
1 State Space Form and The Kalman Filter

� Let the following system (xt are the states and zt
observables)

� Transition equation

xt+1 = Fxt +G!t+1; !t+1 � N (0; Q)

� Measurement equation

zt = H
0
txt + �t; �t � N (0; R)

� Assume we want to write the likelihood function of
fztgTt=1.



2 Why Normal Distribution?

� Assume

Zjw = [X 0jw Y 0jw]0 � N
��

x
y

�
;

�
�xx �xy
�yx �yy

��

� then

Xjy; w � N
�
x + �xy�

�1
yy (y � y) ;�xx � �xy��1yy �yx

�

3 Some De�nitions

� xtjt�1 is the random variable xt (state) conditional
on zt�1 � fzt�1; :::; z�1g the history of observables.
De�ne:

� xtjt�1 � E
�
xtjzt�1

�
� �tjt�1 � E

��
xt � xtjt�1

� �
xt � xtjt�1

�0 jzt�1�



4 Some Derivations

� If ztjt�1 is the random variable zt (observable)
conditional on zt�1, then:

� ztjt�1 � E
�
ztjzt�1

�
=

E
�
H 0
txt + �tjzt�1

�
= H 0

txtjt�1

� 
tjt�1 � E
��
zt � ztjt�1

� �
zt � ztjt�1

�0 jzt�1�
= E

�
H 0
t

�
xt � xtjt�1

� �
xt � xtjt�1

�0
Ht + �t�

0
tjzt�1

�
= H 0

t�tjt�1Ht +R

� Finally:

� E
��
zt � ztjt�1

� �
xt � xtjt�1

�0 jzt�1�
= E

�
H 0
t

�
xt � xtjt�1

� �
xt � xtjt�1

�0
+ �t

�
xt � xtjt�1

�0 jzt�1�
= H 0

t�tjt�1



5 The Kalman �lter �rst iteration

� Given x0j�1 and �0j�1, assume

[x00j�1 z
0
0j�1]

0 � N
��

x0j�1
H 0
tx0j�1

�
;

�
�0j�1 �0j�1Ht
H 0
t�0j�1 H

0
t�0j�1Ht +R

��

� Then x0j0 � N
�
x0j0;�0j0

�
where

� x0j0 = x0j�1+�0j�1H
�
H 0�0j�1H +R

��1 �
z0 �H 0x0j�1

�
� �0j0 = �0j�1 � �0j�1H

�
H 0�0j�1H +R

��1
H 0�0j�1

� Therefore, since x1j0 = Fx0j0 + G!1j0 and z1j0 =
H 0
1x1j0 + �1j0

� x1j0 = Fx0j0

� �1j0 = F�0j0F 0 +GQG0

� z1j0 = H 0
1x1j0

� 
1j0 = H 0
1�1j0H1 +R



6 The Kalman Filter algorithm

� Given xtjt�1, �tjt�1 and observation zt

� xtjt = xtjt�1+�tjt�1H
�
H 0�tjt�1H +R

��1 �
zt �H 0xtjt�1

�
� �tjt = �tjt�1 � �tjt�1H

�
H 0�tjt�1H +R

��1
H 0�tjt�1

� xt+1jt = Fxtjt�1

� �t+1jt = F�tjtF 0 +GQG0

� zt+1jt = H 0
t+1xt+1jt

� 
t+1jt = H 0
t+1�t+1jtHt+1 +R



7 Writing the likelihood function

We want to write the likelihood function of zT :

log `
�
zT jF;G;HT ; Q;R

�
=

TX
t=1

log `
�
ztjzt�1F;G;HT ; Q;R

�
=

�
TX
t=1

"
N

2
log 2� +

1

2
log
��
tjt�1�� + 1

2

TX
t=1

v0t

�1
tjt�1vt

#

� vt = zt � ztjt�1 = zt �H 0
txtjt�1

� 
tjt�1 = H
0

t�tjt�1Ht +R



8 Initial conditions for the Kalman Filter

1. F has all the eigenvalues inside the unit circle

2. GQG0 and R are p.s.d. symmetric

3.H = limt!1Ht

4.
vec
�
�1j0
�
= (I � F 
 F )�1 vec (GQG0)

�t+1jt ! �

� = F
�
�� �H (H 0�H +R)

�1
H 0�

�
F 0 +GQG0



9 Initial conditions for the Kalman Filter II

1. F has all the eigenvalues inside the unit circle

2. GQG0 and R are p.s.d. symmetric, s.p.d.

3.H = limt!1Ht

4. �1j0 p.s.d. symmetric

�t+1jt ! �



10 The Kalman Filter and DSGE models

Imagine we want to use the following model to explain
the joint behavior of (wt � pt; rt;4pt; yt)0 real wage,
nominal interest rate, in�ation and output.

Preferences

� Utility function of Household j 2 [0; 1]:

E0

1X
t=0

�t

2664Gt
�
Cjt

�1� 1
�

1� 1
�

�

�
N j
t

�1+

1 + 


+
�

1� �

 
M j
t

Pt

!1��3775
0 < � < 1 is the discount factor, � > 0 the elasticity
of intertemporal substitution, � > 1 the elasticity
of money holdings, and 
 > 0 the inverse of the
elasticity of labor supply with respect to real wages.



Technology

� Intermediate Goods producer i 2 [0; 1]:

Y it = At
�
N i
t

�1��
;where N i

t =

�Z 1

0

�
N i;j
t

���1
�

dj

� �
��1

� > 1 the elasticity of substitution between different
types of labor.

� Final good:

Yt =

�Z 1

0

�
Y it
�"t�1

"t di

� "t
"t�1

"t > 1 the elasticity of substitution between
intermediate goods, �t = "t= ("t � 1) price markup.



Final Goods Price Setting

� Final good producers are competitive and maximize
pro�ts.

� The input demand functions associated with this
problem are

Y it =

�
P it
Pt

��"t
Yt 8i;

� The zero pro�t condition ) the price of the �nal
good

Pt =

�Z 1

0

P it
1�"tdi

� 1
1�"t



Intermediate Goods Price Setting Process

� Operate in a monopolistic competition environment.

� Reset prices if signal to do so (1� �p).

� They choose the price that maximizes:

Et

1X
�=0

��pQ
t+�
t

"
P itY

i
t+� �Wt+�

�
Y it+�
At+�

� 1
1��
#

subject to

Y it =

�
P it
Pt

��"t
Yt 8i;

� Solution

Et

1X
�=0

��pQ
t+�
t

("
P i;�t
Pt+�

� �tMC it

#
Y it

)
= 0;

� The evolution of the price level is:

Pt =
h
�p (Pt�1)

1�"t + (1� �p) (P �t )
1�"t
i 1
1�"t



Consumers problem

GtCt
� 1
� = �EtfGt+1C

� 1
�

t+1Rt
Pt
Pt+1

g

GtCt
� 1
�
W j
t

Pt
= #

�
N j
t

�




Dynamics

at + (1� �)nt � yt = 0

mct � (wt � pt) + yt � nt = 0

1

�
ct + 
nt � gt �mrst = 0

�rrt�1 + (1� �r)
�

��pt + 
yyt

�
+mst � rt = 0

�yt + ct = 0

mrst � (wt � pt) = 0

Et [��rt + ��pt+1 � �gt+1 + �gt � ct + ct+1] = 0

Et [�pmct + �p�t ��pt + ��pt+1] = 0
where

�p = (1� �)(1� �p�)(1� �p)=(�p(1 + �(�"� 1)))



11 Evaluation the Likelihood function

Step 1 Solve the Model (Uhlig Algorithm)

0 = Ast +Bst�1 + Cet +Dzt

0 = Et[Fst+1+Gst+Hst�1+Jet+1+Ket+Lzt+1+Mzt]

zt+1 = Nzt + "t+1 "t+1 � N (0;�)

� st = (wt � pt; rt;4pt; yt)0 is the endogenous state,
et = (nt;mct;mrst; ct)

0 are endogenous variables,
and zt = (at;mst; �t; gt)

0 is the exogenous state.

� N =

2664
�a 0 0 0
0 0 0 0
0 0 0 0
0 0 0 �g

3775
� Solution

st = PPst�1 +QQzt
et = RRst�1 + SSzt



5/20/05 11:30 AM MATLAB Command Window 1 of 1

PP =
 
         0   -1.8579         0         0
         0    0.4591         0         0
         0   -0.3415         0         0
         0   -0.5122         0         0
 
 
QQ =
 
   -0.5527   -2.6391   -0.1233    0.0346
   -0.1657    0.6521    0.0305    0.0407
   -0.3599   -0.4851    0.0641    0.0124
    0.2348   -0.7276   -0.0340    0.2852
 
 
RR =
 
         0   -0.8004         0         0
         0   -2.1461         0         0
         0   -1.8579         0         0
         0   -0.5122         0         0
 
 
SS =
 
   -1.1957   -1.1369   -0.0531    0.4457
   -1.9831   -3.0484   -0.1424    0.1950
   -0.5527   -2.6391   -0.1233    0.0346
    0.2348   -0.7276   -0.0340    0.2852
 
 
NN =
 
    0.6842         0         0         0
         0         0         0         0
         0         0         0         0
         0         0         0    0.7498



5/20/05 11:29 AM MATLAB Command Window 1 of 1

PP =
 
    0.4591         0         0
   -0.3415         0         0
   -0.5122         0         0
 
 
QQ =
 
   -0.1657    0.6521    0.0305    0.0407
   -0.3599   -0.4851    0.0641    0.0124
    0.2348   -0.7276   -0.0340    0.2852
 
 
RR =
 
   -0.8004         0         0
   -2.1461         0         0
   -1.8579         0         0
   -0.5122         0         0
   -1.8579         0         0
 
 
SS =
 
   -1.1957   -1.1369   -0.0531    0.4457
   -1.9831   -3.0484   -0.1424    0.1950
   -0.5527   -2.6391   -0.1233    0.0346
    0.2348   -0.7276   -0.0340    0.2852
   -0.5527   -2.6391   -0.1233    0.0346
 
 
NN =
 
    0.6842         0         0         0
         0         0         0         0
         0         0         0         0
         0         0         0    0.7498



5/20/05 11:30 AM MATLAB Command Window 1 of 1

PP =
 
         0   -1.8579         0         0
         0    0.4591         0         0
         0   -0.3415         0         0
         0   -0.5122         0         0
 
 
QQ =
 
   -0.5527   -2.6391   -0.1233    0.0346
   -0.1657    0.6521    0.0305    0.0407
   -0.3599   -0.4851    0.0641    0.0124
    0.2348   -0.7276   -0.0340    0.2852
 
 
RR =
 
         0   -0.8004         0         0
         0   -2.1461         0         0
         0   -1.8579         0         0
         0   -0.5122         0         0
 
 
SS =
 
   -1.1957   -1.1369   -0.0531    0.4457
   -1.9831   -3.0484   -0.1424    0.1950
   -0.5527   -2.6391   -0.1233    0.0346
    0.2348   -0.7276   -0.0340    0.2852
 
 
NN =
 
    0.6842         0         0         0
         0         0         0         0
         0         0         0         0
         0         0         0    0.7498
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research
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Step 2 Writing the Solution in State Space Form

� Transition equation�
st
zt

�
=

�
PP QQ �N
0 N

��
st�1
zt�1

�
+

�
Q
I

�
"t =�

st
zt

�
= F

�
st�1
zt�1

�
+G"t

� Measurement equation

st =

�
I 0
0 0

��
st
zt

�
= H

�
st
zt

�

Step 3 Evaluating the Likelihood function using the Kalman
Filter.



12 Summary

� Day 2: Posterior is proportional to Likelihood
times Prior

�
�
�jY T

�
/ f (Y T j�)� (�)

How do we Compute Posterior Moments?

� Day 3: Metropolis Hasting Algorithm allows us to
draw from �

�
�jY T

�
.

(a) Initialize the algorithm with an arbitrary value �0,
N and set j = 1.

(b) Generate ��j = �j�1 + " � N (0;�") and u from
Uniform[0; 1].

(c) If u � �
�
�j�1; �

�
j

�
= min

�
f(Y T j��j)�(��j)
f(Y T j�j�1)�(�j�1); 1

�
then

�j = �
�
j , �j = �j�1 otherwise.

(d) If j � N then j  j + 1 and got to 3.

How do we Evaluate the Likelihood?

� Day 4: Use the Kalman Filter to evaluate Likeli-
hood f (Y T j��j).



13 Priors for the Sticky Price Model

Let � =
�
�; 
; �p; �r; 
�; 
y; �a; �g; �a; �ms; ��; �g

�
Parameter Mean Std.Dev.
��1 Gamma(2; 1:25) 2.5 1.76
1

1��p � 1 Gamma(2; 1) 2 1.42

� Normal(1:5; 0:25) 1.5 0.25

y Normal(0:125; 0:125) 0.125 0.125

 Normal(1; 0:5) 1 0.5
�a; �g; �r Uniform[0; 1) 0.5 0.28
�a; �m; ��; �g Uniform[0; 0:4) 0.2 0.12
� - 0.99 -
�" - 6 -
� - 0.36 -



14 Algorithm (gencoeffsggls.m)

Step 0 Read data (usade�1d.txt)

Step 1 Intial value for �0, N and set j = 1.

Step 2 Evaluate f (Y T j�0) and �(�0) and make sure
f (Y T j�0); �(�0) > 0
(a) Given �0 evaluate prior �(�0) (priorggls.m)
(b) Given �0: Uligh algorithm to solve the model
(modelggls.m and solve2.m)

(c) Kalman Filter to evaluate f (Y T j�0) (likeliggls.m)

Step 3 ��j = �j�1 + " � N (0;�") and u from Uniform[0; 1]
(a) Given ��j evaluate prior �(�

�
j) (priorggls.m)

(b) Given ��j : Uligh algorithm to solve the model
(modelggls.m and solve2.m)

(c) Kalman Filter to evaluate f (Y T j��j) (likeliggls.m)

Step 4 If u � �
�
�j�1; �

�
j

�
= min

�
f(Y T j��j)�(��j)
f(Y T j�j�1)�(�j�1); 1

�
then

�j = �
�
j , �j = �j�1 otherwise.

Step 5 If j � N then j  j + 1 and got to 3.


