Smithian phase of the transition. The second expression conÖrms that such consumption

growth comes from e¢ciency gains in intermediate production that raise GDP. The fact that the

ratio of consumption to GDP is decreasing in Örm size x when entrants are active captures the

property that after the onset of systematic, proÖt-driven innovation the economyís investment share

rises throughout the transition to the steady state x.

Associated to this pattern of consumption-saving, there is a pattern of factor remuneration

driven by the following property: factors that earn a áow of payments proportional to Önal output

Y earn a share of GDP that is decreasing in Örm size x and is thus decreasing over time throughout

the transition. As shown in Section 2, the three factors that enter the production technology (4)

ó labor, land and intermediate goods ó belong to this category. So, if these factors earn falling

shares of GDP over time, what factor earns a rising share of GDP? The answer is that throughout
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the transformation of this economy what rises is the share of GDP earned by Örms in the form of

gross proÖts. SpeciÖcally, equation (8) and (32) yield

gross proÖts
GDP

=
N

G
=
Y N (X + Z)

Y N (X + Z)
=



1 

x





1 

x


+ 1

:

In the initial phase with no innovation, these proÖts are distributed to shareholders and consumed.

Only after crossing the threshold for proÖtable innovation the economy exhibits saving and invest-

ment, resulting in a falling consumption share. More importantly, once it kicks in, the free entry

condition implies that the rising proÖts are not escalating pure rents and, more important, that

they are reinvested in innovation, thus driving the economyís growth acceleration.

5.2 Anatomy of the transition: The quality-Örst case

The quality-Örst case di§ers from the variety-Örst case in the intermediate phase and in the timing

of its beginning and end. After the economy crosses the threshold xZ , the growth rate of Önal

output is _Y =Y =  + z, where z is given by the bottom line of (19). Because that expression

contains the growth rate of the consumption output ratio, I cannot just substitute terms to express

the growth rates of Y , G and C as functions of x. However, I can use equation (17) to construct

policy functions that provide the information needed to characterize the equilibrium path. The

details are in the Appendix. Here it su¢ces to note that in the interval xZ < x < xN there exists

a function z (x) that is increasing, convex and starts out with zero derivative at xZ . Summarizing,

the growth rates of Önal output, GDP and consumption per capita are:

y (x) =

8
><

>:

 (1 ) 0  x < xZ
z (x) (1 ) xZ < x < xN

 (x )  x > xN

;

g (x) =

8
><

>:

([ (x) + 1]   1)   x  xZ
([ (x) + 1]   1)+ z (x) xZ < x  xN

 (x ) +  (x) 

x

x  1


x > xN

;

c (x) =

(
g (x)   x  xN
y (x) x > xN

:

Figures 5-6 illustrate these functions and the associated solutions for the growth rates.

Along this path the rate of innovation exhibits explosive behavior because Örms start undertak-

ing quality R&D when they are still earning escalating rents driven by aggregate market growth

due to population growth. As in the previous case, these escalating rents fuel consumption growth

in excess of Önal output growth. Moreover, since consumption per capita growth hits its minimum

at x = xZ , it is possible to choose parameter values such that GDP per capita growth is positive

for all   x  xZ and, consequently, that it grows all the time despite the fact that Önal output
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Figure 5: The growth rates of fnal output and GDP per capita as functions of Örm size in the

quality-Örst case

Figure 6: The growth rates of fnal output and GDP per capita as functions of time in the quality-

Örst case
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per capita growth is initially negative. More generally, the economy can experience a period of

negative GDP per capita growth until it hits x = xZ . When that happens, the growth rate starts

to rise and eventually turns positive. An interesting feature of this case is that, because the function

z (x) starts out with zero derivative at xZ , it must be the case that the time proÖle of the growth

rate of GDP is convex and decreasing at the onset of quality innovation. The reason is that the

initial contribution of quality growth cannot overcome the gradual exhaustion of Smithian static

economies of scale since it follows a very shallow time path.

The expressions for TZ and TN in (30) and (31) yield the following pattern for the timing of

events and the role of the fundamentals.

 The activation of vertical innovation occurs earlier, i.e., TZ is lower, in economies where the
ratio xZ=x0 is lower.

 Given TZ , the activation of horizontal innovation occurs earlier, i.e., TN is lower, in economies
where the threshold for variety R&D xN is smaller.

Checking the expressions for x0, xZ , xN yields further detail.

Proposition 7 The date of activation of quality innovation, TZ , is:

 decreasing in the initial population L0, the land endowment , the Öxed operating cost  and
the elasticity of gross proÖt with respect to own quality ;

 depends ambiguously on the population growth rate  and the elasticity of output with respect
to labor ;

 increasing in the discount rate ;

 independent of the sunk entry cost  and the degree of social returns to variety .

The duration of the phase with quality innovation only, TN  TZ , is:

 increasing in the elasticity of gross proÖt with respect to own quality  and the sunk entry
cost ;

 depends ambiguously on the population growth rate , the elasticity of output with respect to
labor , the Öxed operating cost  and the discount rate ;

 independent of the initial population L0, the land endowment  and the degree of social returns
to variety .

As in the previous case, this characterization identiÖes factors that explain why some economies

take o§ earlier than others and factors that explain why some economies experience a faster tran-

sition than others to the ultimate phase with sustained, modern growth.
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5.3 Bringing it all together: When does the take-o§ occur?

The initial history of this economy is one of growth of GDP and consumption per capita driven by

the ampliÖcation of population growth ó more generally, aggregate market size growth driven by

exogenous forces ó through the exploitation of static economies of scale. This process of Smithian

growth has been highlighted by many writers (e.g., Jones 1988, Mokyr 2005, 2010). The multiplier

of population growth in the expressions above, the term [ (x) + 1]  1, has a theoretical range of
( ( + 1) 1;   1) for x   so that even if one were to choose parameters that make it positive
in the interval   x  min fxN ; xZg, it would yield a growth rate of GDP per capita equal to a
fraction of the rate of population growth. Given that historically population growth rates prior to

the Industrial Revolution where of the order of 0.1%, the model predicts very low growth rates of

GDP and consumption per capita for the period.

How long does this stage of low growth last? Recall that the central message of Proposition 4 is

that because population growth is positive at all times the economy must turn on Schumpeterian

innovation and the only issue is which type it turns on Örst. Recall also that equations (27) and (30)

di§er only by the value of the threshold that the economy hits Örst. Consequently, it is convenient

to deÖne a generic value

xT  min

(


1 ( )
; arg solve

(
 (x ) =

1 + 1=

1 
x + 1=



))

and think of the take-o§ date as T = 1
 ln (xT =x0). These expressions identify two main forces

driving the duration of the initial phase. The Örst is the contribution of population growth to the

growth of Önal output, . The second is the gap between the initial condition and the threshold

where the economy activates innovation, xT =x0. Using the deÖnition of x0, the expression for the

take-o§ time becomes

T =
1


ln


xT
x0


=
1


ln

0

B@
xT

 (1 ) 
2
1  L


0

1

N1
0

1

CA

and identiÖes two additional sets of determinants. Technological and preference parameters drive

the cost-beneÖt calculation underlying the activation decision, that is, the term xT . The land

endowment and the initial values of population and of the mass of intermediate Örms/products do

not enter this calculation; they show up only in the denominator as the determinants of the initial

state of the economy.

Suppose that the economy has an initial value x0 = xT =2, that is, in order to cross the

threshold that activates innovation, Örm size has to double. Suppose also that  = 0:8 and

 = 0:001 = 0:1%. The expression above then shows that starting at time 0, the take-o§ time

is T = ln 2= (0:08%) = (69:3%) = (0:08%) = 866:25, or, using the ìrule of 70î that approximates

ln 2 = 70%, T = ln 2= (0:08%) = (70%) = (0:08%) = 875.14 Thus, an economy with output elasticity
14The well-known and often used ìrule of 72î that approximates ln 2 ' 72% would yield T = ln 2= (0:08%) =

(72%) = (0:08%) = 900.
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with respect to labor of 0:8 and whose population grows at 0:1% per year takes approximately 875

years to double its Örm size. Note that such an economy experiences an increase in population

given by L (T ) = 21=  L0 = 2:38  L0.
I have set up this example assuming xT =x0 = 2 because it simpliÖes the calculation by exploiting

well-known heuristics. The expression for T , however, says much more about this ratio. Recall

that the threshold xT depends on technological and preference parameters and that L0,  and N0
enter only in the determination of x0 at the denominator. A key determinant of the take-o§ time

is thus the initial fragmentation of the aggregate market for intermediate goods in submarkets and

whether such fragmentation comes with little or large gains in productivity via social returns to

variety. The deÖnition   1 L (1 )  relates such social returns to variety to the deeper
congestion parameters that characterize the model.

There are thus several channels through which institutions and other social factors can enter

the determination of the take-o§ time T . An economy with a larger population takes o§ faster

only in the trivial ceteris paribus sense that the comparative statics e§ect of L0 on x0 is positive.

What really matters in the theory, however, is how such an economy di§ers in terms of Örm size

from one with a smaller population. Once this is taken into account, what the model says is

that the take-o§ time depends on a collection of determinants, including the availability of other

factors of production (here land, more generally, resources, including exhaustible and/or renewable)

and on how the underlying production structure determines congestion in the use of all factors of

production across intermediate goods.

6 Other prominent features of the theory

The model has relatively few, standard ingredients and yet produces a rich set of results. Following

are some properties worth emphasizing in a separate discussion to bring in even sharper relief what

this paperís approach contributes to the literature.

Remark 8 Prior to the onset of proÖt-driven systematic innovation, static economies of scale in
intermediate production deliver income per capita growth in periods of population expansion. Such

Smithian growth, however, is not self-sustaining and eventually must vanish.

The best way to see this is to set parameters such that both xZ !1 and xN !1 (i.e.,  !1
and ! 0) so that innovation never takes hold. It then follows that asymptotically [ (x) + 1] !
 so that GDP per capita and consumption per capita growth converge to  (1 ). This
property is important because the historical record provides abundant evidence of sporadic bursts of

income per capita growth, often associated to bursts of population growth. The main characteristics

of these episodes is that they all eventually run out of steam and Özzled out. The modelís key

mechanism Öts such pattern: population growth per se cannot give rise to self-sustaining growth

of income per capita. As historians have stressed on multiple occasions (e.g., Jones 1988, Easterlin
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1996, Mokyr 2005, 2010), the key to the growth acceleration that the world experienced in the

18th and 19th centuries is that it was associated to a qualitative transition to a di§erent mode of

growth, one based on sustained proÖt-driven innovation.15

Remark 9 Changes in fundamentals that result in an earlier take-o§ date do not necessarily result
in immediate take-o§.

This property sounds obvious but, on reáection, highlights something that the current debate

on the timing of the Industrial Revolution seems to ignore: institutional changes that favor inno-

vation do not result in immediate take-o§ if the economy has not yet matured the other necessary

conditions for doing so. SpeciÖcally, an economy that at time t experiences an improvement in

the business environment that results in lower thresholds xZ and xN does not take o§ at time t if

x (t) < min fxZ ; xNg. In other words, an economy that at the time of the favorable institutional
change has not yet achieved the required Örm size has to wait a shorter time to take o§ but does

not take o§ immediately. The current debate seems to take for granted that the response should

be immediate (see, e.g., Mokyr 2005, 2010, Mokyr and Voth 2010, Galor 2005, 2011), probably

because most of the models that deal with the issue postulate economies that need to be shocked

out of a steady state with no growth.

Remark 10 When the economy turns on quality innovation Örst, it exhibits explosive growth that
ends in Önite time.

When Örms start investing in quality innovation but the free entry condition does not yet apply,

the dynamics replicate the special case of endogenous growth models driven by vertical innovation

with a Öxed number of products and exponential population growth. That is, it replicates the

explosive growth that has been long considered problematic in Örst-generation models. This model,

however, does not impose arbitrarily that product variety expansion is never operational so that at

most a Önite period of faster than exponential quality growth is possible. Explosive growth due to

the scale e§ect, in other words, is not an inherent property of the theory. Rather, in Örst-generation

models it is an artifact of the implausible assumption of Öxed product variety ó i.e., inÖnite entry

costs ó that prevents entry from competing away escalating rents.

Remark 11 If the economy turns on variety innovation Örst, it can fail to cross the threshold for
quality innovation.

15 Jones (1988), in particular, talks about a shift from Smithian to Promethean growth to emphasize the role of

knowledge accumulation in the modern era. I follow Mokyr (2005, 2010) and talk about a shift from Smithian to

Schumpeterian growth to emphasize the link between the historiansí perspective and the economistsí modern theory

of innovation.

27



This property reinforces the previous observation about the importance of entry in competing

away incumbentsí rents. Not only entry tames explosive quality growth, it can also prevent the

economy from reaching the stage where incumbents Önd proÖtable to improve their own products.

SpeciÖcally, if variety innovation starts Örst and x  xZ , then TZ ! 1, which means that the
dissipation of rents due to product proliferation is so strong that the economy stabilizes the value

of Örm size before it crosses the threshold for quality innovation.

Remark 12 The steady-state mass of Örms is not proportional to population but, rather, is a
generic power function of population.

Recall that in steady state Örm size is constant. Accordingly, (14) yields

N =


(1 ) 

1+
1 

L1

x

 1
1

;

where x is independent of L and ; see (22). Eliminating the scale e§ect through product prolif-

eration, therefore, does not require the knife-edge assumption

N = (constant)  L{; { = 1;

as often claimed (see, e.g., Jones 2005). Rather, the theory says

{ =


1 
Q 1:

To get { = 1 one needs to assume either (a)  = 1 (no land) and  = 0 (no love of variety in

production) or (b)  = 1  ) 1  = . Case (a) consists of simplifying assumptions that some
of the early models imposed for convenience but that are not necessary features of the theory. Case

(b) sets social returns to variety equal to the elasticity of output with respect to land. Recalling

that  = 1  L  (1 )  one sees that this is a special case requiring either that there is
full congestion of labor (L = 1) associated to no congestion of land ( = 0), or that somehow

congestion of labor and land work out to  (1 L) = (1 ) .

Remark 13 If the economy enters the ultimate phase with both variety and quality innovation,
population expansion is no longer needed to pull income per capita growth. Indeed, the population

growth rate can fall to zero with income per capita growth remaining positive.

As the economy converges to the steady state, GDP per capita and consumption per capita

growth converge to g =  (x  )  , which is positive for  (x  ) > . The key to this

expression is that meeting the condition for positive GDP per capita growth does not require special

assumptions on population growth. Indeed, one can see from expression (22) that population growth

 can be zero (or even negative) without compromising the modelís ability to deliver endogenous

steady-state growth. This property is more important than it appears: it says that a burst of
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population growth provides a window of opportunity that the economy can exploit to transition

from its initial state with no innovation to the Önal state with endogenous, innovation-driven growth

that does not require continuous market expansion due to exogenous forces.

The expression reveals something else as well: the e§ect of population growth on GDP per capita

growth depends on the same condition that drives the steady-state relation between the mass of

Örms N and population size L. SpeciÖcally, x is increasing in + 
1 and therefore increasing

in  for  > 1  , independent of  for  = 1   and decreasing in  for  < 1  . Recalling
that  = 1  L  (1 )  one sees that what drives the modelís predictions about the e§ect
of exogenous population growth on economic growth are the assumptions on congestion/rivalry of

the services of the factors of production L and  across intermediate goods.16

7 Conclusion

This paper has proposed a theory of the emergence of modern Schumpeterian growth as the result

of Örmsí and entrepreneursí response to Smithian market expansion. The theory makes detailed

predictions about the transition to innovation-driven growth, especially about the qualitative dif-

ferences due to the timing and sequence of events.

As stated in the Introduction, to keep things simple, the paper takes no stand on early history

or the demographic transition. The assumption of constant population growth is a simpliÖcation

that, while convenient in deriving analytical results, deserves further scrutiny. I do not pursue this

point here for reasons of space. I do so in related work in progress (Peretto 2013), where I argue that

the Schumpeterian perspective adds an important dimension to our understanding of the Industrial

Revolution. Moreover, population growth can be seen as just a stand-in force for exogenous market

expansion. Alternatives to exogenous population growth that I have explored are: exogenous

disembodied technological change; exogenous growth of the resource endowment (e.g., discovery

16 In fact, things are even more interesting than this because the e§ects of population growth depend also on the

assumptions one makes on preferences. In this paper I use the usual Benthamite speciÖcation that adds up utility

across family members. Alternative assumptions are feasible. For example, one could modify (1) as follows

U (0) =

Z 1

0

etL (t) log


C (t)

L (t)


dt; 0    1

resulting into an e§ective discount rate of    that captures the range of attitudes going from the case of no

preference for family members ( = 0) to the Benthamite case discussed in the text ( = 1). With this speciÖcation,

the expression for steady-state Örm size becomes

x =
(1 )


 + 

1



1  

 + 

1



while

g =  (x  ) +  ;

which emphasizes how di§erent assumptions on preferences result in di§erent conclusions on the e§ect of population

growth on economic growth. In particular, there are a direct negative e§ect due to  < 1 and an indirect e§ect

through Örm size that depends on = Q 1  .
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and opening up of new land); growth of embodied knowledge through ìnaturalî curiosity and/or

learning by being/doing e§ects (this is essentially what drives UGT) ó an interesting speciÖcation

of this mechanism would be human capital accumulation through studying/research by the elites

and through experience and/or experimentation on the job by common folks.

Such speciÖcations of the forces that drive market size growth yield qualitatively similar results.

They di§er from exogenous population growth in that, absent a Malthusian mechanism, they all

yield rising income per capita throughout the transition. The model thus formulated, therefore,

would mask one of the key aspects of the Schumpeterian mechanism that I studied in this paper.

Namely, that there is a fundamental di§erence between the forces driving income per capita and the

forces driving proÖt per Örm. It is the latter that drive the phase transition from the regime with no

proÖt-driven innovation to that with proÖt-driven innovation. More importantly, the activation of

the Schumpeterian engine of endogenous growth may well require that agents tolerate temporarily

falling income and/or consumption per capita as population growth builds up the economy to the

point where the scale of operations of Örms is su¢ciently large.

There are other, less prominent, di§erences between this paper and UGT that are worth high-

lighting. UGT considers only land as the factor that induces diminishing returns to labor and,

typically, has no market for land. The second feature implies that UGT lacks a scarcity price signal

and consequently has limited applicability to broader issues arising from the interactions of tech-

nology, demography and natural resources. Likewise, the Örst feature leaves out sources of scarcity

that play an important role in the debate on the future growth potential of modern economies.

This paper, in contrast, develops a framework that has a scarcity price signal and that extends

seamlessly to the case of exhaustible and renewable natural resources. The ambition is to apply

the ideas developed here to a broader class of questions. For an example, see Peretto (2013).

Another di§ernce is that UGT typically has no consumption/saving decision. This model

does, and thus applies a framework that assigns an important role to the Önancial market in

channelling resources from savers to the agents with the investment projects in need of funding. In

this perspective, this paper embeds the question of the long-run acceleration of the economy at the

time of the Industrial Revolution in a more ìtraditionalî macroeconomic framework.

None of these observations are criticisms of UGT. On the contrary, they are meant to highlight

the complementarity between UGT and the Schumpeterian approach proposed in this paper. UGT

has accomplished much in advancing our understanding of issues that for a long time have resisted

our best analytical e§orts. Much remains to be done, however, and the Schumpeterian approach to

endogenous innovation allows us to make further progress in the areas that UGT had to simplify

to keep the models tractable.
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8 Appendix

8.1 Derivation of the returns to quality and variety innovation

The usual method of obtaining Örst-order conditions is to write the Hamiltonian for the optimal

control problem of the Örm. This derivation highlights the intuition. The Örm undertakes R&D up

to the point where the shadow value of the quality innovation, qi, is equal to its cost,

1 = qi , Ii > 0: (34)

Since the innovation is implemented in-house, its beneÖts are determined by the marginal proÖt it

generates. Thus, the return to the innovation must satisfy the arbitrage condition

r =
@i
@Zi

1

qi
+
_qi
qi
: (35)

To calculate the marginal proÖt, observe that the Örmís problem is separable in the price and

investment decisions. Facing the isoelastic demand (5) and a marginal cost of production equal to

one, the Örm sets Pi = 1=. Substituting this result into (8), di§erentiating with respect to Zi,

substituting into (35) and imposing symmetry yields (10).

To obtain the return to variety innovation, observe Örst that the value of the new Örm is given by

(9) because the post-entry proÖt áow that accrues to the entrant in is given by (8). Entrepreneurs

undertake R&D up to the point where the value of the variety innovation, Vi, is equal to its cost,

Y=N = Vi , _N > 0: (36)

Taking logs and time derivatives of the value of the Örm yields the rate of return to entry as

r =
i  Ii
Vi

+
_Vi
Vi
: (37)

Using the free-entry condition (36) and imposing symmetry yields (11).

8.2 Proof of Proposition 1

When n > 0 assets market equilibrium requires

A = NV = Y; (38)

which says that the wealth ratio A=Y is constant. This result and the saving schedule (3) allow

me to rewrite the household budget (2) as the following unstable di§erential equation in C=Y ,

0 =  +

 
_C

C

_Y

Y

!
+
1   (C=Y )


;

which says that to satisfy the transversality condition C=Y jumps to the constant value ( )+
1 . Using the deÖnition of  yields the bottom line of (17).
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When n = 0 assets market equilibrium still requires A = NV but it is no longer true that

V = Y=N since by deÖnition the free-entry condition does not hold. This means that the wealth

ratio A=Y is not constant. However, (37) holds since it is the arbitrage condition on equity holding

that characterizes the value of an existing Örm regardless of how it came into existence in the Örst

place. Imposing symmetry and inserting (8), (37) and (38) into the household budget (2) yields

0 = N [(1=  1)X  Z  I] + (1 )Y  C:

The deÖnition of x, the R&D technology (7), and the fact that NX = 2Y , allow me to rewrite

this expression as the top line of (17).

8.3 Proof of Proposition 2

The key to the proof is that it looks for a Nash equilibrium where both R&D activities yield a rate

of a return that matches the reservation rate of return on saving of the household. Consider (18)

and (19). In (z; n) space these are two negatively sloped straight lines ñ the quality innovation

line and the variety innovation line, respectively ñ with intersections with the axes that depend

positively on x. Solving the top lines of (18) and (19) for n and z yields (20) and (21). This solution

is a stable Nash equilibrium if the variety innovation line (18) is áatter that the quality innovation

line (19), that is, if x > , which is surely true under  >  since this model requires x  .

8.4 Proof of Proposition 3

The deÖnition of Örm size (14) and the reduced-form production function (12) yield _x=x =  
(1 )n. Setting _x = 0 yields (23). Inserting (23) in (20) yields (22). Inserting (22) in (21) yields
(24). The values x and z are positive if:

1  >
1




 +



1 


;

1  > 


 +



1 


;

 (  1)

1  

 + 

1

 > 1:

Observing that the third inequality can hold only if  > 1, which implies

1
1




 +



1 


> 1 


 +



1 


,

yields the two conditions in the text of the proposition. Finally, noticing that C=Y is constant, one

can use the Euler equation (3) to write

y = r  

=  (x  )  > 0

i§ (25) holds.
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8.5 Proof of Proposition 4

The proof is a generalization of that of Proposition 2: it looks for a Nash equilibrium where either

at least one of the two R&D activities yields a rate of a return that matches the reservation rate of

return on saving of the household or there is no TFP growth. As seen in Proposition 2, the Nash

equilibrium features both vertical and horizontal R&D if they yield equal rates of return. Now

consider (18) and (19) in (z; n) space and suppose that initially x is so small that both lines lie

entirely below the origin. This conÖguration arises when both vertical and horizontal R&D yield

a rate of return lower than what the household demands to postpone consumption and therefore

the economy is in an equilibrium with zero TFP growth. As x grows two sequences of events are

possible.

 The variety innovation line (18) reaches the origin and enters the positive quadrant before
the quality innovation line (19). In this case, the economy crosses the Örm size threshold

that activates horizontal innovation while agents anticipate zero vertical innovation. That is,

agents anticipate z = 0 and therefore (18) says that n > 0 if

x > xN 


1 ( )
> :

As x keeps growing, the quality innovation line (19) enters the positive quadrant and, if it

catches up and overtakes the variety innovation line (18), the Nash equilibrium with both ver-

tical and horizontal R&D takes hold. SpeciÖcally, given that along this path agents anticipate

n > 0 at the switch point, (21) says that z > 0 if

(x )





x


> (1 ) ( ) + :

The left-hand side starts out at zero for x =  and is monotonically increasing in x. The

inequality thus identiÖes a unique value

xZ = arg solve
n
(x )






x


= (1 ) ( ) + 

o
> xN :

 The quality innovation line (18) reaches the origin and enters the positive quadrant before
the variety innovation line (20). In this case, the economy crosses the Örm size threshold that

activates vertical innovation while agents anticipate zero variety innovation, that is, agents

anticipate n = 0 and z > 0 if  (x ) >    +  + (c y), where the value of (c y)
comes from log-di§erentiating (17) with respect to time. It is useful to think of z = 0 if

 (x )     +  + (c y) so that I can compute (c y) from (17) under z = 0.

Recalling that I am working in the region where _x=x = , I then have that z = 0 for

 (x )   +
1 + 1=

1 
x + 1=

;

which yields the unique value

xZ = arg solve

(
 (x ) =  +

1 + 1=

1 
x + 1=



)
> :
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As x keeps growing, the variety innovation line (18) enters the positive quadrant and even-

tually catches up and overtakes the variety innovation line (19), at which point the Nash

equilibrium with both vertical and horizontal R&D takes hold. SpeciÖcally, given that along

this path agents anticipate z > 0 at the switch point, (20) yields that n > 0 if

x > xN 
(1 ) +  
1  ( )

> xZ :

To identify the condition on the fundamentals that yields which one of the two scenarios arises

it is then su¢cient to check for what values of the parameters (18) and (19) go through the origin

for the same value of x. According to (19) z = 0 for n = 0 if

 (x ) =  +
1 + 1=

1 
x + 1=



while according to (18) n = 0 for z = 0 if

1


x
= ( ):

These two equations hold for the same x when


( )

1 ( )
=  +

1 + 1=

( ) + 1=
;

which yields

 =  
 + 1+1=

()+1=

 ()
1()

:

Now note that the Örm size threshold at which the variety innovation line (18) goes through the

origin is independent of  while the Örm size threshold at which the quality innovation line (19)

goes through the origin is decreasing in . It then follows that for  <  the Örst scenario occurs,

while the second occurs for  > . Substituting in the expression for  derived above yields the

inequalities in the text of the proposition.

8.6 Proof of Proposition 5

The deÖnition of Örm size (14) and the reduced-form production function (12) yield the di§erential

equation
_x

x
= y  n z =  (1 )n:

The behavior of entrants in (18) and (20) then yields the law of motion of Örm size that holds in

each case.

 In the variety-Örst case, I have:

_x =

8
><

>:

x x  xN
 (x  x) xN < x  xZ
 (x  x) x > xZ

;
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where:

 
1 



1 


 +



1 


;

x 


1 

 + 

1

 ;

 
1 
  =x


1  


 +



1 


:

Without loss of generality, I approximate =x = 0 for x > max fxN ; xZg so that the coe¢cient
 becomes constant and therefore the law of motion of x is piecewise linear. Figure 7 shows

the phase diagram for x with the approximation. Integrating the Örst line between time 0

Figure 7: The phase diagram for Örm size with the approximation (in red) that yields a linear

di§erential equation in the last phase

and time t yields

x (t) = x0e
t:

Since x grows exponentially, there exists a value TN such that

x (TN ) = x0e
TN = xN ;

which yields (27). Integrating the second line between time TN and time t yields

x (t) = xNe
(TNt) + x


1 e(TNt)


:

For x > xZ there exists a Önite value TZ such that

x (TZ) = xNe
(TNTZ) + x


1 e(TNTZ)


= xZ ;

which yields (28). Thereafter the economy follows the third line and converges to the value

x given in (22). Integrating between time TZ and time t yields

x (t) = xZe
(TZt) + x


1 e(TZt)


:
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 In the quality-Örst case, instead, I have:

_x =

8
><

>:

x x  xZ
x xZ < x  xN

 (x  x) x > xN

:

Integrating the Örst line of between time 0 and time t yields x (t) = x0e
t. Accordingly,

there exists a value TZ such that

x (TZ) = x0e
TZ = xZ ;

which yields (30). After crossing this threshold Örm size keeps growing exponentially and

therefore must cross the entry threshold xN in Önite time. Integrating between time TZ and

time t yields

x (t) = xZe
(tTZ):

There thus exists a value TN such that

x (TN ) = xZe
(TNTZ) = xN ;

which yields (31). Thereafter the economy follows the third line of (29), which is identical to

the third line of (26), and converges to x. Integrating between time TN and time t yields

x (t) = xNe
(TNt) + x


1 e(TNt)


:

8.7 The policy functions for the quality-Örst case

Let b  C=Y . Consider b (x) Örst. Recall that for x > xN one has b (x) = b  (1 ) [ ( ) + 1].
At issue, then, is only what happens in the region where entrants are not active. Consider Örst

the case of variety innovation Örst. This is straightforward since Örms turn on quality growth only

after free entry already applies and thus b (x) is given by (17) evaluated at z = 0 over the entire

range   x  xN . The case of quality innovation Örst is more interesting, since it requires taking
into account the dynamic feedbacks through z > 0. As before, over the range   x  xZ the

function b (x) is given by (17) evaluated at z = 0. To characterize it over the range xZ < x  xN ,
substitute z =  (x ) +   (c y) into (17) and rearrange terms to get

_b

b
=
x




b

1 
 1

 +   (1 ) (x ) :

This yields the _b  0 locus

b  (1 )

1 + 

+ + + (1 ) (x )
x


:

The dynamics then imply that the unique equilibrium trajectory is for the economy to jump on

the saddle path in (x; b) space that converges to (x; b). Writing

_b

_x
=
db

dx
=
b
h
x



b
1  1


 +   (1 ) (x )

i

x
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characterizes the saddle path more sharply. Although this partial di§erential equation doesnít have

a closed-form solution, it is straightforward to show that the function b (x) has the same derivative

from the left and the right at x = xZ and approaches the value b with zero derivative at x = xN :

db (xZ)

dx
=

b (xZ)
h
xZ



b(xZ)
1  1


 +   (1 ) (xZ  )

i

xZ

=
 (1 )

x2Z
;

db (xN )

dx
=

b (xN )
h
xN



b(xN )
1  1


 +   (1 ) (xN  )

i

xN
= 0:

In other words, it is increasing, concave and has no kinks. Solving (17) for z yields

z (x) = x
x




b (x)

1 
 1

 :

Once again, it is straightforward to show that z (x) starts out at x = xZ with zero derivative and

approaches the line z (x) =  (x )+, which holds for x > xN , with positive derivative:

dz (xZ)

dx
= 1

1




b (xZ)

1 
 1


xZ


db (xZ) =dx

1 

=


xZ

xZ


1

1 
 (1 )

x2Z
= 0;

dz (xN )

dx
= 1

1




b (xN )

1 
 1


x



db (xN ) =dx

1 
= 1 ( ) > :

The function z (x) exhibits a kink at x = xN because when entry begins quality innovation attracts

only a fraction of the economyís saving áow, which is now a constant fraction of Önal output.
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