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Abstract

This paper shows how particle filtering facilitates likelihood-based inference in
dynamic macroeconomic models. The economies can be nonlinear and/or non-
normal. We describe how to use the output from the particle filter to estimate the
structural parameters of the model, those characterizing preferences and technol-
ogy, and to compare different economies. Both tasks can be implemented from
either a classical or a Bayesian perspective. We illustrate the technique by es-
timating a business cycle model with investment-specific technological change,
preference shocks, and stochastic volatility.

Keywords: Dynamic Macroeconomic Models, Particle Filtering, Nonlinear
and /or Non-normal Models, Business Cycle, Stochastic Volatility.
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1. Introduction

This paper shows how particle filtering facilitates likelihood-based inference in dynamic equi-
librium models. The economies can be nonlinear and/or non-normal. We describe how to
use the particle filter to estimate the structural parameters of the model, those character-
izing preferences and technology, and to compare different economies. Both tasks can be
implemented from either a classical or a Bayesian perspective. We illustrate the technique by
estimating a business cycle model with investment-specific technological change, preference
shocks, and stochastic volatility. We highlight three results. First, there is strong evidence of
stochastic volatility on U.S. aggregate data. Second, two periods of low and falling aggregate
volatility, from the late 1950s to the late 1960s and from the mid 1980s to today, were in-
terrupted by a period of high and rising aggregate volatility from the late 1960s to the early
1980s. Third, variations in the volatility of preferences and investment-specific technological
shocks account for most of the variation in the volatility of output growth over the last 50
years.

Likelihood-based inference is a useful tool to take dynamic equilibrium models to the
data (An and Schorfheide, 2006). However, most dynamic equilibrium models do not imply
a likelihood function that can be evaluated analytically or numerically. To circumvent this
problem, the literature has used the approximated likelihood derived from a linearized version
of the model, instead of the exact likelihood. But linearization depends on the accurate
approximation of the solution of the model by a linear relation and on the shocks to the
economy being distributed normally. Both assumptions are problematic.

First, the impact of linearization is grimmer than it appears. Fernandez-Villaverde, Rubio-
Ramirez, and Santos (2006) prove that second order approximation errors in the solution of
the model have first order effects on the likelihood function. Moreover, the error in the
approximated likelihood gets compounded with the size of the sample. Period by period,
small errors in the policy function accumulate at the same rate at which the sample size grows.
Therefore, the likelihood implied by the linearized model diverges from the likelihood implied
by the exact model. Fernéndez-Villaverde and Rubio-Ramirez (2005) document how those
insights are quantitatively relevant for real-life applications. Using U.S. data, we estimate
the neoclassical growth model with two methods: the particle filter described in this paper
and the Kalman filter on a linearized version of the model. We uncover significant differences
on the parameter estimates, on the level of the likelihood, and on the moments generated by
the model. Second, the assumption of normal shocks precludes investigating many models
of interest such as those with fat tails innovations, time-varying volatility, or autoregressive
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To avoid these problems, we need to evaluate the likelihood function of nonlinear and/or
non-normal macroeconomic models. The particle filter is one procedure that will allow us to
do so. We borrow from the literature on sequential Monte Carlo methods (see the book length
survey in Doucet, de Freitas, and Gordon, 2001). In economics, Pitt and Shephard (1999) and
Kim, Shephard, and Chib (1998) have pioneered the application of particle filters in financial
econometrics. We adapt this know-how to handle the peculiarities of macroeconomic models.
In particular, we propose and exploit in our application a novel partition of the shocks that
drive the model. This partition facilitates the estimation of some models while being general
enough to encompass existing particle filters.

The general idea of the procedure follows. First, for given values of the parameters, we
solve for the equilibrium of the model with a nonlinear solution method. The researcher can
employ the solution algorithm that best fits her needs. With the solution of the model, we
construct the state space representation of the economy. Under mild conditions, we apply a
particle filter to this state space form to evaluate the likelihood function of the model. Then,
we either maximize the likelihood or find posterior distributions of the parameters, possibly
by simulation. If we carry out the procedure with several models, we could compare them by
building likelihood ratios or Bayes factors.

Particle filtering is reasonably general purpose and asymptotically efficient. However, it
is not the only procedure we can use to perform likelihood estimation with dynamic mod-
els. Kim, Shephard, and Chib (1998) conduct Bayesian inference on the model parame-
ters and smoothing of states using a Markov chain Monte Carlo (McMc) method. Fioren-
tini, Sentana, and Shepard (2004) obtain maximum likelihood estimators with a simulated
EM algorithm. Fermanian and Salanié (2004) implement a nonparametric simulated likeli-
hood method through kernel estimation. The technical appendix to this paper (available at
www.econ.upenn.edu/ " jesusfv) reviews further alternatives to compute the likelihood of
nonlinear and/or non-normal dynamic models.

There are also other routes to estimate dynamic models that do not rely on the likelihood
function. One procedure is indirect inference (Gallant and Tauchen, 1996), which can, in
theory, achieve the same asymptotic efficiency as maximum likelihood by an appropriate
choice of auxiliary models. Moreover, simulated methods of moments like indirect inference
will yield consistent estimators regardless of the number of simulations, while in our approach
consistency can be guaranteed only if the number of simulations goes to infinity. However,
the choice of an appropriate auxiliary model may be a challenging task. Alternatively, there
is an important literature on simulated likelihood and simulated pseudo-likelihood applied to
macroeconomic models (Laroque and Salanié, 1989 and 1993). The approach taken in these

papers is to minimize a distance function between the observed variables and the conditional



expectations, weighted by their conditional variances.!

As an application, we estimate a model of the U.S. business cycle with stochastic volatility
on the shocks that drive the economy. Introducing stochastic volatility is convenient for two
reasons. First, Kim and Nelson (1999), McConnell and Pérez-Quirds (2000), and Stock
and Watson (2002) show that time-varying volatility is crucial for understanding U.S. data.
This makes the application of interest per se. Second, stochastic volatility induces both
fundamental nonlinearities in the model and non-normal distributions. If we linearized the
laws of motion for the shocks, the stochastic volatility terms would drop, killing any possibility
of exploring this mechanism. Hence, our application demonstrates how the particle filter is
an important tool to address empirical questions at the core of macroeconomics.

In our estimation, we identify the process driving investment-specific technology shocks
through the relative price of new equipment to consumption. We learn about the neutral
technology and preference shocks from output, investment, and hours worked. The data reveal
three patterns. First, there is compelling evidence for the presence of stochastic volatility in
U.S. aggregate time series. Second, the decline in macro volatility has been a gradual process
since the late 1950s, interrupted by the turbulence of the 1970s, and not, as emphasized by the
literature, an abrupt change around 1984. Third, the evolution in the volatility of preference
and investment-specific technological shocks accounts for the variations in the volatility of
output growth over the last 50 years. In addition, we provide evidence of how inference is
crucially affected both by the nonlinear component of the solution and by stochastic volatility.

We are aware of only one other paper that combines stochastic volatility and a dynamic
general equilibrium model: the fascinating contribution of Justiniano and Primiceri (2005).
Their innovative paper estimates a rich New Keynesian model of the business cycle with
nominal and real rigidities. One difference between our papers is that the particle filter allows
us to characterize the nonlinear behavior of the economy induced by stochastic volatility
that Justiniano and Primiceri cannot handle. We document how including this nonlinear
component may be quantitatively important for inference.

We organize the rest of the paper as follows. We describe the particle filter in section 2.
We present our application in section 3. We discuss computational details in section 4. We

conclude in section 5.

"'We thank one referee for his help with the content of the last two paragraphs.



2. A Framework for Likelihood Inference

In this section, we describe a framework to perform likelihood-based inference on a large class
of nonlinear and/or non-normal dynamic macroeconomic models. Cooley (1995) provides
many examples of models in this class. Each of these economies implies a joint probability
density function for observables given the model’s structural parameters. This density, the
likelihood function of the model, is in general difficult to evaluate. Particle filtering is a
powerful route (although not the only one) to accomplish this goal.

We structure this section as follows. First, we present the state space representation of
a dynamic macroeconomic model. Second, we define the likelihood function of a dynamic
model. Third, we discuss some of our technical assumptions. Fourth, we present a particle
filter to evaluate that likelihood. Fifth, we link the filter with the estimation of the structural

parameters of the model. We finish by discussing the smoothing of unobserved states.

2.1. The State Space Representation of a Dynamic Macroeconomic Model

Many dynamic macroeconomic models can be written in the following state space form.
First, the equilibrium of the economy is characterized by some states S; that evolve over time

according to the transition equation:

Sy =f (St—h WtW) ) (1)

where {W,;} is a sequence of independent random variables and v € T is the vector of
parameters of the model. Second, the observables ); are a realization of the random variable

Y, governed by the measurement equation:
Yo =g (S, Vi), (2)

where {V;} is a sequence of independent random variables that affect the observables but
not the states. The sequences {W,;} and {V;} are independent of each other. The random
variables W; and V; are distributed as p (W;;7) and p(V;;7y). We only require the ability
to evaluate these densities. The vector v also includes any parameters characterizing the
distributions of W; and V;. Assuming independence of {W,} and {V;} is only for notational
convenience. Generalization to more involved stochastic processes is achieved by increasing
the dimension of the state space.

The functions f and g come from the equations that describe the behavior of the model:

policy functions, resource and budget constraints, equilibrium conditions, and so on. Along



some dimension, the function g can be the identity mapping if a state is observed without
noise. Dynamic macroeconomic models do not generally admit closed-form solutions for

functions f and g. Our algorithm requires only a numerical procedure to approximate them.

2.2. The Likelihood Function of the Model

To continue our analysis we need to make three assumptions. Section 2.3 will explain in more

detail the role of these assumptions.

Assumption 1. There exists a partition of {W,} into two sequences {W:} and {Wa,}, such
that W, = (Wi, Wa,) and dim (Wa,) + dim (V;) > dim (Y;) for all ¢.

The standard particle filter requires a stronger assumption, i.e., dim (V;) > dim (Y;) for
all ¢. This stronger assumption is restrictive in macroeconomics, where most researchers
do not want to have a profusion of shocks. To extend the particle filter to a larger class
of macroeconomic models, we relax that assumption by extracting from {W;} the sequence
{Ws:}. If dim (V;) > dim (Y:), we can set Wi, = W, Vi, i.e., {Wa,} is a zero-dimensional
sequence. Conversely, if dim (W) +dim (V;) = dim (Y;) , we set Wy, = W, for Vt, i.e., {Wy .}
is a zero-dimensional sequence. We see our partition of the shocks as an important advantage
of our approach.

Our partition, however, raises a question: Do the identities of {W;,} and {W5;} matter
for the results presented in this section? The short answer is no. If, for example, dim (W;) = 2
and dim (W, ;) = dim (Ws,) = 1, we can exchange the identities of {W;,} and {W5,} without
affecting the theoretical results. Of course, the identities of {W; .} and {Ws,} will affect the
results for any finite number of particles, but as the number of particles grows, this problem
vanishes. Luckily, as is the case with our application below, often there is a natural choice of
{Ws.} and, therefore, of {W;;}. Our partition of {IV,} into two nontrivial sequences {W; ;}
and {Ws,} will allow us to estimate a model with four observables.

As notation for the rest of the paper, let W} = {V[/i,m}fnﬂ and let w! be a realization of
the random variable W} for i = 1,2 and for V¢. Let V* = {V,,,}' _, and let v' be a realization
of the random variable V* for Vt. Let S* = {S,,}. _, and let s’ be a realization of the random
variable S for Vt. Let V! = {ym}fn:l and let V! be a realization of the random variable
Yt = {Y,,}! _, for Vt. Finally, we define W? = {0} and J° = {0}.

Our goal is to evaluate the likelihood function of a sequence of realizations of the observable

VT at a particular parameter value ~:

L(V%7) =p(V"9). (3)

7



In general the likelihood function (3) cannot be computed analytically. The particle filter

relies on simulation methods to estimate it. Our first step is to factor the likelihood as:

T T
(V") =]p MYV H7) = H//p (VAWT, So, Y715 9) p (WH, SolV* s ) dWidSo,
t=1 t=1
(4)
where Sy is the initial state of the model, the p’s represent the relevant densities. In the case

that {1;} has zero dimensions

//p(ytIWf,So,yt1;7)p(Wf,So|yt1;7) dWyidSy = /p(ytlSo,y”;'y)p(Solyt1;7) dSp.

To save on notation, we assume herein that all the relevant Radon-Nykodim derivatives exist.
Extending the exposition to the more general case is straightforward but cumbersome.

Expression (4) shows that the problem of evaluating the likelihood (3) amounts to solving
an integral, with conditional densities p (V:|W7, S, V™15 v) and p (Wi, Sp|Y'™1;~) that are
difficult to characterize. When the state space representation is linear and normal, the integral
simplifies notably because all the relevant densities are conditionally normal. Then, tracking
the mean and variance-covariance matrix of the densities is enough to compute the likelihood.
The Kalman filter accomplishes this objective through the Riccati equations. However, when
the state representation is nonlinear and/or non-normal, the conditional densities are not any
longer normal, and we require a more powerful tool than the Kalman filter.

Before continuing, we present two additional assumptions.
Assumption 2. For all v, so, w}, and t, the following system of equations:

S = f (50; (wl,la W2,1) ;7)
Vi = 9 (Sms Vi) form=1,2,...t
Sm = [ (Sm—1, (W1,m; Wam) ;7) form=2,3,..t

has a unique solution (v* (wt, so, V';7), s' (wh, so, V'), wh (wh, s, V7)), and we can eval-

uate the probabilities p (v* (wt, so, V*;7v) ;) and p (wh (wt, s, V5579) ;7).

Assumption 2 implies that we can evaluate the conditional densities p (V;|w?, sg, V715 7)
for all v, s, wi, and ¢ in a very simple way. To simplify the notation, we write (v', s*, w}),
instead of the more cumbersome (v (w?, so, V';7), s (wh, so, V7)), wh (wh, so, V';7)). Then,

we have:

p (yt|wiv s0, V'Y ’Y) = p (U, w3 Y) [dy (ve, wa; 7)) (5)
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for all 7, so, wi, and t, where |dy (v;, way;7)| is the absolute value of the determinant of the
jacobian of Y, with respect to V; and W5, evaluated at v, and wy;. Assumption 2 requires
only the ability to evaluate the density; it does not require having a closed form for it. Thus,
we may employ numerical or simulation methods for the evaluation if this is convenient.

An implication of (5) is that, to compute p (;|wt, so, V™1; ), we only need to solve a
system of equations and evaluate the probability of observing the solution to the system,
D (v, wa;7y) , times the absolute value of the determinant of the jacobian evaluated at the so-
lution, |dy (vg, we;y)|. The evaluation of p (vi, way;y) is generally very simple. How difficult
is to evaluate the jacobian? Often, this is also a simple task because the jacobian depends on
the derivatives of f and g, which can evaluate, at least, numerically for any given . For ex-
ample, if, given 7, we employ a second order perturbation method to solve the model and get
f and g, the jacobian is a constant matrix that comes directly from the solution procedure.

Finally, we assume that the model assigns positive probability to the data, y*. This is

formally reflected in the following assumption:

Assumption 3. For all v € T, so, w!, and t, the model gives some positive probability to
the data )7, i.e.,

p (yt’wLSO?yt_l;fY) > Oa

for ally € T, sg, wi, and t.

, T
If assumptions 1 to 3 hold, conditional on having N draws {{w“ S5 ]\11} from the
==l

sequence of densities {p (W}, Sp|V'™; fy)}t:1 (note that the hats and the superindex ¢ on the

variables denote a draw), the likelihood function (4) is approximated by:

1
yT; x~ -~ Vi|wy 75 7yt 1 6
p0) = [[ 7 Sop Ut 5.4 (©
because of the law of large numbers. Hence, the problem of evaluating the likelihood of a
dynamic model is equivalent to the problem of drawing from {p (W}, So|l*™;7)},_,. This is

a challenging problem because this conditional density is a complicated function of Y.

2.3. Assumptions and Stochastic Singularity

Before continuing, we present some further discussion of our assumptions and relate them
to stochastic singularity. Assumption 1 is a necessary condition for the model not to be
stochastically singular. If assumption 1 does not hold, i.e., dim (W;) + dim (V;) < dim (Y,),

the model cannot assign positive probability to the data because for an arbitrary S;_; it is not
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possible to find a combination of W; and V; such that the model can explain );. This paper
does not contribute to the literature on how to solve the problem of stochastic singularity of
dynamic macroeconomic models. Therefore, we do not impose any restrictions on how the
researcher adjusts the number of shocks and observables to satisfy this assumption. When
we complement assumption 1 with assumption 3, we get a sufficient condition for the model
not to be stochastically singular.

The need to combine assumptions 1 and 3 also motivates our notation in terms of the
history of innovations W{. This notation is slightly more complicated than the standard

notation in terms of states, S;:

T

T
p(V57) =]p (Y H9) = H/p(yt\st,y“;v)p (SelY* =) dS.. (7)
t=1 t=1
We chose our notation because, as explained above, we want to deal with the common case in
macroeconomics where dim (V;) < dim (Y;). This case is difficult to handle with the standard
notation. If dim (V;) < dim (Y;), then p (J%|S;, Y'™1;~) = 0 almost surely (and hence (7) is
also zero) because there is no V; that is able to generate ), for an arbitrary S;. In comparison,
with the appropriate partition of the shocks, we can evaluate the likelihood given by (4).
Finally, note that assumption 2 is a technical assumption to compute p (V;|wi, sg, V71;7)
using the simple formula described in (5). If assumption 2 does not hold, but assumptions 1
and 3 do, the model is not stochastically singular and the particle filter can be applied. In
that case, we will need to generalize formula (5) to consider cases where the solution to the

system of equations is not unique.

2.4. A Particle Filter

The goal of the particle filter is to draw efficiently from {p (W{, So|V!™; 7)}th1 to estimate

the likelihood function of the model as given by (6).
Before introducing the particle filter, we fix some additional notation. Let {wifl’i, sffl’i }fil
. NN
be a sequence of N iid. draws from p (Wi, So|V'™;7). Let {wi't_l’z, sé‘t_l’z} be a se-
) . i=1
quence of N ii.d. draws from p (W7, So|Y'~;v). We call each draw (w’, sg') a particle and
the sequence {wi’i, sf)’i}jil a swarm of particles. Also, let h (S;) be any measurable function

for which the expectation
Ep(Wf,s()lytw) (h (Wf>50)) - /h(Wlt750)p(W1t750‘th) dW1dS,
exists and is finite.
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The following proposition, a simple and well-known application of importance sampling
(e.g., Geweke, 1989, Theorem 1), is key for further results.

‘ NN
Proposition 4. Let {wi't_l’z, sg‘t_l’z} be a draw from p (W}, So|V*"';~) and the weights:
i=1

1,2 1, _
(yt|wt‘t Lsot T 1;7)
Zz 1p<y |wt\t 117 6|t—1,z"yt_1w)

i

q; =

Then:

tl—1,i  tft—1,
Ep(Wf,Solytw)( (W7, 50)) th < » %0 )

Proof. By Bayes’ theorem:
p (Wlta Sol V' ’Y) xXp (Wlta So|yt713 ’Y) p (yt|W1t; So, V' ’Y)

Therefore, if we take p (W}, Sp|J*1; ) as an importance sampling function to draw from the
density p (W7, So|V*; ), the result is a direct consequence of the law of large numbers. m

Rubin (1988) proposed to combine proposition 4 and p (W7, Sy|V'1;v) to draw from
p (W7, So| V%) in the following way:

, N
Corollary 5. Let {wi't_l’z, sé't_l’z} be a draw from p (W}, So|V'"1;v). Let the sequence
i=1

. 14 N -, .7
{ﬁ)’i,%}il be a draw with replacement from {wi't b tlt b } where q; is the probability
i=1

of (wi'til’i, sé'til’i) being drawn Vi. Then {wi, 5}, is a draw from p (W}, So| ;7).

Corollary 5 shows how a draw {wi'til’i, sé'tl’i}il from p (W¥, So|V*1;v) can be used to
get a draw {wiz, g } from p (W¥, So|V*; 7). How do we get the swarm {wi't_l’i, sgt_l’i}jv 1?
By taking a swarm {wt b st Z} ._, from p (Wi, 5oV ) and augmenting it with draws
from p (Wiy;y) since p (WY, So| V'™ 5 9) = p (Wi y) p (Wi, SolY 1 7). Note that wil™ s
a growing object with ¢ (it has the additional component of the draw from p (W;+; 7)), while
sgltfl’i is not. Corollary 5 is crucial for the implementation of the particle filter. We discussed
before how, when the model is nonlinear and/or non-normal, the particle filter keeps track
of a set of draws from p (W{,Sy|V*"!;~) that are updated as new information is available.
Corollary 5 shows how importance resampling solves the problem of updating the draws in
such a way that we keep the right conditioning. This recursive structure is summarized in

the following pseudo-code for the particle filter:
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Step 0, Initialization: Set ¢~ 1. Initialize p (W[ ', So|V'™;v) = p(So;7).

‘ NN
tlt—1, _tlt—1, s
| Z,sol ’ from the conditional

Step 1, Prediction: Sample N values {wl
i=1

density p (Wi, So|V" ) =p (Wi y)p (Wi, Sol V7).

tlt—1,0  t|t—1,8
) S()

Step 2, Filtering: Assign to each draw (wl the weight ¢/ defined

in proposition 4.

N
Step 3, Sampling: Sample N times from {wi‘t i é‘t “} with replacement and
i=1

probabilities {qz}zjil Call each draw (wi ,50’). If t<T set t~t+1 and go
to step 1. Otherwise stop.

T

N
With the output of the algorithm, {{wit L t'”“} } , we compute the likelihood
=1) 1=
function as:

p(V7;7) ~ (H Zp(yt!wt‘t e Et_l’i,yt‘l;v)) (8)

Since the particle filter does not require any assumption on the distribution of the shocks
except the ability to evaluate p (V;|W7, Sy, V=1 ~), either analytically or numerically, the
algorithm works effortlessly with non-normal innovations. Del Moral and Jacod (2002) and
Kiinsch (2005) provide weak conditions under which the right-hand side of (8) is a consistent
estimator of p (yT; 7) and a central limit theorem applies. However, the conditions required
to apply those results may not hold in practice and they need to be checked (see, for further
details, Koopman and Shepard, 2003).

The intuition of the algorithm is as follows. Given a swarm of particles up to period

-1, {wt b b l’i}il, distributed according to p (Wf_l, Sol Vit 7) , the Prediction Step
generates draws {wi'til’i, sé'tl’i}]'v from p (W7, Sp|V*"1; 7). In the case where dim (W7 ;) =
0, the algorithm skips this step. lfﬁhe Sampling Step takes advantage of corollary 5 and

NN )
resamples from 4 w17 t‘tfl’l with the weights {¢i1Y . to draw a new swarm of particles
p wq g Qi yi=1 p
i=1

up to period t, {wl , 30 }izldistributed according to p (W¥, So|V*%; 7). A resampling procedure
that minimizes the numerical variance (and the one we implement in our application) is
known as systematic resampling (Kitagawa, 1996). This procedure matches the weights of
each proposed particle with the number of times each particle is accepted. Finally, applying
again the Prediction Step, we generate draws {wiﬂﬁ l, sffl't’i}{v from p (I/Vt+1 So| VY 'y) and
close the algorithm. =

The Sampling Step is the heart of the algorithm. If we avoid this step and just weight

NN '
each draw in {wi't L t|t71’2} by {N qz}i]il , we have the so-called sequential importance
i=1

12



sampling (SIS). The problem with SIS is that ¢! — 0 for all 4 but one particular ¢’ as t — oo if
dim (Wi 4) > 0 (Arulampalam et al., 2002, pp. 178-179). The reason is that all the sequences
become arbitrarily far away from the true sequence of states, which is a zero measure set.
The sequence that happens to be closer dominates all the remaining ones in weight. In
practice, after a few steps, the distribution of importance weights becomes heavily skewed,
and after a moderate number of steps, only one sequence has a nonzero weight. Since samples
in macroeconomics are relatively long (200 observations or so), the degeneracy of SIS is a
serious problem. However, our filter still may have the problem that a very small number
of distinct sequences remain. This phenomenon, known as “sample depletion problem”, has
been documented in the literature. In section 4, we describe how to test for this problem.
Several points deserve further discussion. First, we can exploit the last value of the particle

3N
swarm {wip’l, sg”} for forecasting, i.e., to make probability statements about future values
i=1

of the observables. To do so, we draw from {wip’i, SOTZ}N and by simulating p (W1 r41;7),
p Wari1;7), and p (Vry1;y), we build p (Yo |V757) .Zisecond, we draw from p(Sp;~y) in
the Initialization Step using the transition and measurement equations (1) and (2). See
Santos and Peralta-Alva (2005) for details. Finally, we emphasize that we are presenting
here only a basic particle filter and that the literature has presented several refinements to
improve efficiency, taking advantage of some of the particular characteristics of the estimation
at hand. See, for example, the auxiliary particle filter of Pitt and Shephard (1999).

2.5. Estimation Algorithms

We now explain how to employ the approximated likelihood function (8) to perform likelihood-
based estimations from both a classical and a Bayesian perspective. On the classical side, the
main inference tool is the likelihood function and its global maximum. Once the likelihood

is approximated by (8), we can maximize it as follows:

Step 0, Initialization: Set ¢ ~» 0 and an initial ;. Set ¢~»i+1

Step 1, Solving the Model: Solve the model for 7, and compute f(-,-;7,;) and
g(57%)-

Step 2, Evaluating the Likelihood: Evaluate L (Y7;7;) using (8) and get 7,,,
from a maximization routine.

Step 3, Stopping Rule: If HL(J)T;%) —L(yT;%H)H > &, where £ > 0 is the

accuracy level goal, set ¢~ ¢+ 1 and go to step 1. Otherwise stop.
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The output of the algorithm, 7, , is the maximum likelihood point estimate (MLE), with

N —1
82L<yT;’YMLE) S . 1
—ay . Since, in general,

asymptotic variance-covariance matrix var(¥,.g) = —
we cannot directly evaluate this second derivative, we will approximate it with standard
numerical procedures. The value of the likelihood function at its maximum is also an input
when we build likelihood ratios for model comparison.

However, for the MLE to be an unbiased estimator of the parameter values, the likeli-
hood L (J/T; 'y) has to be differentiable with respect to 7. Furthermore, for the asymptotic

82L<yTﬁ’MLE) - T
W s L(y ,’}/) has to be

twice differentiable with respect to «v. Remember that the likelihood can be written as:

variance-covariance matrix var(¥,,.z) to equal —

T

T
L") =]]r @Y 59) = / (/Hp(Wl,t;V)p(th!Wf,So,yt‘lw) de) " (dSo; ),
t=1

t=1

where p* (S;7) is the invariant distribution on S of the dynamic model. Thus, to prove that
L (yT; ’y) is twice differentiable with respect to «y, we need p (W14 7), p (V| W1, So, V715 7),
and p* (S;7) to be twice differentiable with respect to .

Under standard regularity conditions, we can prove that both p ();|W¥, Sp, Y'™1;7) and
p (Wi y) are twice differentiable (Ferndndez-Villaverde, Rubio-Ramirez, and Santos, 2006).
The differentiability of p* (dSy;~y) is a more complicated issue. Except for special cases
(Stokey, Lucas, and Prescott, 1989, Theorem 12.13, and Stenflo, 2001), we cannot even show
that p* (dSp;7y) is continuous. Hence, a proof that p* (dSy;v) is twice differentiable is a
daunting task well beyond the scope of this paper.

The possible lack of twice differentiability of L (yT;’y) creates two problems. First, it

32L(3)T§§MLE) -

may be that the MLE is biased and var(V,,.5) # — 75y

. Second, Newton’s

type algorithm may fail to maximize the likelihood function. In our application, we report

~1
o2L(YTH . . . . .
— (W) as the asymptotic variance-covariance matrix, hoping that the correct
Y0y

asymptotic variance-covariance matrix is not very different. We avoid the second problem
by using a simulated annealing algorithm to maximize the likelihood function. However,
simulated annealing often delivers estimates with a relatively high numerical variance. We
encounter some of these problems in our investigation.

Even if we were able to prove that u* (dSp;~) is twice differentiable and, therefore, the
MLE is consistent with the usual variance-covariance matrix, the direct application of the
particle filter will not deliver an estimator of the likelihood function that is continuous with

respect to the parameters. This is caused by the resampling steps within the particle filter
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and seems difficult to avoid. Pitt (2002) has developed a promising bootstrap procedure
to get an approximating likelihood that is continuous under rather general conditions when
the parameter space is unidimensional. Therefore, the next step should be to expand Pitt’s
(2002) bootstrap method to the multidimensional case.

For the maximum likelihood algorithm to converge, we need to keep the simulated inno-
vations W;; and the uniform numbers that enter into the resampling decisions constant as
we modified the parameter values 7,. As pointed out by McFadden (1989) and Pakes and
Pollard (1989), this is required to achieve stochastic equicontinuity. With this property, the
pointwise convergence of the likelihood (8) to the exact likelihood is strengthened to uniform
convergence. Then, we can swap the argmax and the lim operators (i.e., as the number of
simulated particles converges to infinity, the MLE also converges). Otherwise, we would suffer
numerical instabilities induced by the “chatter” of changing random numbers.

In a Bayesian approach, the main inference tool is the posterior distribution of the para-
meters given the data 7 (fyD)T). Once the posterior distribution is obtained, we can define
a loss function to derive a point estimate. Bayes’ theorem tells us that the posterior density
is proportional to the likelihood times the prior. Therefore, we need both to specify priors
on the parameters, 7 (), and to evaluate the likelihood function. The next step in Bayesian
inference is to find the parameters’ posterior. In general, the posterior does not have a closed
form. Thus, we use a Metropolis-Hastings algorithm to draw a chain {%‘}ZM1 from 7 (7| V7).
The empirical distribution of those draws {%} _, converges to the true posterior distribution

('yDJT). Thus, any moments of interest of the posterior can be computed, as well as the

marginal likelihood of the model. The algorithm is as follows:

Step 0, Initialization: Set ¢ ~» 0 and an initial 7;. Solve the model for 7,
and compute f(-,-;7y;) and g(-,+;7;). Evaluate m(7,;) and approximate L (Y”;~;) with
(8). Set i~i+1.

Step 1, Proposal draw: Get a draw 7; from a proposal density ¢ (’yi_l,’y;*) .

Step 2, Solving the Model: Solve the model for v} and compute f(-,-;7;) and

g(,575).

Step 3, Evaluating the proposal: Evaluate w(v;) and L (J7;7;) using (8).
— LY oi)m(rt)a(vizan)
Step 4, Accept/Reject: Draw y, ~ U (0,1). If y, < D T set

v; =i, otherwise v, =7, ;. If i <M, set i~ i+]1 and go to step 1. Otherwise
stop.

This algorithm requires us to specify a proposal density ¢ (+,-). The most commonly used
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proposal density in macroeconomics is the random walk, vi = v, + ki, ki ~ N (0,%,),
where ¥, is a scaling matrix (An and Schorfheide, 2006). This matrix is chosen to get the
appropriate acceptance ratio of proposals (Roberts, Gelman and Gilks, 1997). The random
walk proposal is straightforward to implement and the experience accumulated by researchers
suggests that it usually works quite efficiently for macroeconomic applications.

Chib and Greenberg (1995) describe many other alternatives for the proposal density, like
an independent chain or a pseudo-dominating density. A popular class of proposal densi-
ties, those that exploit some property (or approximated property) of the likelihood function,
are difficult to implement in macroeconomics, since we know little about the shape of the
likelihood.

2.6. Smoothing

Often, beyond filtering, we are also interested in p (STD/TW), i.e., the density of states
conditional on the whole set of observations. Among other things, these smoothed estimates
are convenient for assessing the fit of the model and running counterfactuals.

First, we analyze how to assess the fit of the model. Given ~, the sequence of observables
implied by the model is a random variable that depends on the history of states and the
history of the perturbations that affect the observables but not the states, Y’ (ST, VT, 7).
Define, for any ~y, the mean of the observables implied by the model and the data, J7:

Y (V) :/YT (5% V5) p (ST1YT; ) dST. ©)

If VT are measurement errors, comparing Y (VT =0; ’y) versus Y7 is a good measure of the
fit of the model.

Second, we study how to run a counterfactual. Given a value for ~, what would have
been the expected value of the observables if a particular state had been fixed at value from

a given moment in time? We answer that question by computing:
Vsir_s,, (V757) = / YT (ST, SET = Sia, Vi) p (ST[VT5 ) dST, (10)

where S_i; = (S, .-+ s Sk—1,6s Skt - - - » Saim(sy)e) and STF = {S,km}izt. If VT are mea-
surement errors, Y%T: St (VT = 0; 7) is the expected value for the whole history of observ-
ables when the state k is fixed to its value at ¢ from that moment onward. A counterfactual
exercise compares e (VT = 0; ’y) and Yﬁi@: Sis (VT = 0; ’y) for different values of k and t.

The two examples share a common theme. To compute integrals like (9) or (10), we need
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to draw from p (ST|Y7T;7). To see this, let {s%}Y | be a draw from p (ST|YT;~). Then (9)
and (10) are approximated by:

=T 1 N
Y (VT = ,’)/ N Z_:
and B

Y;:T:Skvt (V' = ZYT tfk, = 540, 0:7) -

Particle filtering allows us to draw from p (.S T|yT, 7) using the simulated filtered distribution
(see Godsill, Doucet, and West, 2004). In the interest of space, we omit here the details, but

the interested reader can find them in the technical appendix of the paper.

3. An Application: A Business Cycle Model

In this section, we apply particle filtering to estimate a business cycle model with investment-
specific technological change, preference shocks, and stochastic volatility. Several reasons
justify our choice. First, the business cycle model is a canonical example of a dynamic
macroeconomic model. Hence, our choice demonstrates how to apply the procedure to many
popular economies. Second, the model is relatively simple, a fact that facilitates the illustra-
tion of the different parts of our procedure. Third, the presence of stochastic volatility helps
us to contribute to one important current discussion: the study of changes in the volatility
of aggregate time series.

Recently, Kim and Nelson (1999) have used a Markov-switching model to document a
decline in the variance of shocks to output growth and a narrowing gap between growth
rates during booms and recessions. They find that the posterior mode of the break is the
first quarter of 1984. A similar result appears in McConnell and Pérez-Quirés (2000). This
evidence begets the question of what has caused the change in volatility.

One possible explanation is that the shocks hitting the economy were very different in
the 1990s than in the 1970s (Sims and Zha, 2006). This explanation has faced the problem
of how to document that, in fact, the structural shocks are now less volatile than in the
past. The main obstacle has been the difficulty in evaluating the likelihood of a dynamic
equilibrium model with changing volatility. Thus, the literature has estimated structural
vector autoregressions (SVARs). Despite their flexibility, SVARs may uncover evidence that
is difficult to interpret from the perspective of the theory.

The particle filter is perfectly suited for analyzing dynamic equilibrium models with sto-

chastic volatility. In comparison, the Kalman filter and linearization are useless. First, the
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presence of stochastic volatility induces fat tails on the distribution of observed variables. Fat
tails preclude, by themselves, the application of the Kalman filter. Second, the law of motion
for the states of the economy is inherently nonlinear. A linearization will drop the volatility
terms, and hence, it will prevent the study of time-varying volatility.

We search for evidence of stochastic volatility on technology and on preference shocks.
Loosely speaking, the preference shocks can be interpreted as proxying for demand shocks,
such as changes to monetary and fiscal policy, that we do not model explicitly. The technol-
ogy shocks can be interpreted as supply shocks. However, we are cautious regarding these
interpretations, and we appreciate the need for more detailed business cycle models with
time-varying volatility.

Our application should be assessed as an example of the type of exercises that can be un-
dertaken with the particle filter. In related work (Ferndndez-Villaverde and Rubio-Ramirez,
2005), we estimate the neoclassical growth model with the particle filter and the Kalman
filter on a linearized version of the model. We document surprisingly big differences on the
parameter estimates, on the level of the likelihood, and on the moments implied by the model.
Also, after the first version of this paper was circulated, several authors have estimated dy-
namic macroeconomic models with particle filtering. Amisano and Tristani (2005) and An
(2006) investigate New Keynesian models. Particle filtering allows them to identify more
structural parameters, to fit the data better, and to obtain more accurate estimates of the
welfare effects of monetary policies. King (2006) estimates the neoclassical growth model
with time-varying parameters. Winschel (2005) applies the Smolyak operator to accelerate
the numerical performance of the algorithm.

We divide the rest of this section into three parts. First, we present our model. Second,
we describe how we solve the model numerically. Third, we explain how to evaluate the

likelihood function.

3.1. The Model

We work with a business cycle model with investment-specific technological change, preference
shocks, and stochastic volatility. Greenwood, Herkowitz, and Krusell (1997 and 2000) have
vigorously defended the importance of technological change specific to new investment goods
for understanding postwar U.S. growth and aggregate fluctuations. We follow their lead and
estimate a version of their model inspired by Fisher (2006).

There is a representative household with utility function

Bo S A {e*log (C1) + dlog (1 - L)}

t=0
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where C is consumption, 1 — L; is leisure, 3 € (0,1) is the discount factor, d; is a preference

shock, with law of motion
dy = pde—1 + oaeqr, €ar ~ N (0,1),

1 controls labor supply, and Ey is the conditional expectation operator. We explain below
the law of motion for og.

The economy produces one final good with a Cobb-Douglas production function given by
Ci+X; = AtKﬁL%’a. The law of motion for capital is K11 = (1 — §) K;+V;X;. Technologies

evolve as a random walk with drifts:
log Ay =C +1log Ay 1 + 0ut€ar, v >0 and g4 ~ N (0,1) (11)

logV; =60 +1log Vi | + 0uews, 0 >0 and e, ~ N (0,1) (12)

Note that we have two unit roots, one in each of the two technological processes.
The process for the volatility of the shocks is given by (Shepard, 2005):

logo, = (1 —MX)1ogT, + Aglogoas 1 + Tany, and 1, ~ N (0,1) (13)
logo,: = (1—X,)logT, + A\, logoy 1+ Tom,, and 1, ~ N (0,1) (14)
logog = (1—Xg)logay+ Aglogog 1+ Tang and 1y ~ N (0,1) (15)

Thus, the matrix of unconditional variances-covariances {2 of the shocks is a diagonal matrix
with entries {G2,52,53, T2, T2, T2}

Our model is then indexed by a vector of structural parameters:
Y= (CY, 67 P, /67 ¢7 97 Ca Tar Tv, Td76a76v75d7 )‘aa )‘va )‘d7 O1e; 02¢, 036) €T C ng

where o1, 09, and o3, are the standard deviation of three measurement errors to be intro-
duced below.

A competitive equilibrium can be defined in a standard way as a sequence of allocations
and prices such that both the representative household and the firm maximize and markets
clear. Since the model has two unit roots in the technological processes, we rescale the

i v Y% o _C oy, Xt A A Y- N g _Z o K
Va“ableSbth_ZuCt_ZuXt—Zt’At_At,l’V;_V;,l’Zt_Zt,lﬂanth_ZtVt,l

[e]3

1
where Z; = A~y V1"
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Then, the first order conditions for the transformed problem include the Euler equation:

Z,
: . 8

—= = =
A KPL (1 — Ly) A1 K Lty (1= Lyya)

~ =i 1r1l-o 1-6
(aAt-HKgrllLtlH + (~ )> ) (16)
Vi

the law of motion for capital:

- . K~
Zt+1Kt+l — (1 — 6) Tt + Xt7 (17)

t
and the resource constraint:

11—«

gtkgL;aepdt71+odt6dt (]_ - Lt) + )’Zt = Ztkfé_[z%_a. (18)

These equations imply a deterministic steady state around which we will approximate the
solution of our model. Let L, )Z'ss, and I?ss be the steady state values for hours worked,

rescaled investment, and rescaled capital.

3.2. Solving the Model

To solve the model, we find the policy functions for hours worked, L;, rescaled investment,
X, and rescaled capital K,,1, such that the system formed by (16)-(18) holds. This system
of equilibrium equations does not have a known analytical solution, and we solve it with
a numerical method. We select a second order perturbation to do so. Aruoba, Ferndndez-
Villaverde, and Rubio-Ramirez (2006) document that perturbation methods deliver a highly
accurate and fast solution in a model similar to the one considered here. However, nothing
in the particle filter stops us from opting for any other nonlinear solution method such as
projection methods or value function iteration. The appropriate choice of solution method
should be dictated by the details of the particular model to be estimated.

As a first step, we parameterize the matrix of variances-covariances of the shocks as
Q(x) = xQ, where Q(1) = Q . Then, we take a perturbation solution around y = 0, i.e.,

around the deterministic steady state implied by the equilibrium conditions of the model.

varg

For any variable vary, let var, = log 22
Ss

. Then, the states of the model are given by:

o~ !
S¢ = (Ktagatagvtagdbdtlaaat — 04, 0ut — Oy, 04t —5d>

The differences in volatilities of the shocks with respect to their mean are state variables of

the model and households keep track of them when making optimal decisions. Thus, a second
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order approximation to the policy function for capital is given by:
o~ o1,
K1 =Vas + §St‘1’k25t + Wis (19)

Where W, is a 1x8 vector and ¥y, is a 8x8 matrix. The term W;;s; constitutes the linear
solution of the model, while W3 is a constant added by the second order approximation that
corrects for precautionary behavior.

Similarly, we can find the policy functions for rescaled investment and labor:

= - 1 -
Xy = VUus+ 551‘1%251% + W

~

~ 1 -
Ly = Yps+ E?t\l/mst + U3

Plugging those policy functions into the definition of rescaled output Y, = ZJNQO‘L%_O‘, we can

get a second order approximation:
o~ o1,
Yt = \ijlst + §8t\11y28t + \ijg “+ Ogt€at (20)

3.3. The Transition Equation

We combine the laws of motion for the volatility (13)-(15) and the policy function of capital
(19) to build:
Sy = f(Si-1, Wi;7)

where S; = (5;,5;,-1) and Wy = (Eat, €vts Edts Tag> Mot Maz) - We keep track of the past states,
Sy_1, because some of the observables in the measurement equation below will appear in first
differences. If we denote by f; (S;_1, W;) the i — th dimension of f, we have

fi(Se—1, W) = Vs + %3;_1‘1’1@251 + W3

f2 (Si-1, Wt;’Y) = Eat

f3(Si-1, Wiy) = eu

Ja(Si-1, W) = e

fs (Se=1, Wisy) = pdi—2 + 01841

fo (Se-1, Wisy) = exp((1—Aa)logT, + A log 0ar—1 + Tally) — Ta

fr(Si—1, Wisy) = exp((1— Ay)log @y + Ay log i1 + Toly) — T

fs (Si—1, Wisy) = exp((1 — Ag)logTy + Aglogog—1+ Tang) — Ta
for16 (Se-1, Wisy) = 811
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3.4. The Measurement Equation

We assume that we observe ), = (Alogps, Alogy,, Alogx,,logly), i.e., the change in the
relative price of investment, the observed real output per capita growth, the observed real
gross investment per capita growth, and observed hours worked per capita. We make this
assumption out of pure convenience. On the one hand, we want to capture some of the main
empirical predictions of the model. On the other hand, and for illustration purposes, we want
to keep the dimensionality of the problem low. However, the empirical analysis could be
performed with different combinations of data. Thus, our choice should be understood as an
example of how to estimate the likelihood function associated with a vector of observations.

In equilibrium the change in that relative price of investment equals the negative log
difference of V;:

—AlogV, = —0 — 010

This allows us to read o€, directly from the data conditional on an estimate of 6.

To build the measurement equation for real output per capita growth, we remember that:

that implies that:

~ 1
AlogY; = AlogY; + 1= (Alog A;—1 + aAlog V1)

~ 1
= AlogV, + 1= (C+ Qb + 0ot 18at-1 + QO v 1E0pi-1) -

Using (20), we have that:

~ 1 - . 1 ~
AlogV; = ‘I’ylst + §§;\ij251€ - ‘I’ylSt—l - 531_1‘1’;,2515—1

1
+0Eat + 1o (C+ab +aoy 1601 + QO w_1E0-1) -

(4ab
l-a

This equation shows that, on average, the growth rate of the economy will be equal to

Similarly, for real gross investment per capita growth, we can find:

- - 1 1 "
Alog X; = \IjxlSt_qjxlstfl‘i‘ggglpaﬂst_5:9:_1\1190231&71"‘ (C+al+ 0at18at-1 + QOp_1E0-1) -

1
l—a
Finally, we introduce measurement errors in real output per capita growth, real gross

investment per capita growth, and hours worked per capita as the easiest way to avoid
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stochastic singularity (see our assumptions 1 to 3). Nothing in our procedure depends on the
presence of measurement errors. We could, for example, write a version of the model where
in addition to shocks to technology and preferences, we would have shocks to depreciation
and to the discount factor. This alternative might be more empirically relevant, but it would
make the solution of the model much more involved. Since our goal here is to illustrate how
to apply our particle filtering to estimate the likelihood of the model in a simple example, we
prefer to specify measurement errors.

We will have three different measurement errors: one in real output per capita growth,
€14, one in real gross investment per capita growth, €5;, and one in hours worked per capita,
e3;. We do not have a measurement error in relative price of investment because it will not
be possible to separately identify it from o,;€,;. The three shocks are an i.i.d. process with
distribution A\ (0, I3x3). In our notation of section 2, V; = (ey, €as, €3:)’. The measurement
errors imply a difference between the value for the variables implied by the model and the

observables:

Alogp;, = —AlogV,

Alogy; = AlogY; + oicerr

Alogz, = Alog X; + o€
logl;, = logL;+ o3c€3

Putting the different pieces together, we have the measurement equation:

Alog p, —0
+af
Alog vy, _ == n
y+ab
A 10g Tt T—a
log [, log Lss + V3
—Oyi€ut 0
= 17 > > 17 = a
\Ilylst + §Stqjy28t - \ijlstfl - §8t_1\]?y23t71 + Oqat€at + T—a (Uatflgatfl + thflgvtfl) + O1e€1t
~ ~ 1oy = 13 ~ 1
W18t — Varsi-1 + 55 WaoS: — 5851 1 Va2si—1 + 7= (Tar—18at—1 + QO w—1601-1) 03e€2t
U8 + 58PSy 03¢€3t

23



3.5. The Likelihood Function

Given that we have six structural shocks in the model and dim (V;) < dim (Y;), we partition
W between Wi, = (€at, Edts Mags Nats nvt)' and Wy, = €,. This partition shows that we can
learn much about Ws; directly from the data on the relative price of investment. Then, in

the notation of section 2, the prediction errors are:

Alogp, + 6
vt

Alo — AlogY,
Vg = 'Ul,t(Wlta‘S’ant;fY): Skl s t?

O1e
Alogx; — Alog X,

O 2¢

Vot = U2,t(W1ta507yt§7):

and logl; — log L
o — 10
U3,t = v3,t<W1t7 SOJ yt7f}/) = M

03¢

Let & = (w2, v;). Then, we can write:

p (yt|W1t7 S0, yt_1§ ’7) =p (&) dy (&,)]

where

p(€) = (2m) Fexp (—%)

and the jacobian of Y, with respect to V; and Wy, evaluated at v, and ws, is:

—Out 0 0 0
A log Yy
dy(e) = | dogen e 00
UMY’ O0A log X4 0 o 0
dlog eyt 2e
Odlog Lt
| Blogewt 0 0 o3 J

that implies that |dy (&,)] = 0x01:02:03¢.
We rewrite (4) as:

L") = E ] [ [ o) du€)lp (W Sy i) awias.
t=1

‘ NN
This last expression is simple to handle. Given particles {{wi't_l’z, sf)'t‘“} } , we
=1 4=

, T
build the prediction errors {{fi}j\il} implied by them. Therefore, the likelihood function
=) =1
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is approximated by:
T N

L(V"7) = @m) 2 T p (&) [dy (£)]- (21)

t=1 i=1

Equation (21) is nearly identical to the likelihood function implied by the Kalman filter
(see equation 3.4.5 in Harvey, 1989) when applied to a linear model. The difference is that
in the Kalman filter, the prediction errors £, come directly from the output of the Riccati

equation, while in our filter they come from the output of the simulation.

3.6. Findings

We estimate the model using the relative price of investment with respect to the price of
consumption, real output per capita growth, real gross investment per capita growth, and
hours worked per capita in the U.S. from 1955:QQ1 to 2000:Q4. Our sample length is limited by
the availability of data on the relative price of investment. The technical appendix describes
in further detail the construction of the different time series for our four observables. Here
we only emphasize that, to make the observed series compatible with the model, we compute
both real output and real gross investment in consumption units. For the relative price
of investment, we use the ratio of an investment deflator and a deflator for consumption.
The consumption deflator is constructed from the deflators of nondurable goods and services
reported in the NIPA. Since the NIPA investment deflators are poorly measured, we use the
investment deflator constructed by Fisher (2006).

We perform our estimation exercises from a classical perspective and from a Bayesian
one. For the classical perspective, we maximize the likelihood of the model with respect to
the parameters. For the Bayesian approach, we specify prior distributions over the parame-
ters, evaluate the likelihood using the particle filter, and draw from the posterior using a
Metropolis-Hastings algorithm. The results from both approaches are very similar. In the

interest of space, we report only our classical findings.

3.6.1. Point Estimates

Before the estimation, we constrain some parameter values. First, we force the value of 3
to be less than one (so the utility of the consumer is well-defined). Second, the parameters
{TasTv, Td, Ta, 00, 0q} determining standard deviations must be positive. Third, the autore-
gressive coefficients {p, Ay, A\, Ag} Will be between 0 and 1 to maintain stationarity. Fourth,
we fix the depreciation factor 6 to 0.0154 to match the capital-output ratio of the U.S. econ-
omy. We do so because the parameter is not well identified: the likelihood function is (nearly)

flat along that dimension. This is a common finding in the literature (see Del Negro et al.,
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2006, and Justiniano and Primiceri, 2005).

Table 3.1 reports the MLE for the other 18 parameters of the model and their standard
errors. The autoregressive component of the preference shock level, p, reveals a high persis-
tence of this demand component. The discount factor, 3, nearly equal to 1, is a common
finding when estimating dynamic models. The parameter that governs labor supply, ¢, is
closely estimated around 1.956 to capture the level of hours worked per capita. The share
of capital, a, is 0.37, close to the estimates in the literature. The two drifts in the technol-
ogy processes, 0 and (, imply an average growth rate of 0.448 percent quarter to quarter,
which corresponds to the historical long-run growth rate of U.S. real output per capita since
the Civil War, an annual rate of 1.8 percent. Nearly all that growth is accounted for by
investment-specific technological change. This result highlights the importance of modelling
this biased technological change for understanding growth and fluctuations. The estimates
of {Ta,Tv,Td,Ta, 00,04} are relatively imprecise. With quarterly data, it is difficult to get
accurate estimates of volatility parameters. The autoregressive components of the stochastic
volatility of the shocks {\,, Ay, \q} are also difficult to estimate, ranging from a low number,
Aa, to a persistence close to one, \,.Our results hint that modelling volatility as a random
walk to economize on parameters may be misleading, since most of the mass of the likelihood

is below 1.

[Table 3.1 Here]

The three estimated measurement error variances are such that the structural model
accounts for the bulk of the variation in the data. A formal way to back up our statement
and assess the performance of the model is to compare the average of the paths of the
observed variables predicted by the smoothed states at the MLE without the measurement
errors against the real data. In the language of section 2.6, we compare Y (VT = 0;9 L E)
and YT. In the four panels of figure 3.1, we plot the average predicted (discontinuous line)
and observed (continuous line) paths of real output per capita growth, real gross investment
per capita growth, hours worked per capita, and relative price of investment.

The top left panel displays how the model captures much of the dynamics of the real
output per capita growth, including the recessions of the 1970s and the expansions of the
1980s and 1990s. The model has a correlation of 35 percent with the data, and the average
predicted output accounts for 63 percent of the standard deviation of real output per capita
growth. The top right panel shows the fit between the model average predicted and the
observed real gross investment per capita growth. The model average predicted real gross

investment per capita growth has a correlation of 40 percent with the data, and it accounts for
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80 percent of the observed standard deviation. It is in the bottom left panel, hours worked per
capita, where the model shows its best: the correlation between the model average predicted
and observed hours worked per capita is 85 percent and the model accounts for 76 percent of
the observed standard deviation of hours worked per capita. The bottom right panel analyzes
the fit of the model with respect to the relative price of investment. Since we assume that we
observe this series without measurement error, both the average predicted and the observed
relative prices are the same. Our summary assessment of figure 3.1 is that the model is fairly

successful at capturing aggregate dynamics.

3.6.2. Evolution of the Volatility

In figure 3.2, we plot the mean of the smoothed paths of the preference level, d;. This level
closely tracks hours worked. Figure 3.3 teaches the first important empirical lesson of this
paper: there is important evidence of time-varying volatility in the aggregate shocks driving
the U.S. economy. In the left column of figure 3.3, we plot the smoothed paths of the three
normalized shocks of our model (neutral technology shock, investment-specific technology
shock, and preference shocks). In the right column, we graph the smoothed volatility for the
corresponding shock. In all graphs, we also plot the one-standard-deviation bands around
the mean of the smoothed paths. The bands illustrate that our smoothed paths are tightly
estimated. All the smoothed paths reported in this section are computed at the MLE.

The first row of figure 3.3 shows that little action comes from the evolution of the volatility
of the neutral technology shock. This shock has a flat volatility over the sample (note the
scale of the graph). More interesting are the second and third rows. The left panel of the
second row shows the evolution of the investment-specific technological shocks. The right
panel of the second row shows the basic patter of volatility: two periods of low volatility
interrupted by a period of high volatility. Volatility increased slightly during the late 1950s,
stayed constant during the 1960s, and then notably rose during the 1970s. After its peak in
1981, it decreased during the 1980s and stayed stable again during the 1990s.

The third row documents negative preference shocks in the late 1970s and early 1980s and
large positive shocks in the late 1980s. Since the preference shock can be loosely interpreted
as a demand shock, our empirical results are compatible with those accounts of fluctuations
in the U.S. economy that emphasize the role of changes in demand induced by monetary
policy that occurred during those years. With respect to volatility, it fell during the 1960s.
Then, during the 1970s, volatility went back up to its level at the beginning of the sample,
where it roughly stayed during the 1980s. The 1990s where times again of falling volatility.

How did the time-varying volatility of shocks affect the volatility of the aggregate time

27



series? Figure 3.4 plots the log of the instantaneous standard deviation of each of the four
observables implied by the MLE and the smoothed volatilities. For example, each point in
the top left panel represents the standard deviation of real output per capita growth if the
volatility of the three shocks had stayed constant forever at the level at which we smoothed
for that quarter. Figure 3.4 can be interpreted as the estimate of the realized volatility of
the observables. Of course, for each quarter the smoothed volatility is not a point but a
distribution. Hence, we draw from this distribution using the algorithm mentioned in section
2.6 and compute the instantaneous standard deviation of the observables for each draw. We
report the mean of the instantaneous standard deviation of the observables. We also plot the
one-standard-deviation bands around it.

All four panels of figure 3.4 show the same basic pattern: low and falling volatility in
the 1960s (except for the relative price of investment where volatility is low but not falling),
a large increase in volatility during the 1970s, with a peak in the early 1980s, and a fall in
volatility until the end of the sample.

The top left panel indicates that the reduction in the volatility of real output per capita
growth is not the product of an abrupt change in the mid 1980s, as defended by a part of the
literature, but more of a gradual change. Our findings, in comparison, coincide more with
the views of Blanchard and Simon (2001) and Sims and Zha (2006).

3.6.3. What Caused the Fall in Volatility?

Which shocks account for the reduction in the volatility of U.S. aggregate time series? In the
context of nonlinear models, it is difficult to perform a decomposition of the variance because
the random shocks hitting the model enter in multiplicative ways. Instead, we perform two
counterfactual experiments.

In the first experiment, we fix the volatility of one shock at its level at the beginning
of the sample in 1955, and we let the volatility of the other two shocks evolve in the same
way as in our smoothed estimates. We plot our results in figure 3.5, where the reader can
see 12 panels in four rows and three columns. Each row corresponds to the evolution of
volatility of each of our four observables: real output per capita growth (first row), real gross
investment per capita growth (second row), hours worked per capita (third row), and relative
price of investment (fourth row). Each column corresponds to each of the three different
possibilities for fixing one shock: fixing the volatility of the neutral technological shock (first
column), fixing the volatility of the investment-specific technological shocks (second column),
and fixing the volatility of the preference shock (third column). In each panel, we plot the

estimated instantaneous variance of the observable (continuous line) and the counterfactual
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variance (discontinuous line) implied by keeping the volatility of the shock at its level in 1955.

Figure 3.5 illustrates that the decrease in the volatility of the shock to preferences explains
the reduction in volatility experienced during the 1960s. Neither changes in the volatility
of the neutral technological shock nor changes in the volatility of the investment-specific
technological shock account for the reduction in volatility. Indeed, without the change in the
variance of the investment-specific technological shock, the economy would have been less
volatile.

The second counterfactual experiment repeats the first experiment, except that now we
fix the volatilities at their values in the first quarter of 1981, the period where instantaneous
volatility of output was at its highest. We plot our findings in figure 3.6, where we follow
the same ordering convention as in figure 3.5. Now both the investment-specific technological
shock and the preference shock contribute to the reduction in observed volatility. More
important (although not reflected in the figure), it is the interaction between the two of them
which contributes the most to the reduction in volatility. Again, the change in the volatility

neutral technological shock is irrelevant.

3.6.4. Are Nonlinearities and Stochastic Volatility Important?

Our model has one novel feature, stochastic volatility, and one particularity in its implemen-
tation, the nonlinear solution. How important are these two elements? How much do they
add to the empirical exercise?

To answer these questions, in addition to our benchmark version, we estimated two ad-
ditional versions of the model: one with a linear solution, in which by construction the sto-
chastic volatility components drop, and one with a quadratic solution but without stochastic

volatility.

Table 3.2: Versions of the Model

Version Loglikelihood
Linear 1313.748
Quadratic, no S.V. | 1429.637
Benchmark 1547.285

In table 3.2, we report the loglikelihoods of each of the three versions of the model at their
MLEs. The comparison of these three loglikelihoods shows how both the quadratic component
and the stochastic volatility improve the performance of the model. The quadratic component
adds 116 logpoints and the stochastic volatility 118 logpoints. To formally evaluate these

numbers, we can undertake likelihood ratio-type tests. For example, since the benchmark
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model nests the quadratic model without stochastic volatility by setting {7,, 7., 74} to zero,

we have that:
LRbench,quadratic =2 (log Lbench (yTv :)7) - lOg Lquad (yT’ ;)\/)) i X (3) :

The value of the test rejects the equality of both models at any conventional significance
level.

In the absence of quadratic components, the model requires bigger shocks to preferences
to fit the data. Moreover, the sign of the shocks is often different. Stochastic volatility adds
variance to the shocks during the 1970s, when this is most needed, and reduces it during the
1960s and 1990s.

The good performance of the quadratic model is remarkable because it comes despite two
difficulties. First, three of the series of the model enter in first differences. This reduces the
advantage of the quadratic solution in comparison with the linear one, since the mean growth
rate, a linear component, is well captured by both solutions. Second, the solution is only of
second order, and some important nonlinearities may be of higher order. Consequently, our

results show that, even in those challenging circumstances, the nonlinear estimation pays off.

4. Computational Issues

An attractive feature of particle filtering is that it can be implemented on a good PC. Never-
theless, the computational requirements of the particle filter are orders of magnitude bigger
than those of the Kalman filter. On a Xeon Processor 5160 EMT64 at 3.00 GHz with 16
GB of RAM, each evaluation of the likelihood with 80,000 particles takes around 12 seconds.
The Kalman filter, applied to a linearized version of the model, takes a fraction of a second.
The difference in computing time raises two questions. First, is it worth it? Second, can we
apply the particle filter to richer models?

With respect to the first question, we show in the previous section that the particle
filter improves inference with respect to the Kalman filter. Similar results are documented
by Amisano and Tristani (2005), An (2006), An and Schorfheide (2006), and Fernéndez-
Villaverde and Rubio-Ramirez (2005). In some contexts, this improvement may justify the
extra computational effort. Regarding the second question, we point out that most of the
computational time is spent in the Prediction and Filtering Steps. If we decompose the
12 seconds that each evaluation of the likelihood requires, we discover that the Prediction
and Filtering Steps takes over 10 seconds, while the solution of the model takes less than

0.1 second and the Sampling Step around 1. In an economy with even more state variables
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than ours (we already have 8 state variables!), we will only increase the computational time
of the solution, while the other steps may take roughly the same time. The availability of
fast solution methods, like perturbation, implies that we can compute the nonlinear policy
functions of a model with dozens of state variables in a few seconds. Consequently, an
evaluation of the likelihood in such models would take around 15 seconds. This argument
shows that the particle filter has the potential to be extended to the class of models needed
for serious policy analysis.

To ensure the numerical accuracy of our results, we perform several numerical tests. First,
we checked the number of particles required to achieve stable evaluations of the likelihood
function. We found that 80,000 particles were a good number for that purpose. However, when
combined with simulated annealing, we encountered some numerical instabilities, especially
when computing the Hessian. A brute force solution for this problem is to increase the number
of particles when computing the Hessian, for which we used one million particles. A possibly
more efficient solution could be to use more refined algorithms, such as the auxiliary particle
filter of Pitt and Shephard (1999). Second, we checked for a depletion of the sample problem.
For example, Arulampalam et al. (2002), pp. 179, propose to evaluate the “effective sample

size” Neff
N N
o 1 4+ wvar (i)
p(selsi_i57)

where N is the number of particles, p (si|)*;~) is the probability of the state s! given obser-
vations y¢, and p (8t|s§_1; 'y) is the proposal density (note that in this definition we follow the
more conventional notation in terms of states to facilitate comparison with Arulampalam et
al., 2002).

Given that “effective sample size” cannot be evaluated directly, we can obtain an estimate

~

Neff:
1
2
Zij\il (qt)

where ¢! is the normalized weight of each particle.

Nepr =

We computed the effective sample size to check that it was high and stable over the
sample. Finally, since version 1 of the model in the previous section has a linear state space
representation with normal innovations, we can evaluate the likelihood both with the Kalman
filter and with the particle filter. Both filters should deliver the same value of the likelihood
function (the particle filter has a small-sample bias, but with 80,000 particles such bias is
absolutely negligible). We corroborated that, in fact, both filters produce the same number

up to numerical accuracy.
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All programs were coded in Fortran 95 and compiled in Intel Visual Fortran 9.1 to run

on Windows-based PCs. All of the code is available upon request.

5. Conclusions

We have presented a general purpose and asymptotically efficient algorithm to perform
likelihood-based inference in nonlinear and/or non-normal dynamic macroeconomic models.
We have shown how to undertake parameter estimation and model comparison, either from a
classical or Bayesian perspective. The key ingredient has been the use of particle filtering to
evaluate the likelihood function of the model. The intuition of the procedure is to simulate
different paths for the states of the model and to ensure convergence by resampling with
appropriately built weights.

We have applied the particle filter to estimate a business cycle model of the U.S. economy.
We found strong evidence of the presence of stochastic volatility in U.S. data and of the role
of changes in the volatility of preference shocks as a main force behind the variation in the
volatility of U.S. output growth over the last 50 years.

Future research on particle filtering could try to extend Pitt’s (2002) results to find esti-
mates of the likelihood function that are continuous with respect to the parameters, to reduce
the numerical variance of the procedure, and to increase the speed of the algorithm. Also, it
would be useful to have more comparisons of particle filtering with alternative procedures and
further explorations of the advantages and disadvantages of the different types of sequential
Monte Carlos. With all of these new developments, we should be able to estimate richer and

more interesting macroeconomic models.
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Table 3.1: Maximum Likelihood Estimates

Parameter Point Estimate Standard Error (z1072)

P 0.9982 0.313
B 0.9992 0.167
" 1.9564 3.865
0 0.0076 0.488
¢ 0.691E-009 0.006
o 0.370 2.188
Ta 0.880 26.727
To 0.243 19.782
Ta 0.144 11.876
T 0.005 0.080
o 0.042 0.872
T 0.014 0.876
Aa 0.041 14.968
Ao 0.998 9.985
A 0.996 10.220
O1e 2.457E-004 0.008
Toe 2.368E-004 0.003
T3 4.87TE-004 0.013
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Figure 3.1: Model versus Data
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Figure 3.2: Mean (+/- std deviation) of Smoothed d
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Figure 3.3: Mean (+/- std deviation) of Smoothed Shocks and Volatilities
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Figure 3.4: Log of the Instantaneous Standard Deviation
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Figure 3.5: Which Shocks Were Responsible for the Volatility Decrease of the 1960s?
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Figure 3.6: Which Shocks Were Responsible for the Volatility Decrease of the 1980s?
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