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1 Introduction

Perturbation methods build higher-order Taylor series approximations to the solution of dynamic
stochastic general equilibrium (DSGE) models (see Judd and Guu (1997) or Aruoba, Fernandez-
Villaverde and Rubio-Ramirez (2006), among others). These higher-order approximations are grow-
ing in popularity for two reasons. First, researchers want to find approximated solutions that are
more accurate than those obtained by linearization. Second, there is much interest in economic
questions, such as the consequences of uncertainty shocks or the determinants behind time-varying
risk premia, that cannot be studied with linear methods because of their inherent non-linearities
(see Fernandez-Villaverde, Guerrén-Quintana, Rubio-Ramirez and Uribe (2011) or Binsbergen,
Fernandez-Villaverde, Koijen and Rubio-Ramirez (2012)).

Although higher-order approximations are intuitive and straightforward to compute, they often
generate explosive sample paths even when the corresponding linear approximation is stable. These
explosive sample paths arise because the higher-order terms induce additional fixed-points for the
system, around which the approximated solution is unstable (see Kim, Kim, Schaumburg and Sims
(2008) and Haan and Wind (2012) for illustrative examples). The presence of explosive behavior
complicates any model evaluation because no unconditional moments would exist based on this
approximation. It also means that any unconditional moment-matching estimation methods, such
as the generalized method of moments (GMM) or the simulated method of moments (SMM), are
inapplicable in this context as they rely on finite moments from stationary and ergodic probability
distributions.!

For second-order approximations, Kim, Kim, Schaumburg and Sims (2008) have proposed to
address the problem of explosive sample paths by applying a pruning method.? Pruning means
leaving out terms in the solution that have higher-order effects than the approximation order. The
intuition is as follows. Suppose we have a solution for capital k; that depends on a quadratic
function of k;—1 (as we will typically have with a second-order approximation). If we substitute

k¢_1 for its own quadratic function of k;_o, then we obtain an expression for k; that depends on

'For a review of GMM in the context of DSGE models, see Ruge-Murcia (2013). Non-explosive paths are also
necessary to implement full likelihood methods, for instance, with a non-linear filter such as the particle filter presented
in Ferndndez-Villaverde and Rubio-Ramirez (2007).

2 Although not mentioned in Schmitt-Grohé and Uribe (2004), the accompanying codes also apply a pruning
method to simulate sample paths for models approximated to second order.



ki_o, k2 5, k3 5, and k} ,. Pruning omits terms related to k} , and k} , because they are third-
and fourth-order effects, respectively. Kim, Kim, Schaumburg and Sims (2008) show that leaving
out these effects ensures that sample paths do not explode.

The purpose of this paper is to extend pruning beyond second-order approximations and to
explore its econometric implications. We proceed in two steps. First, we show how to apply prun-
ing to an approximation of any arbitrary order. We do so by exploiting what we refer to as the
pruned state-space system. We pay special attention to second- and third-order approximations,
those most likely to be used by researchers. Second, we derive the statistical properties of the
pruned state-space system. Under very general technical conditions, we show that first and second
unconditional moments exist. Then, we provide closed-form expressions for first and second uncon-
ditional moments and impulse response functions (IRFs). Conditions for the existence of higher
unconditional moments, such as skewness and kurtosis, are also derived.

The econometric implications of these closed-form expressions are significant as most of the ex-
isting unconditional moment-based estimation methods for linearized DSGE models now carry over
to non-linear approximations in a simple way. For approximations up to third order, this includes
GMM estimation based on first and second unconditional moments and matching of model-implied
IRF's to their empirical counterpart, as in Christiano, Eichenbaum and Evans (2005) for a linearized
model. Both estimation methods can be implemented without the need for simulation and thereby
avoiding numerical simulation errors. Following Kim (2002), the unconditional moment conditions
in optimal GMM estimation can be used to build a so-called limited information likelihood func-
tion, from which Bayesian inference may be carried out. Hence, our closed-form expressions are
useful to researchers interested in the Bayesian tradition. Finally, when simulations are needed to
calculate higher unconditional moments, our analysis provides the foundation for SMM as in Duffie
and Singleton (1993) and different types of indirect inference as in Smith (1993).

The suggested GMM estimation approach, its Bayesian equivalent, and IRF matching are
promising because we can compute first and second unconditional moments or any IRFs in a
trivial amount of time for medium-sized DSGE models approximated up to third-order. For the
model described in section 7 with seven state variables, it takes less than one second to find all
first and second unconditional moments and only 0.14 seconds to compute the IRFs using Matlab.

Moreover, our moment approach would enable us to determine the stochastic specification of the



innovations in a semi-parametric manner, although due to space limitations, we do not pursue that
route in this paper. To make our results easily assessable, we provide Matlab codes available on
the authors’ home pages.?

The results derived in this paper are also relevant to researchers who do not rely on formal
estimation but, instead, prefer to calibrate their models. In the traditional calibration strategy
with linear approximations, structural parameters are determined by matching the steady-state
values of the model to mean values in the data (see Cooley and Prescott (1995) for a canonical
exposition). However, when higher-order approximations are considered, the first unconditional
moments of variables in the model will, in general, differ from their steady-state values as non-
linear terms correct for uncertainty. Thus, following the traditional calibration strategy when
higher-order approximations are considered might result in misleading structural parameter values.
Instead, the closed-form solutions for first unconditional moments provided in this paper can be
used to select the correct values for the structural parameters for models solved with higher-order
approximations.4

In an empirical application, we illustrate some of the econometric techniques that our paper
makes available for non-linear DSGE models. Our focus is on a rich New Keynesian model with
habits and Epstein-Zin preferences, which we estimate on key moments for the U.S. yield curve and
five macroeconomic variables. Using first and second unconditional moments, we estimate the model
by GMM when using the pruned state-space systems for second- and third-order approximations.
When additional third and fourth unconditional moments are included, we resort to simulation
and estimate the model by SMM. Thanks to our results, the estimation is efficiently done and the
results are transparent and easy to interpret.

To be concrete, in the case of the GMM estimation using first and second unconditional mo-
ments, we find sizable habits, a low Frisch elasticity of labor supply, a high relative risk aversion, a
low intertemporal elasticity of substitution for consumption, and a high degree of price stickiness.
With respect to the fit of the model, our economy matches all mean values extremely well, in

particular the short- and long-term interest rates of 5.6 percent and 6.9 percent, respectively, and

% Also, Dynare 4.4.0. implements part of our results.

4Some papers in the literature have accounted for the difference between the deterministic steady state and the
mean of the ergodic distribution by means of simulation; see, for instance, Ferndndez-Villaverde, Guerrén-Quintana,
Rubio-Ramirez and Uribe (2011). The formulas in this paper provide a much more efficient way to carry out the
calibration approach in non-linear approximations.



the mean inflation rate of 3.7 percent. The fit of the variability, correlations, and autocorrelations
in the data is still good, although less impressive than the fit of the first moments. Consequently,
a standard specification J-test cannot reject the model. Interestingly, when we use the third-order
approximation, we find a nominal term premium with a sizable mean of 174 annualized basis points
and a quite realistic standard deviation of 20 annualized basis points. For the SMM estimation with
third and fourth unconditional moments, most parameters are unchanged and the specification test
still cannot reject the model. Moreover, we find evidence of non-Gaussianity in technology shocks
but not in preference shocks.

The rest of the paper is structured as follows. Section 2 introduces the problem. Section 3
presents the pruning method and derives what we call the pruned state-space system for DSGE
models whose solution has been approximated to any order. The statistical properties of the pruned
state-space system for second- and third-order approximations, including closed-form expressions
for first and second unconditional moments, are analyzed in section 4. Section 5 derives closed-
form expressions for IRFs. Section 6 presents a standard New Keynesian model with habits and
Epstein-Zin preferences that we use to examine the numerical accuracy of pruning. The econometric
implications of the pruned state-space system are discussed in section 7. There we also estimate a
New Keynesian DSGE model on post-war US data. Concluding comments are provided in section
8. Detailed derivations and proofs are deferred to the appendix at the end of the paper. In addition,

a longer technical appendix is available on the authors’ home pages or on request.

2 The State-Space System

We consider the following class of DSGE models. Let x; € R™ be a vector of state variables,
y: € R™ a vector of control variables, and ¢ > 0 an auxiliary perturbation parameter. The exact

solution to the DSGE model is given by a set of decision rules for the control variables

Yt:g(xtva)v (1)

and for the state variables

xt+1 = h(x¢,0) + one (2)



where €;41 contains the n. exogenous zero-mean innovations. Initially, we only assume that €1 is
independent and identically distributed with finite second moments, meaning that no distributional
assumption is imposed and the innovations may therefore be non-Gaussian. This is denoted by
€11~ IID(0,1I). Additional moment restrictions will be imposed in the following sections.’ The
perturbation parameter o scales the square root of the covariance matrix for the innovations 1,
which has dimension n, xn..% Equation (1) is typically called the observation equation and equation
(2) the state equation.

DSGE models do not, in general, have closed-form solutions and the functions g (x;,0) and
h (x¢,0) cannot be found explicitly. The perturbation method is a popular way to obtain Taylor
series expansions to these functions around the deterministic steady state, that is, at x; = x¢41 =
x5 and o = 0 (to simplify the notation, all variables are expressed in deviation from the steady state,
ie., xs5s = 0.) Given these Taylor series expansions, we can set up an approximated state-space
system and simulate the economy, compute conditional or unconditional moments, and evaluate
the likelihood function given some observed data.

When the functions g (x;,0) and h (x4, o) are approximated up to first-order, the approximated
state-space system is simply obtained by replacing g (x;,0) and h (x;,0) with gxx; and hyx; in
(1) and (2), respectively. Here, gx is an ny x n, matrix with first-order derivatives of g (x;, o) with
respect to x; and hy is an n, X n, matrix with first-order derivatives of h (x;,c) with respect to
x; (by certainty equivalence, the first-order derivatives g, and h, of g(x;,0) and h (x;,0) with
respect to o are zero.) Given our assumptions about €1, this system has finite first and second
moments if all eigenvalues of hy have modulus less than one. Furthermore, the approximated state-
space system fluctuates around the deterministic steady state, which also corresponds to its mean
value. It is therefore straightforward to calibrate the parameters of the model based on first and
second moments or to estimate them using standard econometric tools such as Bayesian methods,
maximum likelihood estimation (MLE), GMM, SMM, etc. (see Ruge-Murcia (2007)).

When the decision rules are approximated beyond linearization, we can, in principle, apply the

>Throughout the rest of the paper, unless stated otherwise, the moment requirements refer to the unconditional
moments.

5The assumption that innovations enter linearly in (2) may appear restrictive, but it is without loss of generality
because the state vector can be extended to deal with non-linearities between x; and €:+1. Appendix B provides the
details and an illustration based on the neoclassical growth model with heteroscedastic innovations in the process for
technology shocks.



same method to construct the approximated state-space system. That is, we can replace g (x¢, o)
and h (x¢,0) in (1) and (2) with their higher-order Taylor series expansions. However, the resulting
approximated state-space system cannot, in general, be shown to have any finite moments and it
often displays explosive dynamics. This occurs, for instance, when we simulate simple versions of
the New Keynesian model with just a few endogenous state variables. Hence, it is difficult to use
the approximated state-space system to calibrate or to estimate the model parameters.

Thus, it is useful to construct an alternative approximated state-space system with well-defined
statistical properties to analyze DSGE models. Section 3 explains how this can be done with the
pruning method. We will refer to this approximation as the pruned state-space system, whereas the
approximation obtained by replacing g (x;,0) and h (x;,0) in (1) and (2) with their higher-order
Taylor series expansions is named the unpruned state-space system. Sections 4 and 5 derive the
statistical properties of the pruned state-space system and compute closed-form expressions for first

and second moments and IRFs.

3 The Pruning Method

In the context of DSGE models whose solution has been approximated up to second order, Kim,
Kim, Schaumburg and Sims (2008) suggest using a pruning method when constructing the alter-
native approximated state-space system. They show that this system is stable because it preserves
only first- and second-order effects when the system is iterated forward in time. Applying the prun-
ing method is thus different from simply replacing g (x¢,0) and h (x¢,0) with their Taylor series
expansions in (1) and (2) because the latter procedure includes all such higher-order effects.

In section 3.1, we review the pruning method and explain its logic for the second-order approx-
imation. Section 3.2 extends this method to the third-order approximation. The general procedure
for constructing the pruned state-space system for any order of approximation is then outlined in

section 3.3. Finally, section 3.4 relates our approach to the existing literature.

3.1 Second-Order Approximation

The first step when constructing the pruned state-space system for the second-order approximation

is to decompose the state variables into first-order effects x,{ and second-order effects xj. This can



be done starting from the second-order Taylor series expansion to the state equation

1 1
Xgi)l = hxxg) + §Hxx (X§2) ® X£2)> =+ 5}10002 +OoN€E 1, (3)

where we use the notation x§2) to represent the unpruned second-order approximation to the state

variables.” Here, Hyy is an n, x n2 matrix with the derivatives of h (x;, o) with respect to (x;,x;)
and hg, is an n, x 1 matrix containing derivatives taken with respect to (o, 0).® Substituting x,@
by x{ + x¢ into the right-hand side of (3) gives

1 1
hy (x{ + xf) + inx <(x{ + xf) ® <x{ + xf)) + §h0002 +one, . (4)

A law of motion for x{ 41 is derived by preserving only first-order effects in (4). We, therefore, keep

the first-order effects from the previous period hxx{ and the innovations one, ,; to obtain

X{+1 = hyx! + ome,y. (5)

Hence, the expression for x{ 41 is the standard first-order approximation to the state equation.
Note also that xf 41 1s a first-order polynomial of {GS}ZJS The first-order approximation to the

observation equation is also standard and given by
vi = gex]. (6)

Accordingly, the pruned state-space system for the first-order approximation to the solution of the
model is given by (5) and (6), meaning that the pruned and unpruned state-space systems are
identical in this case.

A law of motion for xj ; is derived by preserving only second-order effects in (4). Here, we

include the second-order effects from the previous period hyxj, the squared first-order effects in

"Note that (3) adopts the standard assumption that the model has a unique stable first-order approximation,
which implies that all second- and higher-order terms are also unique (see Judd and Guu (1997)).

8The matrix Hyx can be obtained in Matlab by using the reshape function, Hxx = reshape(hxx, nz,ni), where
hxx is an array of dimension ny X ng X ng. For instance, the i-th row of Hxx contains all the second-order terms for
the i-th state variable.



the previous period %Hxx (X{ ® x{ ), and the correction %thJZ. Hence,

1 1
xlf+]_ = hxxf + inx (th ® X{) + 51’10—0—0'2. (7)

We do not include terms with xf ® x; and xj ® x; because they reflect third- and fourth-order
effects, respectively. It is also worth mentioning that we are treating o as a variable and not as
a constant when deriving (7), meaning that %hwa2 is a second-order effect. Note that xj,, is a
second-order polynomial in {68}211.

The final step in setting up the pruned state-space system is to derive the expression for the
observation equation. Using the same approach, we start from the second-order Taylor series
expansion to the observation equation

1 1
y£2) — ng1(£2) -+ tix <X§2) ® X1(€2)) + §g000-23 (8)

where y§2) denotes the unpruned second-order approximation to the control variables. Here, Gy«

is an n, x n2 matrix with the corresponding derivatives of g (x¢, o) with respect to (x¢,x:) and gyo
is an n, x 1 matrix containing derivatives with respect to (o,0). We only want to preserve effects
up to second-order, meaning that the pruned approximation to the control variables is given by

1 1
Yf = 8x (X{ +Xf) + tix (X{ ®XZ) + §go—00'2. (9)

Here, we leave out terms with x{ ® x; and x} ® x{ because they reflect third- and fourth-order
effects, respectively.9

Accordingly, the pruned state-space system for the second-order approximation is given by (5),
(7), and (9). The state vector in this system is thus extended to [ (x{ )l (x3) ]/ as we separately
need to track first- and second-order effects. Another important observation is that all variables in
this system are second-order polynomials of the innovations. The pruning method applied to the
second-order approximation may, therefore, be interpreted as imposing the additional requirement

that all variables in the pruned state-space system are second-order polynomials in the innovations.

9We are treating y; as the sum of the first- and second-order effects, while x§ is only the second-order effects.
This allows us to simplify the notation.



The unpruned state-space system for the second-order approximation is given by (3) and (8).

3.2 Third-Order Approximation

We now construct the pruned state-space system for the third-order approximation. Following
the steps outlined above, we start by decomposing the state variables into first-order effects X{ ,
second-order effects x§, and third-order effects x7¢. The laws of motion for x{ and x; are the same
gd

as in the previous section, and only the recursion for x; remains to be derived. The third-order

Taylor series expansion to the state equation is (see Andreasen (2012))

1 1
xgi)l = hxxgg) + §Hxx (x?) ® x§3)) + —Hyxx (XES) ® xg?’) ® x§3))

6
1 3 1
+§h0002 + 6h00x02X§3) + ghmwa3 +one . (10)

(3)

where x;” represents the unpruned third-order approximation to the state variables. Here, Hyxx
denotes an n, x n? matrix containing derivatives of h (x;, o) with respect to (x;,Xs,X;), hyox is an
ng X n, matrix with derivatives with respect to (o, 0,x;), and h,ys is an n, x 1 matrix containing
derivatives related to (o,0,0). We adopt the same procedure as in the previous subsection and

substitute x{ + x5 + x7? into the right-hand side of (10) to obtain

1
hy (x{ +x; + ng> + §Hxx ((X{ +x; + x,’{d> ® (x{ +x; + X,’{d))
1
+6Hxxx ((X{ +x7 + Xid) ® (xf +x; + de) ® (xf +x; + X?d»
1 3 1
+§h0002 + 6hm,xa2 (X{ +x7 + x:d> + ghwga3 +one . (11)

A law of motion for the third-order effects is then derived by preserving only third-order effects in

(11). Using the same line of reasoning as above, we get

1 3 1
X:i1 = hxxgd + Hyx <x{ ® xf) + ngxx (x{ ® x{ ® xf> + 6h00x02x{ + éhgwa?’. (12)

As in the derivation of the law of motion for x; in (7), ¢ is interpreted as a variable when con-
structing (12). This means that %hwxazxf and %hwxazxg d represent fourth- and fifth-order effects,

respectively, and are therefore omitted. Haan and Wind (2012) adopt the opposite approach and

10



consider ¢ as a constant when deriving the pruned state-space system, meaning that they also
include %haax02x§d in (12). We prefer to treat o as a variable because it is consistent with the
assumed functional forms for g (x;,0) and h (x¢,0) and the way the perturbation approximation is
derived. As section 4 shows, interpreting o as a variable is essential for showing that the pruned
state-space system is, in general, stable and has well-defined statistical properties. Finally, note
that x}¢, is a third-order polynomial in {e,}’_;.

The final step is to set up the expression for the observation equation. Using results in Andreasen

(2012), the third-order Taylor series expansion is given by

3 3 1 3 3 1 3 3 3
7 = e+ G (3 @) + G (3 07 0 x7)
1 3, 1

3
+§g000-2 + égaoxojxt + gggoaaga (13)

where y§3) represents the unpruned third-order approximation to the control variables. In (13),

3

° matrix containing derivatives of g (x¢, o) with respect to (x¢,X¢,X¢), 8oox

Gxxx denotes an n, x n

is an n, x n, matrix with derivatives with respect to (0,0,%;), and gs0s is an n, x 1 matrix

containing derivatives related to (o, o, o). Hence, preserving effects up to third-order gives!"
1

yid = gx <x{ + x; —I—x:d) + tix ((X{ ®xf) +2 (x{ ®xf))

1 1 3 1
—i—ngxx <x{ ® xg ® x{) + igwa2 + égwaQX{ + égawa?’. (14)

Thus, the pruned state-space system for the third-order approximation is given by (5), (7), (12),
and (14). The state vector in this system is further extended to [ (X{)/ (th)l (ng)’ ]/, as
we need to separately track first-, second-, and third-order effects. Also, all variables in this
system are third-order polynomials of the innovations. Hence, the pruning method applied to
the third-order approximation may be interpreted as imposing the requirement that all variables
in the pruned state-space system are third-order polynomials in the innovations. The unpruned

state-space system for the third-order approximation is given by (10) and (13).

1075 again simplify notation, we treat yr% as the sum of the first-, second-, and third-order effects, while x7¢ is

only the third-order effects.

11



3.3 Higher-Order Approximations

It is straightforward to apply the pruning method and obtain the pruned state-space system for the
kth-order approximation to the model’s solution. Based on the kth-order Taylor series expansions

of g (x¢,0) and h (x4, 0), the three steps are:

1. Decompose the state variables into first-, second-, ... , and kth-order effects.
2. Set up laws of motion for the state variables capturing only first-, second-, ... , and kth-order
effects.

3. Construct the expression for control variables by preserving only effects up to kth-order.

In comparison, the unpruned state-space system for the kth-order approximation is given by

the kth-order Taylor series expansions of g (x;,0) and h (x;, o).

3.4 Related Literature

Besides Kim, Kim, Schaumburg and Sims (2008), there are a few papers that analyze the pruning
method. Lombardo and Sutherland (2007) use a reasoning similar to ours to derive a second-order
accurate expression for all squared terms in a DSGE model. With this result and standard solution
routines for linearized models, they compute the second-order derivatives of the functions g (x;, o)
and h (x¢,0). Hence, at least up to second-order, Lombardo and Sutherland (2007) show that
pruning is fully consistent with the perturbation method.

Lan and Meyer-Gohde (2011) employ perturbation to derive nonlinear approximations of g (x;, o)

t

and h (x¢,0), where these functions are expressed in terms of past innovations {es, €, el }5:1,

2, €, ..
which delivers a stable approximation. As noted above, the pruned approximated state-space sys-
tem may also be expressed as an infinite moving average in terms of past innovations. Thus, our
approach nests and generalizes the approximation in Lan and Meyer-Gohde (2011).

Pruning is explicitly analyzed in Lombardo (2010) and Haan and Wind (2012).}! The latter

highlights two potential disadvantages of pruning. First, it implies a larger state vector than

' After circulating the first version of our paper, Francisco Ruge-Murcia directed our attention to some of his un-
published work on pruning at third order (Kim and Ruge-Murcia (2009) and Ruge-Murcia (2012)). The approach used
by Ruge-Murcia is broadly similar to the one applied in Haan and Wind (2012) and with additional approximations
imposed to compute unconditional moments based on his pruning scheme.

12



without pruning. Second, a pruned n-th order approximation cannot exactly fit the true solution
if it happens to be an n-th-order polynomial. We do not consider the extended state vector to be a
disadvantage because we find it informative to assess how important each of the higher-order effects
is relative to the first-order effects and current computing power makes memory considerations less
of a constraint. We also view the second disadvantage to be minor because an exact fit can be
obtained by rasing the approximation beyond order n (this point is also noted in Haan and Wind
(2012)).

Note, also, that our pruning scheme differs from the one in Haan and Wind (2012) along two
dimensions. First, for approximations beyond second order, they include terms that have higher-
order effects than the approximation order. For example, in the case of a third-order approximation,
their first proposal for a pruning scheme includes some fourth-order effects, whereas their second
proposal even includes some fifth- and sixth-order effects. Second, the pruning scheme in Haan and
Wind (2012) is expressed around a non-stochastic steady state. The recentering of the approxima-
tion is in line with the convention adopted in Haan and Wind (2012) that o may be treated as a
constant. In contrast, we leave out terms in the pruned state-space system that have higher-order
effects than the approximation order and we express our pruning scheme in deviation from the de-
terministic steady state. Hence, we do not recenter our approximation. This is consistent with our
treatment of o as a variable and the assumed functional forms for g (x¢, o) and h (x4, 0). As we will
show below, interpreting o as a state variable is essential for showing that the pruned state-space

system is, in general, stable and has well-defined statistical properties.

4 Statistical Properties of the Pruned System

This section shows that the pruned state-space system has well-defined statistical properties and
that closed-form expressions for first and second moments can be easily computed.!? We proceed as
follows. Section 4.1 extends the analysis in Kim, Kim, Schaumburg and Sims (2008) for second-order
approximations. Section 4.2 conducts a similar analysis for third-order approximations. Applying

the steps below to higher-order approximations is conceptually straightforward.

12 Although not explicitly considered in this paper, it is straightforward to also compute conditional moments for
the state and control variables based on the provided expressions given below.

13



4.1 Second-Order Approximation

It is convenient to consider a more compact representation of the pruned state-space system than

the one in section 3.1. To do so, we introduce the vector
(2) / / !
z,” = [ (xf> (x35)’ (x{ ® x{) ] ;

where the superscript denotes the approximation order. The first n, elements in z§2) are the first-

order effects, while the remaining part of Zgz) contains second-order effects. The laws of motion for

x{ and xj are stated above and the evolution for x{ ® x{ is easily derived from (5). Given z§2), the

laws of motion for the first- and second-order effects in (5) and (7) can be rewritten as a linear law

of motion in z?):

2\ = Az 1 B@e?) 1 @), (15)
where
0 hy O 0
c?= 1h,yo? A® =10 nh, iHu |
(on ® on)vec (1,,) 0 0 hy®hy
and
€i+1
on 0 0 0
€41 ® €41 —vec (L)
B® = | o 0 0 0 D= , "
€141 O X;
0 omRon om®hx hy®on f
L X; ® €41 i
Also, the law of motion in (9) can be written as a linear function of z§2):
yi = CPz +d®, (16)
where
1
c® = g g %Gxx d® = §g0002.



Standard properties for the Kronecker product and block matrices imply that the system in (15) is
stable with all eigenvalues of A having modulus less than one, provided the same holds for hy.
This result might also be directly inferred from (5) and (7) because X{ is stable by assumption and
x; is constructed from a stable process and the autoregressive part of x{ is stable. The system has
finite second moments if éi)l has finite second moments.!3 The latter is equivalent to €;11 having

finite fourth moments. These results are summarized in the next proposition, with the proof given

in appendix C.

Proposition 1 If all eigenvalues of hy have modulus less than one and €11 has finite fourth
moments, the pruned state-space system defined by (5), (7), and (9) - or equivalently by (15) and

(16) - has finite second moments.

Proposition 1 implies that explosive sample paths do not appear in the pruned state-space
system (almost surely). Proposition 1 also holds for models with deterministic and stochastic
trends, provided trending variables are appropriately scaled (see King and Rebelo (1999)).

The representation in (15) and (16) makes it straightforward to derive additional statistical
properties for the system. Importantly, the pruned state-space system has finite fourth moments
if 51@1 has finite fourth moments, which is equivalent to €;4; having finite eighth moments. We

highlight this result in the next proposition, with the proof provided in appendix D.

Proposition 2 If all eigenvalues of hy have modulus less than one and €11 has finite eighth
moments, the pruned state-space system defined by (5), (7), and (9) - or equivalently by (15) and

(16) - has finite fourth moments.

We also note that finite sixth moments for €;41 are sufficient to ensure that the pruned state-
space system for the second-order approximation has finite third moments.

The next step is to find the expressions for first and second moments of the pruned state-space
system in (15) and (16). The innovations 5,&)1 are a function of X{ , €11, and €11 ® €11, and we

directly have that [E [51&—221] = 0. Hence, the mean of z§2) is

B (2] = (T4t - A<2>)‘1 ).

3Recall, when a random variable has finite k£’th moment, it also has finite first, second, ..., and k — 1’th moments.
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We explicitly compute some of the elements in E [z?)} to obtain intuition for the determinants of
the mean in the pruned state-space system. The mean of x{ is easily seen to be zero from (5).

Equation (7) implies that the mean of x{ is
E[x{] = (I— hy) ™ (;HxxE [x{ ® x{] + ;h0002> : (17)
Adding the mean value for the first- and second-order effects, we obtain
E [x{ ] LR, (18)

which is the mean value of the state variables in the pruned state-space system for the second-order
approximation. Equations (17) and (18) show that second-order effects E [x}] correct the mean of
the first-order effects to adjust for risk. The adjustment comes from the second derivative of the
perturbation parameter h,, and the mean of x{ ® x{ . The latter term can be computed from (5)

and is given by

E {x{ ® xﬂ = (I—hy ®hy) ! (on @ on) vec (I,,,).

The fact that E [x{ } =0 and E [x]] # 0 shows that the mean of a first-order approximation is the
steady state, while the mean of the pruned state-space system for the second-order approximation
is corrected by the second moment of the innovations. Hence, the mean of the ergodic distribution
implied by the pruned state-space system will, in most cases, differ from the deterministic steady
state. Thus, we cannot, in general, use the steady state to calibrate and/or estimate parameters.
Let us now consider second moments. Standard properties of a VAR(1) system imply that the

(2)

variance-covariance matrix for z,”’ is given by

or
) = ) () < ) (o).

(2)

2 . . . :
because z;”’ and EE +)1 are uncorrelated as €;41 is independent across time. Appendix C explains

how to calculate V <£§2)>, a rather direct yet tedious exercise. Once we know V (5%2)), we solve
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for V <z§2)) by standard methods for discrete Lyapunov equations.

Our procedure for computing V (zgz)) differs slightly from the one in Kim, Kim, Schaumburg
and Sims (2008). They suggest using a second-order approximation to V (59)) by letting the
last n2 elements in Egz) be zero. This eliminates all third- and fourth-order terms related to
€:+1 and seems inconsistent with the fact that AP @A contains third- and fourth-order terms.
We therefore prefer to compute V ( £2)> without further approximations, implying that V (zl(t?))
corresponds to the sample moment in a long simulation using the pruned state-space system.

One way to compute the variance of the combined first- and second-order effects for the state

variables V (xf + x{ ) is to add (5) to (7), giving

1 1
X{-i-l =+ X?—i—l = hx (Xf + X{) + §Hxx (X{ ® X){) + 51’10002 + ON€yyq-

Taking the variance of this expression, V (Xf + x{ ) may be obtained by solving the system
1
v (X{H + Xfﬂ) = h,V (Xf + Xg) hy + ZHXXV (Xf ® X{) H,, + o’nn/

1 1
+§hx00v (xf +x/ xl ® x{) H., + inxCov (x{ @ xl x5+ x,{) hl,

as V (x{ ® x{ ) and Cov (xf + x{ , x{ ® xic ) are known from V (zEZ)). Another procedure to com-
pute V (Xf + x{ ) which is less computationally demanding exploits that we already know V (x{ ),
V(x}), and Cov <X{ ,Xf). Hence, the variance of the state variables in the pruned state-space
system at second order may alternatively be computed by directly taking the variance of x; + x{ ,
ie.
\% (Xf —|—x{> =V (x{) +V(x{) 4+ Cov <x{,xf) +Cov <xf,xf) .
(2)

The auto-covariances for z;” are easily shown to be

Cow (zg?gl,z?)) — (A(2)>lV (z?)) for [ =1,2,3, ...

(2)

because z,”’ and égi)l are uncorrelated for [ = 1,2, 3, ..., given that €;11 is independent across time.
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Finally, closed-form expressions for all corresponding moments related to y; follow directly from

the linear relationship between y; and z§2) in (16). That is,

Elyi] = VB [4"] + 4@,

/!
)

Vvl = €OV [z (C?)

and

Cov (yf,yf+l) = CPCov (zgi)l,z?)) (C(2)>I forl=1,2,3,...

4.2 Third-Order Approximation

As we did for the second-order approximation, we start by deriving a more compact representation

for the pruned state-space system than the one in section 3.2. This is done based on the vector

z§3>z[(x{)' o) (dexl) (40 (x oxt) <X{®x{®x{)'},

(2)

where the first part reproduces z,”” and the last three components denote third-order effects. The

law of motion for x[? was derived in section 3.2, and recursions for x{ ®xj and x{ ®x{ ® x{ follow
from (5) and (7). Hence, the law of motion for X{, x¢, and x}¢ in (5), (7), and (12), respectively,

can be represented by a VAR(1) system

29, A®,P 4 BOE) 4 O (19)

(3),

We also have that the control variables are linear in z,
yrd = Cc®z® 4+ q®). (20)

The expressions for A®), b(3), Egr)l, () and d® are provided in appendix E.

Appendix F shows that the system in (19) is stable, with all eigenvalues of A(®) having modulus
less than one, provided the same holds for hy. Building on the intuition from the second-order
approximation, this result follows from the fact that the new component of the state vector x}¢ is

constructed from stable processes and its autoregressive component is also stable. The stability of
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x7? relies heavily on o being treated as a variable when setting up the pruned state-space system.
If, instead, we had followed Haan and Wind (2012) and included the term %hgaxazxgd in the law
of motion for Xﬁl, then xﬁl would have had the autoregressive matrix hy + %haaxa2 which may
imply eigenvalues with modulus greater than one even when hy is stable. Moreover, the system in
(19) and (20) has finite second moments if 551)1 has finite second moments. The latter is equivalent
to €:1 having finite sixth moments. These results are summarized in the next proposition, with

the proof given in appendix F.

Proposition 3 If all eigenvalues of hx have modulus less than one and €11 has finite sizth mo-
ments, the pruned state-space system defined by (5), (7), (12), and (14) - or equivalently by (19)

and (20) - has finite second moments.

The representation in (19) and (20) of the pruned state-space system and the fact that Eg)l is
a function of €11 ® €41 ® €41 make it straightforward to derive the additional property for the

system, with the proof provided in appendix G:

Proposition 4 If all eigenvalues of hx have modulus less than one and €11 has finite twelfth
moments, the pruned state-space system defined by (5), (7), (12), and (14) - or equivalently by (19)

and (20) - has finite fourth moments.

We also note that finite ninth moments for €;11 are sufficient to ensure that the pruned state-
space system for the third order approximation has finite third moments.

The next step is to explicitly compute the first and second moments of the pruned state-space
system defined by (19) and (20). According to appendix E, the innovations 5%:?1 in (19) are a

function of xf, X7, €41, €141 @ €441, and €41 ® €41 @ €.41. Hence, we have that E [SS’F)I] =0 and

B (2] = (Lo, onz ez — A®) " ®.

It is interesting to explore the value of E [x}"d] as it may change the mean of the state variables.

From (12), we immediately have

&=
»
3
S
Il

_ 1 1
(I, — hy) " (HXXE {x{ ® x;} + Hoood x! @ x!{ ©x] } n 6hawg3> ,
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and simple algebra gives
E [x{ ® xf} = (I — (hx®@hy)) (hx ® ;Hxx> E [XZ ®x] ® Xf]
and
E x{ ® x{ ® xﬂ = (Ing — (hx @ hx ® hx))f1 (cn@on®@on) Ee 1 @ €41 ® €41] .
Adding the mean value for the first-, second- and third-order effects, we obtain
E [Xﬂ +E[x/]+E [X:d} ,

which is the mean value of the state variables in the pruned state-space system for the third-
order approximation. If we next consider the standard case where all innovations have symmetric
probability distributions, then E [€;41 ® €41 ® €,41] = 0, which in turn implies E [x{ ® x{ ® X{ ] =
Oand E [xic ® xf] = 0. Furthermore, h,,, and g,,, are also zero based on the results in Andreasen
(2012) when all innovations have symmetric probability distributions. Thus E [x{d] =0. As a
result, the mean of the state vector is not further corrected by the third-order effects when all
innovations have zero third moments. A similar property holds for the control variables because
they are a linear function of x7%, x{ ® x7, and x{ ® x{ ® x{ . On the other hand, if one or several
innovations have non-symmetric probability distributions, then h,,, and gs,,, may be non-zero
and E [x{d] # 0, implying that the mean has an additional correction for risk by the third-order

effects. These results are summarized in the next proposition.

Proposition 5 If all third moments of €; are zero, the mean values in the pruned state-space
system defined by (5), (7), (12), and (14) - or equivalently by (19) and (20) - are identical to those
in the pruned state-space system defined by (5), (7), and (9) - or equivalently by (15) and (16).

This proposition is useful when calibrating or estimating DSGE models with symmetric prob-
ability distributions because it shows that the third-order effects do not affect the mean of the
variables of interest.

Let us now consider second moments. The expression for the variance-covariance matrix of the
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(3) (2 3)

z; "’ is slightly more complicated than the one for z; ) because z;’ is correlated with Sg’r)l This

correlation arises from terms of the form x{ ®€r11 R €y In 5331 which are correlated with elements

(3)

in z;”’. Hence,

v (Z§3)> _ A®Y (Z§3)> (A(s))’ L BOV (é?»)) (B(3))’
AOCow (29,¢0,) (B9) + BOCou (2,2 (a9)"

The expressions for V (55,3)) and Cov (St 1,2 (3)> are provided in appendix F. Using the com-
putationally most efficient procedure, the variance of the combined first-, second- and third-order
effects V (xf + X{ + x{d) for the state variables in the pruned state-space system related to the

third-order approximation may be computed as

V(X{) —I-V(Xf)—i-V( ) + Cov (xt,xt) + Cov (Xt,X;’;d)

+Cov (xt,xt> + Cov (Xf,xt ) + Cov (xt ,Xt) + Cov (xt ,xt)

3)

The auto-covariances for z;”’ are

Con (s2,87) = (A9 1] 552 (A9) ™ B0 (68, 47)

for s =1,2,3,... The derivation of Cov <£t+l, (3)> for [ =1,2,3,... is given in appendix F.

Finally, closed-form expressions for all corresponding moments related to y}¢ follow directly

(3)

from the linear relationship between y7?¢ and z,” in (20) and are given by
B[y] = cOB[4"] +4®,

v ] = 0w [&7] ()’

and

Cov (ygd,y{f_l) = C®Cw ( EJF)I, (3)> (C(3))I forl=1,2,3,..
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5 Impulse Response Functions

Another fruitful way to study the properties of DSGE models is to look at their IRFs. For the
first-order approximation, these functions have simple expressions where the effects of shocks are
scalable, symmetric, and independent of the state of the economy. For higher-order approximations,
no simple expressions exist for these functions and simulation is typically required. This section
shows that the use of pruning allows us to derive closed-form solutions for these functions and hence
avoid the use of simulation.

Throughout this section, we consider the generalized impulse response function (GIRF) pro-
posed by Koop, Pesaran and Potter (1996). The GIRF for any variable in the model var (either
a state or control variable) in period ¢ + [ following a disturbance to the i’th shock of size v; in

period ¢ + 1 is defined as
GIRFyar (I, vi, wi) = E [var,y|wy, €441 = vi] — E[var,|wy],

where w; denotes the required state variables in period ¢t. As we will see below, the content of wy

depends on the number of state variables in the model and the approximation order.'*

5.1 Second-Order Approximation

The derivation uses the pruned state-space system for a second-order approximation given by (5),
(7), and (9). We start by deriving the GIRF for the state variables. The GIRF for the first-order
f

effects x; is just
GIRFs (l,v;) =E x{+l|x[, €itrl = 1/1} —E |:X{+Z‘X{:| =hl oy, (21)

where v has dimension n. x 1 and contains the size of the disturbances in period ¢ 4+ 1. For (21),
we have v (i,1) = v; and v (k,1) = 0 for k # 7. This GIRF,; is unaffected by the state vector x{

because it enters symmetrically in the two conditional expectations in (21).

""The expressions we derive below for the GIRF’s also apply for studying joint effects of more than one
disturbance to the economy, for instance simultaneous disturbances to the i'th shock and the j’th shock, i.e.
G[RFvar (l, Vi,Vj, Wt) = Et [vart+l|wt, €it4+1 = Vi, €j,t4+1 = V]'] — Et [vart+l|wt].
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For the second-order effects x7, we have from (7) that

e S | 1 =1 .
Xy = hlxs + '21 hi 1 jinx (X{_,’_j ®X{+j) + ihwa2 'Zoh; 1=, (22)
j= j=

The GIRF for X{ ® X{ is derived in appendix H, showing that

GIRF, gyt (l, vi, x{) = hix{ @hilony + bl lonr @ hi(x{ (23)

+ (hi(_1 ® hi(_1> (cnronr + A).

where

A=((ocn(I-S)®@on(I—-S8)) — (ecn®omn))vec(I). (24)

Here, S is an n. x n. diagonal matrix with S (i,4) = 1 and S (k,k) = 0 for k # i.! Using this

expression and (22), we then get

-1 1
GIRF, (l,yi,x{ ) =3 h;—l—ﬂiﬂxxGIRFx@xf (j, vi,x] ) . (25)

Jj=1

Expressions (23)-(25) reveal three interesting implications. First, the GIRF for the second-order
effect is not scalable as GIRF, s gy s (l, T X Vj, xf) #FTXGIRF gy s (l, Vi,xf) for 7 € R. Second,
the term (onr®onv) implies that the IRF for x{ is not symmetric in positive and negative shocks.
Third, x{ enters in the expression for GIRFys, meaning that it depends on the first-order effects

of the state variables. Adding the GIRF for the first- and second-order effects, we obtain
GIRE,; (I,v;) + GIRFys (z, vi, x| ) ,

which is the pruned GIRF for the state variables implied by the pruned state-space system for the

second-order approximation.

151f we are studying joint effects of more than one disturbance to the economy, for instance simultaneous distur-
bances to the i’th shock and the j’th shock, then S (¢,4) =1, S(j,5) =1, and S (k, k) =0 for k # {4,;}.
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Finally, the pruned GIRF for the control variables is easily derived from (8) and previous results

GIRF, (z, vi,x] ) — g (GIRFxf (z, vi,x] ) + GIRFy (l,yi,xff ))

1
+§GXXGIRFxf®Xf (l, Vi, X{) .

5.2 Third-Order Approximation

To derive the GIRF’s at third order, we use the pruned state-space system in (5), (7), (12), and

14). To obtain GIRF in this case we need the GIRF for x?. Using (12), we first note that
t

-1 . 1
T e 'Zo hi ' [Hxx (X{ﬂ‘ ® X§+j> + ngxx (Xz{ﬂ‘ ® X{-i-j ® X{+j)}
J:

= I-1—j 3 2.f 1 3
+ > hy ghwxa X+ ghowa .
Jj=0

Simple algebra then implies

GIRFya (v, (x ) = 3 B MG R e (1o (1))

7j=1

-1 I—1—i 1 ] f
+ % W S HoonGIR s (4w

j=1

=3 2
+ > hy _]éh(mxo GIRFys (j,vi) -

j=1
All terms are known except for GIRF,gys <j, vi, <x{,x§>> and GIRF,fgxfoxs (j, I/Z',X{>. The
derivations of these terms is deferred to appendix I because it is notationally demanding. As it was
the case for the second-order approximation, the GIRF for the third-order effect is not scalable, not
symmetric, and depends on the first-order effects of the state variables X{ . Note that the GIRF for
the third-order effects also depends on xj because it affects GIRF,fgys (j, vi, (x{ ) xf)) Adding

the GIRF for the first-, second-, and third-order effects, we obtain
GIRE,; (I,v;) + GIRFys (z, vi,x] ) + GIRF, 4 (z, vi, <x{ , xt)) ,

which is the pruned GIRF for the state variables implied by the pruned state-space system for the

third-order approximation.
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The pruned GIRF for the control variables in a third-order approximation is

GIRF,. (l, vi, (x{ , xf)) — g (GIRFxf (I,v;) + GIRFy (z, vi,x! )) + gxGIRF,a (z, v;, (x{ x

1
+5Gox (GIRFxf@xf (z, vi,x! ) +2GIRF, gy (z, vi, (x{ , xf) ))

1
+6GxxxGIRFxf®xf®xf <la Vi, th)

—i—%gmx02G1RFxf (1,v;)

where all terms are known.

6 Accuracy of Pruning

This section analyses how pruning affects the accuracy of the approximated solution. We first
study the order of the approximation errors when the perturbation parameter tends to zero, i.e.
o — 0. In the case of the pruned state-space system for the second-order approximation, appendix
J shows that errors in x{ + x; and y; are of third order. Further accuracy is obtained by using
the pruned state-space system for the third-order approximation, as errors in x{ +x7 + x{d and
y{d are of fourth order. Hence, for a given approximation order and given ¢ — 0, our findings
imply that errors in the pruned and unpruned state-space systems have the same order. When
accounting for uncertainty in the model by letting o = 1, it is interesting to note that the stability
of the pruned state-space system implies that approximation errors do not accumulate over time. A
similar convenient property does not necessarily hold in the unpruned perturbation approximation,
which therefore may generate explosive sample paths.

The above accuracy results apply to any DSGE model within the considered class in (1) and
(2). To obtain further insights into the accuracy of pruning, we next analyze Euler equation errors
of the suggested pruning scheme for a standard New Keynesian model, a basic workhorse of modern
macroeconomics and widely used for policy analysis. We proceed as follows. A brief presentation
of the model is provided in section 6.1, with additional details given in appendix K. Section 6.2
describes how Euler equation errors are computed. Section 6.3 reports results from our numerical

exercise, which show that, in general, pruning improves accuracy.
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6.1 A New Keynesian Model

The specific version of the considered New Keynesian model is chosen based on two requirements.
First, we want a model with sizable higher-order terms, as this allow us to see any potential differ-
ences between simulating the model using the pruned and unpruned state-space system. Second,
the model should not generate explosive sample paths when it is simulated using the unpruned
state-space system; otherwise any accuracy tests would trivially favor a pruned approximation.
To meet the first objective, we include habit formation and Epstein-Zin preferences, which also
help the New Keynesian model in matching various macro and financial moments (Christiano,
Eichenbaum and Evans (2005), Hordahl, Tristani and Vestin (2008), and Binsbergen, Fernandez-
Villaverde, Koijen and Rubio-Ramirez (2012)). The second requirement is met by modelling sticky
prices as in Rotemberg (1982). This specification does not introduce an extra endogenous state
variable as with Calvo contracts. The absence of this state variable turns out to be essential for
generating non-explosive sample paths using the unpruned state-space system. Of course, it should
be emphasized that we cannot prove that the model without pruning is stable. Instead, we rely on
extensive simulation experiments and discard the (very few) explosive paths. This implies that the

results are biased in favor of the unpruned state-space system.
6.1.1 Households
We assume a representative household with Epstein-Zin preferences (Epstein and Zin (1989)). Using

the formulation in Rudebusch and Swanson (2012), the value function V; is given by

1
v ug + 3 (Et [V;:%D %8 if u; > 0 for all ¢
t =

up — B (Et [(—%+1)1¢3D11¢3 if up <O for all ¢

As Rudebusch and Swanson (2012), we let the periodic utility function display separability between

consumption ¢; and hours worked h;

¢ — bey_1) % s (1— 1— hy)l ™
U = dt( d 1,t¢21) + (Zt)(l ¢2) ¢07( 1 —t3251 )

(26)
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Here, b is the parameter governing the internal habit formation and d, is a preference shock where

logdi+1 = pglogd; + €441

and €q; ~ 21D (O, 0(21). The variable (z; )1_¢2 controls the deterministic trend in the economy and
will be further specified below. Scaling the second term in (26) by (zz‘)l_q52 ensures the presence
of a balanced growth path and can be justified based on home production (see Rudebusch and
Swanson (2012) for further details).

The budget constraint at time t reads
it k Tt .
ct + ? + /Dt,t—i-lxt—i-ldwt,t-i—l = wtht + Ty kt + 7'T + dZ’Ut. (27)
t t

Resources are spent on consumption, investment 4;, and on a portfolio of state-contingent claims
X1 for the next period, which pay one unit of cash given events w; ;1. These claims are sold at
prices Dy 11, meaning that their real costs are

Dy i1 Xip1dws g1
P,

= /Dt,t+1$t+1 dwg 41

where x; 41 = Xy41/P;. The variable T; denotes a deterministic trend in the real relative price
of investment, that is, log T¢11 = log Tt + log py 4. Letting w; denote the real wage and ¥ the
real price of capital k;, resources consist of i) real labor income why, ii) real income from capital
services sold to firms 75k, iii) real payoffs from state-contingent claims purchased in the previous
period z;/m;, and iv) dividends from firms div,. Here, m; is gross inflation, i.e. 7, = P,/P;_1.

The law of motion for k; is given by
K 2
ki1 =0 =8 ki+ir—- (= —¢) ki, (28)
2 \ k¢

where k£ > 0 introduces capital adjustment costs based on i;/k; as in Jermann (1998). The constant

1) ensures that these adjustment costs are zero in the steady state.
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6.1.2 Firms

A perfectly competitive representative firm produces final output using a continuum of intermediate

goods y; ; and the production function

1 n/(n—1)
Y = </ ygzl)/ndi)
0

N\
with > 1. This generates the demand function y;; = <%t> Y, with aggregate price level:

1 1/(1—n)
Pt = |:/ ‘P’L],-tndZ:| .
0

The intermediate goods are produced by monopolistic competitors using the production function
Yie = ackfy (zihi) (29)
Here, 2; is a deterministic trend that follows log z;41 = log 2t + log i, 4, and

logaty1 = p,log ar + €q41

where €, ~ I1D (O,Jg). As in Altig, Christiano, Eichenbaum and Linde (2011), we define z} =

2]
1—

Y, ? 2, which denotes the degree of technological process in the economy.
The intermediate firms maximize the net present value of real profit with respect to capital,
labor, and prices. Following Rotemberg (1982), firms face quadratic price adjustment costs &, > 0

in relation to steady-state inflation mss. Hence, the i-th firm solves

= Pi,t+j k gp Pi7t+j 1 2
max B E DiyjPryj | =yiusj — ikigsj — wirjhisr; — = | 52— =1 yiy;
hi ek e, Pt =0 Pt+j 2 Pi,t—i—j—l Tss

N\
subject to y; = (1;’);’5) y; and (29).
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6.1.3 Monetary Authority

A monetary authority conducts monetary policy using a Taylor rule of the form

Tt

ri1=1—p.)res +pri—10+ (1 —p,) <B7r log <) + By log <z*y;/ >> ’
t ¥ss

SS

where r; 1 is the continuously compounded one-period net nominal interest rate. The output gap
is here measured in terms of output in deviations from its deterministic trend, which is equal to z}

times the output in the normalized steady state Yss (see appendix K).

6.1.4 Solution

To use the perturbation method, all trending variables must be transformed into stationary vari-
ables. We generally adopt the convention of letting capital letters represent transformed variables.
For instance, C; is the transformed consumption level. The only exception is the value function,
where the transformed variable is denoted by V. After appropriate transformations to remove
non-stationary variables, the model can be written in 18 equations where the control vector y;
contains the following 13 variables: Cy, 741, 74, he, Ay, By [f/tlgl%], I, Y:, Q4 f/t, W, Rf , and mc;.
The variables Ay, @, and mc; are Lagrange multipliers related to (27), (28), and (29), respectively.
The state vector x; has five elements: 711, Ci—1, K¢, at, and d;. Finally, the innovation €, has

two elements, €441 and €q¢41.

6.2 FEuler Equation Errors

As shown in appendix K, the equilibrium conditions for our model can be expressed by the vector-

function f (+)

B [f (x¢, X441, ¥4, Yi+1)] = 0. (30)

If we insert sample paths implied by any approximated decision rules in (30), then each of the
equations in (30) will not in general equal zero. This difference is referred to as Euler equation
errors and can be used to evaluate the performance of a given approximation. In this section we
use the Euler equation errors to compare the accuracy of the pruned and unpruned state-space

systems for different orders of approximation.
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In general the errors depend on the value of the state variables. A standard strategy when
evaluating these Euler equation errors is to plot the errors for different values of the state variables.
However, this procedure is not appropriate in our context because, in general, the pruned and
unpruned state-space system have different state variables. Instead, the following procedure is
adopted. We fix a sequence of innovations {et}z;zls,ooo and use the first 1,000 observations are as
a burnin. The remaining observations are used to simulate sample paths for the pruned systems
{x{,xf,xgd,y,{,yf,ygd}T:ZOOO and the unpruned systems {xgl),x§2),xgg),ygl),y?),ygg)}i:f’ooo.

These time series are then substituted into (30) to find the Euler equation errors in a given period,
where any conditional expectations are evaluated by simulating 5, 000 realizations using the pruned
and unpruned state-space systems, respectively. As in Juillard and Villemot (2011), all Euler
equation errors are expressed in unit-free terms by writing the equilibrium conditions as ratios that
equal one. For example, the national income identity is expressed as 1 = <ct + (Tt)_l it) /yt, with

the corresponding Euler equation errors being 1 — (ct + (Tt)*1 it> /Y.

6.3 Accuracy Results

Table 1 reports the values of parameters used for our accuracy test. Although most values are
fairly standard, table 1 is not a formal calibration, as several parameters are chosen to get strong
non-linearities in the model as required to examine the accuracy of the pruning method. A proper
statistical evaluation of the model will be performed in the next section. In relation to the calibra-
tion, we highlight the following decisions. The price adjustment coefficient &, is chosen to match a
Calvo parameter of 0.75 for a linearized model. To select the values for the preference parameters
¢9 and ¢35, we rely on the results in Swanson (2012), who extends existing formulas for relative risk

aversion to account for a variable labor supply. Given our utility function, we have

1—
RRA = —1 ¢2 + ¢3 -1 ¢2 ) (31)
17bl"z* + wss(]-*hss) @ 1*1)/},2* + WSS(]-*hsS) 1_¢2
1-5b Css 1 1-Bb Css 1-¢;

when measuring household wealth by the present value of life time consumption.'6 Given the values

-1
in table 1, llfzzb* ~ 1 and wss (1 — hss) /css equals approximately 1.3, making ¢, and ¢5 the key

Y6This definition of relative risk aversion is preferred to the one where wealth is measured by the present value
of consumption and leisure because Swanson (2013) shows that the measure in (31) displays the highest correlation
with the equity premium in a similar model.
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determinants behind risk aversion. We select a relatively low value for ¢, (¢ = 2) and instead
introduce strong non-linearities into the model by having ¢; = —100. This gives a high relative

risk aversion of RRA€ = 60.
< Table 1 about here >

The first block of rows in table 2 displays the root mean squared Euler equation errors (RMSEs)
for each of the nine model equilibrium conditions.!” At second-order, the RMSEs implied by the
pruned system are smaller than the ones implied by the unpruned approximation in four of the
nine equations. This is emphasized in table 2 by bold figures. When computing the mean RMSEs
across all nine equations, we find that pruning delivers better accuracy. The improved performance
of pruning is more visible at third-order where it outperforms the unpruned approximation in seven
of the nine equations. As a result, the mean RMSEs across all nine equations with pruning are
clearly smaller. Table 2 also shows that a third-order approximation in general delivers higher
accuracy than a second-order approximation and that a second-order approximation in most cases
is more accurate than a first-order approximation. The remaining part of table 2 shows that these
results are robust to considering highly persistent shocks (p; = p, = 0.98) and large innovations
(04 = 04 = 0.03). Both deviations from the benchmark specification take sample paths further
away from the approximation point (the steady state) and therefore constitute more challenging

cases than our benchmark specification.
< Table 2 about here >

From this analysis, we conclude that pruning does improve accuracy. These results are, by
construction, model-specific and dependent on the chosen calibration. However, both the model
and the calibration are fairly standard and we therefore conjecture that our results are representative

for a large class of DSGE models of interest.

7 Econometric Implications of the Pruning Method

The econometric implications of our derivations in sections 4 and 5 are significant because various

moment matching methods used in linearized DSGE models now carry over to non-linear approx-

1"We leave out the following log-linear relations that, by construction, all have zero model errors: firm’s first-order
condition for labor and capital, the Taylor rule, and the production function.
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imations. For approximations up to third-order, this includes GMM estimation (Hansen (1982))
based on first and second moments of the variables. The work by Kim (2002) shows how optimal
GMM estimation may be used to build a so-called limited information likelihood (LIL) function.
Equipped with priors, we may then carry out standard Bayesian analysis from the LIL function,
where the asymptotic distribution for the posterior equals the limiting distribution of GMM. Hence,
our closed-form expressions for first and second moments for approximations up to third order may
also be relevant to a Bayesian researcher.

Another possibility is to match model-implied IRF's to their empirical counterparts as is done
in Christiano, Eichenbaum and Evans (2005) for a linearized model. For the case of non-linear
approximations, the empirical IRFs should not be computed from an SVAR model because it
restricts these functions to be scalable, symmetric, and independent of the state of the economy.
None of these assumptions are imposed in the flexible projection method by Jorda (2005), which
therefore is promising when DSGE models are solved with non-linear terms. Another way to
obtain the empirical IRFs is to derive these functions from an estimated auxiliary model consistent
with the pruned state-space system, as done in Aruoba, Bocola and Schorfheide (2013) for the
scalar case. Our work provides the theoretical foundation for constructing the auxiliary model
consistent with the pruned state-space system in the multivariate case and beyond a second-order
approximation. More generally, we could also estimate DSGE models by matching autocorrelation
functions, regular spectra, or other functions of interest.

All these econometric methods are attractive because we can now easily compute first and second
moments or any IRFs in medium-sized DSGE models whose solution has been approximated to
third-order. If we want to use higher-order moments such as skewness and kurtosis in estimation,
then simulations are needed. While it is possible to compute closed-form expressions for skewness
and kurtosis in DSGE models when the pruning method is applied, the memory requirement for
such computations are extremely large and therefore only applicable to small models with a few
state variables. But even if we simulate to get around this memory limitations, our analysis provides
the foundation for SMM following Duffie and Singleton (1993) and indirect inference as considered

in Smith (1993), Dridi, Guay and Renault (2007), Creel and Kristensen (2011), among others.!®

'8See also Ruge-Murcia (2012) for a Monte Carlo study and application of SMM based on the neoclassical growth
model solved up to third order.
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The closed-form expressions for unconditional moments and GIRFs derived above greatly sim-
plify the computational burden for implementing several of these econometric methods using higher-
order approximations, but our work also makes an important theoretical contribution. This is be-
cause without adopting the pruning method, we do not know if any of the required moments exist,
and hence the asymptotic distributions for all the aforementioned estimators cannot, in general,
be adopted. To realize this, recall that the limiting distributions for GMM, SMM, and indirect
inference require stationary processes, or processes that can be transformed to be stationary, but
this property cannot be ensured in non-linear perturbation approximations without relying on the
pruning method."’

To illustrate some of these points, we estimate the model in section 6.1 with GMM and SMM
using macroeconomic and financial data for the US economy from 1961Q3 to 2007Q4. To make
our model slightly more standard, we abandon the quadratic price adjustment costs and instead
consider staggered pricing as in Calvo (1983). That is, we now assume that a fraction o € [0, 1]
of randomly chosen firms cannot set the optimal nominal price of the good they produce in each
period and instead let P;; = m;_1P;;—1. The rest of the model is as described in section 6.1.

Seven time series are used in the estimation of our quarterly model: i) consumption growth
Acy, ii) investment growth Ady, iii) inflation ¢, iv) the 1-quarter nominal interest rate ry 1, v) the
10-year nominal interest rate 7 40, vi) the 10-year ex post excess holding period return zhr 49 =
log (P;,39/Pi—1,40) —7t—1,1, and vii) log of hours log h;. All seven time series are stored in the column
vector data;.?’ To compute r40 and xhry 40, we solve for nominal zero-coupon bond prices P
maturing in period ¢ + k by using the efficient perturbation algorithm in Andreasen and Zabczyk
(Forthcoming). The presence of a short- and long-term interest rate jointly captures the slope of
the yield curve, while the excess holding period return is included as an observable proxy for the

term premium.

19See Peralta-Alva and Santos (2012) for a summary of the literature on the relation between estimation methods
and numerical errors in simulation.
20Gee appendix L for a description of the empirical data series.
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7.1 Estimation Results Using GMM

We start by exploring whether our model can match the mean, the variance, contemporaneous

covariances, and the persistence in the data. Hence, let

data;
Q= | wvec(data;data;) : (32)

diag (datatdata;_ 1)

where diag (-) denotes the diagonal elements of a matrix and @ are the structural parameters. The

GMM estimator is then given by

OGaias = g min <; ST g —Ela: (9)]) ‘W (; ST g —E[a (9)]) .

Here, W is a positive definite weighting matrix, %Zthl g: is a row-vector with the empirical
moments, and E [q; (@)] contains the model-implied moments that we compute in closed-form using
the above formulas. Following common practice, we apply a diagonal weighting matrix to obtain
preliminary consistent estimates that we use to compute the optimal weighting matrix - in our case
the Newey-West estimator with 10 lags (all results are robust to using either 5 or 15 lags instead.)

All structural parameters in the model are estimated, except §, 6, and 7, which are harder to
identify and therefore assigned the values in table 1. Based on the considered moments in (32), we
can estimate the first four moments for the innovations when using a second-order approximation
and the first six moments when the model is solved up to third order. In practice, it will typically
be difficult to separately identify all the relevant moments, and we therefore impose a distributional
specification. Letting the innovations to preference and technology shocks be normally distributed,
we are then left with 18 parameters to be estimated based on 42 moments.

We start by estimating the model based on a second-order approximation. Given the normally
distributed innovations, the mean values implied by the second- and third-order approximations
are identical and only the variances differ. The great advantage of starting with a second-order
approximation is that all considered moments for our model with seven state variables can be

computed in just 0.03 seconds when using Matlab.?!

?IThe execution time is for a 64-bit version of Matlab 12b on an Intel(R) Core(TM) i5-3210 M CPU @ 2.50Ghz.
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The estimates are reported in the second column of table 3 and labeled GMM?"?¢, We find
sizable habits (b = 0.68), a low Frisch elasticity of labor supply (1/¢; = 0.16), and a moderate
degree of curvature in the periodic utility function with respect to consumption (¢ = 1.59). The
Epstein-Zin parameter is large (¢3 = —196) and accounts for a high relative risk aversion of 99
which is similar to the finding in Rudebusch and Swanson (2012). Our estimates also imply a
low intertemporal elasticity of substitution for consumption of 0.2. As in Justiniano and Primiceri
(2008), the degree of price stickiness is high (o = 0.93), meaning that the inflation-indexed prices

22 The central bank displays preferences for

are being re-optimized roughly every second year.
smoothing changes in the policy rate (p, = 0.68) and assigns more weight to inflation than output

when conducting monetary policy (8, = 3.99, 3, = 0.56).
< Table 3 about here >

Table 4 provides empirical and model-implied moments to evaluate the fit of the model. The
model matches all mean values extremely well, in particular, the short- and long-term interest rates
of 5.6 percent and 6.9 percent, respectively. Also, our model reproduces the mean inflation rate
of 3.7 percent, even though the corresponding steady-state level is much higher (4logmss = 15.97
percent). The difference relates to a large correction due to the highly risk-averse households. The
model is also successful in matching the variability in the data, although the standard deviation
in consumption growth is below the empirical value (1.4 percent compared to 2.7 percent) and the
standard deviations for inflation, the short rate, and the log of hours are somewhat higher than
in the data. A satisfying performance is also seen with respect to the first-order autocorrelations,
where only consumption growth displays notably higher persistence than the empirical moment
(0.7 compared to 0.3).

The bottom part of table 4 shows the contemporaneous correlations where our model in most
cases reproduces the correct sign. The main exception relates to hours, which contrary to empirical
evidence, is negatively correlated with consumption and investment growth and displays positive

comovement with inflation and the two interest rates.

< Table 4 about here >

22The prices in our model change every quarter: (roughly) seven out of eight quarters with a simple indexation
rule and every eighth quarter by a full re-optimization. Our model is, then, fully compatible with a high degree of
price variability in the micro data.
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We next use a third-order approximation and re-estimate the model on the same moments. The
optimization problem is still quite tractable, partly because estimates at second-order are good
starting values and partly because it only takes 0.8 seconds to compute the considered moments
in Matlab. The estimates at third order are reported in the third column of table 3, labeled
GMM?¢, and they only show minor differences when compared to those obtained for a second-
order approximation. We find a small increase in the size of habits (0.69 vs. 0.71), lower curvature
in the periodic utility function with respect to consumption (1.57 vs. 1.53), and lower capital
adjustment costs (4.11 to 3.59). As a result, the relative risk aversion now falls to 94. This is
not a surprise, as higher-order terms allow the model to capture the dynamics of the data with a
lower risk aversion. The precision of most estimates as given by the asymptotic distribution greatly
improves when moving to a third-order approximation. This is similar to the findings in An and
Schorfheide (2007) and Andreasen (2013).

Table 4 shows that the small changes in the estimated parameters result in broadly the same
fit as with a second-order approximation. Of course, a key difference between the two cases is that
the third-order approximation allows for time variation in the nominal term premium, whereas it is
constant at second order. We use the measure of the term premium suggested by Rudebusch and
Swanson (2012) which is based on the risk-neutral bond price 15t7k where payments are discounted
by 1, i.e.

)

Py =e R, {Pt—f—l,k—l} .

The corresponding yield-to-maturity on this bond is 7}, = f% log ]—T’uk, and nominal term premium
at maturity k is then given by

TPt,k =Ttk — ft,k-

At third-order, we find a nominal term premium with a sizable mean of 174 annualized basis points
and a quite realistic standard deviation of 20 annualized basis points.

Given that we have more moments (n) than parameters (n,), it is possible to apply the J-test
and conduct an overall specification test of our model. This is done in table 5 using 7'Q) ~ X%,np
where T refers to the number of observations and @ is the value of the objective function when using
the optimal weighting matrix. Table 5 shows that the P-value for this test is 0.84 at second-order

and 0.71 at third-order, meaning that our model is not rejected by the data, that is, the observed
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differences between empirical and model-implied moments in table 4 are not unusual given the
sample variation in the empirical moments. However, this finding should be interpreted with some
caution because it is well-known that the J-test displays low power and may therefore fail to reject

a misspecified model (see Ruge-Murcia (2007)).
<Table 5 about here>

We end this section by reporting IRF's following positive one-standard-deviation shocks to tech-
nology and preferences (figures 1 and 2). These functions are computed at first- and third-order
using the formulas derived in this paper. In the case of third-order approximation we set the value
of the relevant state variables at their unconditional means. With our implementation, it takes
only about 0.14 seconds to compute these functions in Matlab. All IRFs have the expected pattern
and we therefore direct our attention to the effects of higher-order terms, that is, the difference
between the marked and unmarked lines. For a technology shock, we see substantial non-linear
effects in consumption and investment growth. For a preference shock, notable differences appear

for the interest rates and inflation.

< Figure 1 and 2 about here>

7.2 Estimation Results Using SMM

We next explore how well our model matches higher-order moments such as skewness and kurtosis in
the data using a third-order approximation. The set of considered moments are therefore extended

to

qt
~ —_ 3
qt = (datat) ,
— \4
(datat)

—_— —

where data; only contains the first six elements of data; and the superscript on data; refers
to an elementwise operation.?? To give our model greater flexibility in matching these additional

moments, we let innovations to technology and preference shocks follow the normal-inverse Gaussian

23Higher moments for seventh variable in datay, i.e. log h¢, are not included because they are too tightly correlated
with existing moments: corr (log ht, (log ht)3) = 0.9995 and corr ((log ht)2 , (log ht)4) = 0.9995. If we were to include
them, we could face problems computing the optimal weighting matrix in a robust way because this matrix is unlikely
to have full rank.
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distribution. This is a very flexible probability distribution with separate parameters controlling
the asymmetry of the distribution and its tail heaviness (see Barndorff-Nielsen (1997) for further
details). As before, these innovations are assumed to be identical and independent across time.

The presence of third and fourth moments in q; implies that all moments cannot be computed
in closed-form. Therefore, we resort to simulation. Then, our SMM estimator for the structural
parameters is given by

osin =angmin (158 a0 - 5750.0) W (3500 - -2 a0).
oceo \T' Tr T Tr
where the model-implied moments are estimated by using % ZZ; Qs (@) for 7 > 1. Since the
normal-inverse Gaussian distribution has finite moments up to any order (given standard require-
ments), we know from proposition 4 that all model moments of q; are finite.

The estimates are reported in the final column of table 3 and labeled SMM?"¢. Compared to the
third-order GMM estimation, most parameters are unchanged. Only the degree of habit formation
has increased (0.71 to 0.73) and so has the curvature in the periodic utility function with respect
to consumption (1.53 to 1.59). For technology shocks, the skewness parameter is estimated to be
0.23 while the tail heaviness parameter is 1.25. Using standard formulas for skewness and kurtosis
in the normal-inverse Gaussian distribution, we find that technology innovations display a positive
skewness of 0.45 and a kurtosis of 5.31. For preference shocks, the skewness and tail parameters
are estimated very inaccurately. A standard t-test shows that the skewness parameter could be
zero and computing kurtosis using the tail heaviness parameter plus one standard deviation gives
a kurtosis of 3.14. Hence, we find evidence of non-Gaussianity in technology shocks but not in
preference shocks. These results are broadly in line with those of Justiniano and Primiceri (2008),
who find time-varying volatility in technology shocks but not in preference shocks.

The final column of table 4 shows our model’s ability to match first and second moments with
normal-inverse Gaussian shocks is broadly similar to the case with normally distributed shocks. We
therefore focus on the higher-order moments in table 6. The model correctly generates negative
skewness in investment growth and positive skewness in excess holding period returns but is unable
to match skewness for any of the other variables. The model is slightly more successful in matching

values of kurtosis in consumption growth, investment growth, and excess holding period returns.
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Although the model is unable to perfectly match all moments, the model specification test in table

5 shows that we cannot reject the model based on our data.

8 Conclusion

This paper shows how to extend the pruning method by Kim, Kim, Schaumburg and Sims (2008)
to third- and higher-order approximations. Special attention is devoted to models solved up to
third order. Conditions for the existence of first and second moments are derived, and their values
are provided in closed-form. The existence of higher-order moments in the form of skewness and
kurtosis is also established. We also analyze impulse response functions and provide simple closed-
form expressions for these functions.

The econometric implications of our findings are significant as most of the existing moment-
based estimation methods for linearized DSGE models now carry over to non-linear approximations.
For approximations up to third-order, this includes GMM estimation based on first and second
moments and matching model-implied IRFs to their empirical counterparts. When simulations are
needed, our analysis also provides the foundation for different types of indirect inference and SMM.
These results are not only relevant for classical inference, as the moment conditions in optimal GMM
estimation may be used to build a limited information likelihood function, from which Bayesian
inference may be carried out. We therefore hope that the tools developed in this paper will be

picked by other researchers who estimate DSGE models where non-linearities play a key role.
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A Appendix

In this appendix, we provide further details and derivations for the paper. In particular, we will
show how our state-space framework can handle a rich set of non-linearities between x; and €41,
we will present the proofs of different results in the main text, discuss the New Keynesian model
that we use as an empirical application in depth, and describe the data for our estimation.

B Non-linearities Between State Variables and Innovations

To illustrate how non-linearities between x; and €;11 can be addressed in our framework, let v; =
[ X, 1 € ]/ be an expanded state vector where the innovations now appear as state variables.
The new state equation is then given by

_ h(Vt,O_) OTLT
V'H'l_[ 0 ]+U[ut+1 ’

where w1 ~ IID (0,1) is of dimension n., and the new observation equation is

yi =8 (v, 0).

Thus, any model with non-linearities between state variables and innovations may be rewritten into
our notation with only linear innovations.

As an illustration, consider a neoclassical growth model with stochastic volatility. The equilib-
rium conditions (where we follow standard notation) are given by:

¢, | = BBy [Ct_-gl (arsrokiy' +1 - 5)}
¢+ kir1 = atkf‘ + (1 — 5) ky

log ai1 = plogas + oatyi€ait1

g ag
log (‘”H) = p, log (”) + €041
Oa,ss Oa,ss

We then re—write these conditions as:

%a,t
1 At )
{plOgat‘f‘O'a,ss eXP{pa °g<aa7ss) €G’t+1} ea’t+1} 1
_ _ a—
¢ =8 | Bey | exp aki T +1-0
¢+ kir1 = atk:to‘ + (1 — 5) ky

loga; = plogat—1 + Oa,t€a,t

Oa,t Oa,t—1
log <> = po log <) + €0t
Oa,ss Oa,ss
€a,t+1 = OUq t+1

€ot+1 = OUg t+1

where the extended state vector is vy = [ ki ai—1 0at—1 €at €ot ] and o is the perturbation
parameter scaling the innovations uq 41 and ug 1.
If, instead, the volatility process is specified as a GARCH(1,1) model, then the equilibrium

40



conditions can be expressed as:

=B (e i 1)
et + ki1 = atk + (1 —0) ke
loga; = ploga;—1 + 04 t€a
0'(21,1&+1 = Ug,ss (1—=py) + plag,t + pzoi,tei,t

€a,t+1 = OUt41

where the extended state vector is vy = [ ki oapr ai—1 €ay ] and o is the perturbation parameter
scaling uz+1. As in Andreasen (2012), the constant term in the GARCH process is scaled by (1—p;)

to ensure that 0, = 04 s in the deterministic steady state where eit =0.

C Proof of Proposition 1

First, note that all eigenvalues of A are strictly less than one. To see this, we work with

p(A) = ‘A_)‘:[an-l—n%}
hy — AL, 01y xng Onzmg
= Onzxng; hx - )\Inm %Hxx
Ongxnz Ongxnl hy @ hy — )‘Ini
_ | Bu Bu
B21 B2
= [Bu| B

where we let

B11 _ |: hx - >\Inz Onz><nz :|
o Ongc XNy hx - )\Inw ’
0 2
B = Mg XNG
o=
By = [ Onixnr On%XnT ]a

and

By =hy @ hy — )\In%
and we use the fact that
U C

o v |=01Y]

where U is an m X m matrix and Y is an n x n matrix. Hence,

_ hx - >\Inz Onzxnz
p ()\) N ' |: OnTXnT hx - )\InT

H}hx®hx—)\1n%\ = |hy — AL, | [hx — AL, | [hy @ hy — ALz | .

The eigenvalues are clearly determined from |hx — AL,,| = 0 or |hy ® hy — ALz | = 0. The
absolute value of all eigenvalues to the first problem are strictly less than one by assumption. That
is [\ <1¢=1,2,...,n,. This is also the case for the second problem because the eigenvalues to
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hy ® hy are M\ fori=1,2,...,n, and j =1,2,...,n,
Given that the system is stable, the mean value is given by E [z?)} = (I2nm+n§. — A(z))_1 c?,

because & [Eﬁ)l} = 0. For the variance, we have

2] A ) (4 v ) (o)

as
£ f _ I !
; X; €111 X (€141 ® €41 — vec ne))/
E [zg2> (%) ] Y x; (€141 ® er1 — vee (Ie))
(x{ ® X{) €41 (X{ ® X{) (€111 ® €141 — vee (Ine))
!/ /
x| (€t+l ® Xf) x! (Xf ® €t+1)

/

s f s (f ! -0
Xy | €41 © X3 Xy | Xp & €41
/ /
(o) (r ) (1) ()

Now, we only need to compute V (Eg)l):

€t+1 €i+1
v (5(2) ) _ g|| e ®e— vfc (In.) €111 ® €141 — vfc (I..)
i €41 @ X; €41 @ X;
X{ & €141 X{ @ €t41
L, E [€141 (€141 @ €41)']
_ | El(er1 @ e1) €14q] E (€141 ® €1 —vee (In,)) (€1 @ €41 — vee (I,))']
0 0
0 0
0 0 i
0 0
<€t+1 ® Xt> <€t+1 ® Xt) <€t+1 ® X,:) (Xt ® €t+1>
/ /
E (X{ ® et+1> ((—:t+1 ®X,{> E (x{ ® et+1) (x{ ® et+1>

We note that this variance is finite when €;;1 has finite fourth moment. All elements in this
matrix can be computed element-by-element.

D Proof of Proposition 2

We consider the system x;,1 = a+ Ax;+vy1 where A is stable and vy 1 are mean-zero innovations.
Thus, the pruned state-space representation of DSGE models belong to this class. For notational
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convenience, the system is expressed in deviation from its mean as a = (I — A) E [x;]. Therefore

We then have

Ziy] @ Zpt1l

Xt41 = (I — A) & [Xt] + Axy + Vip1 =
Xi+1 — E [Xt] =A (Xt —F [Xt]) + Vil =
Zi1 = Az + v

(Azy +vir1) ® (Azg + vigr)
Az @ Azi + Az @ Vi1 + Vg1 @ Azy + Vg1 @ Vi,

Zit1 Q@ Zi41 Q Zet

and

Zitr] ®Zpt1 QZpyp1 @Zpp1 =

= Az; ® Az; ® Az + Az, @ Az @ v
+Az, @ vip1 ® Az + Az @ Vi1 @ Vg
+Vvir1 ® Az @ Azy + Vi1 @ Az @ vig
FVit1 @ Vi1 @ Az + Vg1 © Vg1 @ Vg

Az @ Az, @ Azy ©® Az + Az, @ Az @ Az @ v
+Az ® Az @ Vi1 @ Azy + Az @ Az @ Vip1 @ Vi
+AZ @ Vi1 @ Az @ Azy + Az @ vig1 @ Azy @ v
+AZ @ Vi1 @ Vir1 Q@ Azy + Az @ Vg1 ® Vgl ® Vil
+vit1 ® Az @ Az @ Az + Vir1 @ Az @ Az @ Vi
TV @ Az @ Vi1 @ Az + vip1 @ Az @ Vi1 @ Vi
TV @ Vi1 © Az @ Az + vip1 @ Vi1 @ Az @ v
FVi1 @ Vi1 @ Vip1 @ Azp + Vg1 @ Vip1 @ Vil @ Vg

Thus, to solve for E [z;11 ® Zi41 ® Zi+1], the innovations need to have a finite third moment.
At the second order, v;y1 depends on €11 ® €41, meaning that €41 must have a finite sixth
moment. Similarly, to solve for E[z;11 ® z;11 ® 2,41 ® Z4+1], the innovations need to have finite
fourth moments. At second order, v;y1 depends on €11 ® €11, meaning that €11 must have a

finite eight moment.

E Coefficients for the Pruned State-Space System at Third-Order

hy 0
0 h
0 0
3heexo? 0
0
0

%
XN

hy ® 3hye0?
0

0 0 0
0 0 0
x 0 0 0
hx Hxx %Hxxx
0 hy®hy hy®iHx
0
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on 0 0 0
0 0 0 0
B® = 0 on®on on @ hy hy ® on
0 0 0 0
on ® 2hy,0? 0 0 0
I 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
on @ hy on® %Hxx 0 0
0 om®hy ®hy hy®hy ®on hy @ on @ hy
0 0 0 0 i
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
hy ® on®on on @ hx®on onRon @ hxy oNReNRon |
[ €141 i
€41 ® €41 —vee (I,,)
€141 X x{
X{ @ €41
€11 @ X}
(3) _ ets1 ®x] ©x]
Si1 = xl @ x! @ €41
X{ & €41 @ X{
X{ @ €41 D €41
€41 ® Xf ® €41
€tt+1 Q€41 ® X{
| (41 @ €41 D €ry1) —E (€441 ® €141 ® €441)] |
[ Onle i
%hwa2
o3 = (om ®10n) veg (I,,)
ghao'cro'
On%xl
| (on@on@on) E[(€t+1 @ €141 @ €t41)]
Cc® = [ 8x + %gaaxa2 gx %Gxx gx Gxx %Gxxx ]

3

d® =1g,,0% + tgooe0

F Proof of Proposition 3

To prove stability:
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h,— )\ 0 0 0 0 0
0 hyx—AI $Hyx 0 0 0
B 0 0 hy®he-AI 0 0 0
N %haaxa2 0 0 h,—AI H,x %Hxxx
hyx ® $hyo0? 0 0 0 hy®hy—Al  hy® jHxx
i 0 0 0 0 0 hy ® hy @ hy—AI |
| Bi1 B H
~ || Bar Ba
where
hy— I 0 0 0 0O
B = 0 he—AI  1Hx Biz=|{0 0 0
0 0 hy ® hyx—AI 0 0O
[ 2hyoxo® 0 0 hy,— I H, s Hcxx
B21 = hx X %ho-o-O'2 0 0 B22 = 0 hx &® hx*)\I hx &® %Hxx
i 0 00 0 0 hy ® hy ® hy—AI
= [Bu1] [Bay|

= |hx — AI| |hx — A\I| |hx ® hy — A\I| |Bag|
(using the result from the proof of proposition 1)

= |hx — AI| |hx — AI| |hx @ hyx — M| |hx — AI| |hx ® hx—AI] |hx ® hy ® hye—AI]|
(using the rule on block determinants repeatedly on Bgy).

The eigenvalue A solves p (A) = 0, which implies

|lhx—AI| =0 or |hx @ hx—AI| =0 or |(hx ® hy ® hy) —AI| =0

The absolute value of all eigenvalues to the first problem is strictly less than one by assumption.
That is [A\;| < 1,7 =1,2,...,n,. This is also the case for the second problem, because the eigenvalues
to hy ® hy are \;Aj for i = 1,2,...,n, and j = 1,2,...,n,. The same argument ensures that the
absolute values of all eigenvalues to the third problem are also less than one. This shows that all
eigenvalues of A®) have modulus less than one.

Given that the system is stable, the mean value is given by E [zgg)} = (I3nx+2n§+n§ — A(3)) e

because E [Eﬁ)l} = 0. For the variance, we have

V] - A (a0 v ] ()

L A®) Cou [zf”, 51@1} (B(?’))/ +B® Co kgyﬁs)} ( A(3)>/

Contrary to a second-order approximation, C'ov [ﬁgl, zgg)} # 0. This is seen as follows:
. s -

f f
3 3) )’ X; QX
E |:Zi(§ ) (EE )1> :| =E t rd t
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1 1 l
X [ 6;+1 (Et—i-l & €i+1 — VEC (Ine))/ <€t+1 ® X{) <X{ & €t+1> (€t+1 ® Xf)/ <€t+1 & X{ & X{)

F ot - A (of ' f '
X; @ X; @ €41 X; Q€41 @ Xy X; @ €141 @ €41 €11 Xy ® €41
f E !
€11 @ €1 @%) ) ((€41 @ €41 @ €141) — B (€141 @ €141 ® €141)])
Onx XMe Onx Xng Onx XMNeNg 077»:0 XNgNe Onac XNz Ne Onx X nen% On;,; Xn%ne Onx Xn%ne
Onz XMNe Onz xn2 Onz XMNeNg Onz XNzNe Onz XMNgNe Onz Xnen2 Onz Xn2ne Onz Xn2ne
Ong XMe On% xn2 On% XNeNy On% XNgNe Oni XNgNe On% Xnen? On% Xn2ne On% Xn2ne
Onx XTe Onx xXn2 Onx XMNeNg 077»:0 XNgNe O"lac XNz Ne Onx X nen% On;c Xn%ne Ongc Xn%ne

On% XTe Ong xn2 On% XNeNg Ong XNgNe On% XNgNe On% Xnen2 Ong Xn2ne Ong Xn2ne

L Oni XTe On% xn2 Ong XNeNy On% XNgNe Ong XNgNe Ong XMen2 On% Xn2ne Ong Xn2ne
Rin Rig2 Risz Oppxns |
Ro1 Rz2 Ra3 0Op,xp3
Rs1 Rs2 Rssz 0,24p3
Rsn Rap Rag 05, xn3
Rs1 Rs2 Rs3 0p2xp3
Re1 Re2 Rez Opaxns |

=[0 R 0]

The R matrix can easily be computed element by element. To compute V [SQJ , we consider

€t+1
€141 ® €41 —vec(L,,)
€41 @ X,{
X{ ® €441
€r41 @?X{? ;
B) ()Y _ €41 @ X DX
B [gt“ (EtH) } =B xl @ x! @ €141
x| ® €1 @ %]
x{ R €1 ® €141
€111 X X{ X €441
€+1 R €41 ® X{
(€41 @ €111 @ €141) — B (€141 ® €141 @ €141)]
x [ €1 (€1 ® €41 —vec(I,)) <€t+1 ® X{), (X{ ® €t+1>, (€41 @ x7)' <€t+1 @x! ® X{),
(X{ ® X{ & 6t+1>/ (x,{c Q€41 ® xf)l (X{ Q€41 et+1), <et+1 ® X{ ® et+1>/
/
<€t+l ® €141 ® X{) (41 @ €41 @ €r41) — Bl(€r11 ® €41 @ €141)]) ]

Note that V [ﬁgl} contains (€41 ® €41 ® €:4+1) squared, meaning that €;11 must have a finite

sixth moment for V [53)1] to be finite. Again, all elements in V [ﬁg)l} can be computed element
by element. For further details, we refer to the paper’s technical appendix, which also discusses
how V' [ﬁﬁ)l} can be computed in a more memory-efficient manner.

For the auto-covariance, we have

Cov (zgi)l, ZE?’)) = Cov (c(3)+A(3)z§3) + B(3)£gl, zgg))

= AB)Cov (z§3),z§3)> +B®) Cov (Sgi)lv z£3))
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Cov (zﬁg, zgg)) =Cov (c(3)+A( )zgl &iros z§3)

— Cov (c<3>+ A® (C(3>+ A®Z® 4 B(3>5<3> ) n B(S)éi)% <3>)

=Cov (c(3)—|—A(3)c(3)+ (A( )) (3) + AG 3)5 1+ B(3)£ PO/ (3)>

= Cov ((A(?’))2 (3) (3)> + Cov (A B(3)£t+1, (3)) + Cov (B(3 £t+2,z§3)>

= (A(S))QCO’U (zg ), § )) +ABGBO Cov <£t+1, (3)) +BE)Cov (£t+2,Z§3)>
So, for s =1,2,3...

Cov (zgi)s, z§3)> = (A(3)>SV [zﬁg)} + Z;;é <A(3))S_1_j B®)C

and we therefore only need to compute Cov (Sgr)lJrj? z£3)) :
- f \

v <€1(£§-)1+j7 ng))

B |47 (¢h) | =

/
(1145 @ €ry14j — vece(Iy,)) <€t+1+j ® X1{+j>
/

/
x [ €t+1+j
f ' f Y

S
(Xt+] b2y €t+1+]) <€t+1+j ® Xt+j> (€t+1+j ®@x;,,; ® Xt+j>
xf & x ® € / Xf ® € i & Xf /
t+7 t+j 414 t+j t+1+7 t+7
!/

(X{—&—] @ €t+145 @ €t+1+g) <€t+1+j ® X{—i-j ® €t+1+j>

!/

/
<€t+l+] X €145 @ X,{ﬂ) ((€t414) ® €1414j @ €11145) — E (€141 @ €141 ® €t+1)])/

[ Onxxne On;cxng Onxxnenx OnmXTbxne Onac XNgNe Onxxnen% Onmxnﬁne On,cxnine
OﬂzXne Onzxnz Oannenz Onz XNgNe Onz XNz Ne Onzxnen% Onzxnine Onzxn%ne
_ Ongxne Ongxng On%xnenz Ongxnzne Onixnzne On%xnen% Ongxn%ne On%xn%ne
Onxxne On;cxnz Onxxnenx On:cxnxne Onac XNgNe Onxxneng Onmxnine On,cxngne
Onixne Ongng On%xnenz Ongxnzne Onixnzne Ongxnen% Ongxnine Onixn%ne
L Onixne Onixng Ongxnenz Onixnzne Ongxnzne Ongxnen% Onixn%ne Ongxn%ne
Ry Rip Rig Onun
Ry, Ry Ryg Onpxns
Ry Rys Rys Opzups
Ry, Riy Rig Onxns
Ry, Rys Ryz Opzups
R%J Ré,2 R%,3 On%xng’ i
=[0 R/ 0]

The matrix R/
technical appendix.

can then be computed element by element. For further details, see the paper’s
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G Proof of Proposition 4

The proof proceeds as for proposition 2. At third order, the only difference is that v,y also depends
on €41 ® €41 R €,+1. Hence, unconditional third moments exists if €;41 has a finite ninth moment,
and the unconditional fourth moment exists if €;41 has a finite twelfth moment.

H IRFs: Second-Order

We first note that

l l
I—j I—j
X{_H ® X{_H = (hﬁcxg + E 1hX J0n6t+j> ® (hﬁcx{ + § 1hx ]Unet+j>
1= J]=

:hle®hle—|—hle®zl:hl_ja ;
Xt Xt Xt x Ne€i4

j=1
Lo PR Lo
+ > by lone ; @hlx) + > hylone ; ® 3 hy lone,;
j=1 j=1 j=1
Next, let
l . l .
i{H ® 5&{“ = hﬁcx{ ® h;x{ + hﬁcxf ® Y, hic_janétﬂ- + > hic_]onétﬂ ® h;x{
= =

+ Jél hi/ond,,; ® jél hi/ond,, ;
where we define d;1; such that 6,41 =v + (I — S) €41 and 044 = €4 for j # 1. This means
GIRF, gyt (l, VZ',X{) =E [X{_H ® X{+I|X{, €it41 = l/l} - E [X{_H ® xf+l|xf]

=B [ifﬂ ® i{+l|xﬂ —E [X{-H ® X{H‘Xﬂ

= E[hﬁcx{ ®hi7lond,,  +hislond,, , ® hix{

l l

l—j l—j

+th j0n6t+j® Ehx JO’T](st+j

j=1 j=1
Lo Lo /

- Z hy “omne,, ; © Z hy “omey j|x;]

= E[hl x] @ hl- 1077 (V +(I-S)es1)+hilon(w+ (I-8S)eyr) ®hlx!

l . ! .
+ | hiton (v + (I -8)er1) + 3 hic7one, ;| @ hislon (v + (T —S) e41) + hiﬁonetﬂ-)

Jj=2 Jj=2

7 N

l .
- (hic OnN€yq + Z hx U’?‘Stﬂ) ® <h£<1077‘5t+1 + Z hﬁc_Jffnet+j> ’X{]
=hlx { ® hl- 10171/ +hi-lonr @ hl xt +hi-lonr ® hl lonuv

+(h e hl D) (Blon (- S) e @on(I—8) €] — E[one, @ oneyq])

WithE[on (I—S) €11 @ on(I—S) €41] = (on (I—S) @ on (I —S)) vec (I) and E [one,; ® one, ]
= (om ® omn) vec (I) we then obtain (23).

I IRFs: Third-Order

I.1  Deriving GIRF,sgyxsoxs (j, V,X{)

We first note that
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f f f
Xi X OXp

f f f f o Sl f
— h;xt ® hi(xt ® h;xt + hicxt ® 2:1 hy ]anetﬂ- ® h;xt
J

+th U77£t+]®hl ®hlxt + th Un€t+]®zhx Un€t+g®h Xt
Jj=1 j=1

+hix/ @ hlx! ® Z hid anet+J +hix{ ® Z hx_]O'T[EH_j ® Z hx_]anet+j
J=1 jf ’
+ E hld anetﬂ@h x{@Z hic 0”)’]€t+J—|—Z hlc anetﬂ@Z hlc O"I’]€t+]®z hid JT]GH_j

Jj= Jj=
Using the definition of ;4 from appendix H, we have

f+l®xf+l®xt+l h! x/ ® hl x/ ® hix/ + hix!/ @ Z1h andtﬂ»@hﬁ(x{
J_

l .
+ > hi:janétﬂ- ® hi(x{ ® h;x{
j=1

l . l .
+ > hiTond,,,; ® Z hi7oné,,; © hix]

j=1

+hix/ @ hlx! ® Zlhx ond,;
j_

l . .
+hix! ® ‘21 hifjanétﬂ» ® 231 hic_janétﬂ-
= =

-

. l .
+ h;_]andtﬂ» ® h;x{ ® > hic_]anétﬂ»
j=1

7j=1

. l . l .
+ hi(_j(f'n(st_,_j X E hi(_](ﬂ](st_i_j (024 Z hic_jo"r](st_‘_j
1 Jj=1 7j=1

~ 1l

j=
Simple algebra then gives
GIRF,tgytoxt (j, Vi, X{) =E [if;rl ® i{H ® ’Ew{H‘Xﬂ - B [X{H ® Xfﬂ ® X{+1|X{
= hﬁcxf ® hilony @ hl Xt
—|—hl’1anu ® ((hl ® h ) (xt ® X{))

((hl ® hL) (xt ®xt)> ®hilo
+ (Wt @ i) [(omy @ o) + A] ® hix{
—l—hi(x{ ® (hi ! @ hit) [(onv ® onv) + A]
+hi oy ® hﬁcx{ ® hitony
(hl_lan I-S)®hlx! @hi-ton (@ —S)—hilonohix! ® h;‘lan) vec (1)
+ (hiTtonry @ hiton (I— S) ® hiton (I - S)) vec (I)
+ (hiton (1 ) ® hiton (I - S) ® hiTlony) vec (I)
+ ((hi 1077 (I —S) @ hilonr) @ hiton (I - S)) vec (I)
+ {hi{lan I-9)® hﬁ;lan I-S)® hi{lan (I- S)} m? (€11, €11, €41)
l A .
+ > hi-lonr ® <h§:]an ® hﬁ:%n) vec (1)
j=2

l . .
+ > (hi{j on @ hkd an) vec(I) ® hi-tonv
j=2
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+

MN

(hﬁ:jan ®@hl-lony ® hi{jon) vec (I)

j=2
_ -1 _
- (hic lon® h,"on® h; 10?7) m? (€111, €141, €141)
where m?® (€;11, €11, €:11) has dimension n2 x 1 and contains all the third moments of €.

1.2  Deriving GIRF,;gys (j, v, (x{,xf))

Using the law of motion for X{ ® x7, we first note that

-1 ,
Xgﬂ © %,y = (hx ® hy)' (X{ ® Xf) + 3 (hx @ hy) 1 (he ® ) (X{Jrj ® X{ﬂ' ® X{H‘)
Jj=0

+
|

(hx & hx)l_l_j (hx & %hU‘O'O-Q) th+j

—
Lol
= o

(hx X hx)lilij (O”I’] X %ho—UO'Q) €t+1+j

+
7

—~
Lol
= o

_|_
7]

—
Il
= o

(hx ® hx)lflfj (on ® hy) (€t+1+j ® Xfﬂ‘)

_l’_

A (hx ® hx)lilij (UTI & %Hxx) (Et—i-l—i-j & X{_H- & le;—j)

<.
|

Using the definition of §;; from appendix H, we obtain

-1 .
%11 Oy = (b © by <X{ ® Xf) + 3 (e @ ha) T (B ® 5Hixx) (i{ﬂ' R, ® ’EZH‘)
=0

~
|
—

+ Y (hx @ hy) ™7 (hy ® Shopo?) &L

~ <
I
Il

(hx X hx)l_l_j (UTI & %hU‘O'O-Q) 6t+1+j

_I_
7

—
Lol
= o

+
7

-
Lol
= o

(hy ® hy)' ™17 (0 © hy) (5t+1+j ® ifﬂ)

FE (e h) ™ (on @ B (80 0%, 0%, )
7=0

Simple algebra then implies
-1 .
GIRFxf®XS (]7 Vi, (lef’ Xf)) = Z (hx ® hx)l_l_J (hX ® %Hxx) GIRFxf(X)xf@xf (]7 Vi, X{)
j=1
-1 .
+ 3 (he @ hy)' ™' (hy ® 1h,,0°%) GIRF,; (4, v;)
j=1
+ (hx

® hy)' 7t <m71/ ® (hxxf + T Hax <x{ ® x{) + %h0002)>
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J Accuracy of the pruned perturbation approximation

J.1 Second order

Let us first consider the state variables. Provided that the unpruned state-space system is stable,
we know that

1 1
2(£+)1_h ()+§Hxx( (2)® (2)) +§h0-00'2+0'7]€t+1+0(0'3),

i.e. the errors are of third order when ¢ — 0. Comparing the pruned state-space system to this
expression, we obtain

1
X{H + X — Xgr)l = hy (Xt +xj — ng)) + §Hxx ( lox] - (2) ® Xg )) +0 (0%).
o x! (2) (2) _ 3) o .
To show that x; ® x; — ®x; = O (0?), simple algebra gives

2 2 2 2
X{+1 ®X{+1 _X§+)1 ®X§+)1 = (hx®hy )(Xt ox| —x” @ x\’ )) + (hx ®n) ((Xf — x| )> ®06t+1)

+ (1 ® hy) (U€t+1 ® (X{ - X§2))> +0 (c?)

We know that x{ - X?) = O (0?) and therefore o (x{ - x§2)> = O (0®). This shows that X{ ®

/ ( ) ® ng) =0 (03), given that all eigenvalues of hy has modules less than one. This in turn

X —
f (2)

shows that x; +x; —x; = O (c®). For the controls we easily obtain

1
yi— YEQ) = 8x (X{ +xj - Xz@) + tix (Xg ®X{ - X§2) ®X§2)) +0 (03) .

Given that x{ +xi — x§2) =0 (¢®) and x ® x{ §2) ® X,EQ) = O (¢®), we clearly have yj — y£2) =

0] (03) as desired.

J.2 Third order

Let us first consider the state variables. Provided that the unpruned state-space system is stable,
we know that

3 1
Xgi)l = <hx + éhoo'xo' > (3) + Hxx (Xg ) &® X(B)) + BHXX ( ( ) & X(S) & X§3)>

1 1
+§hg(,02 + 6hawa3'+ oneg 1+ 0 (04)

i.e. the errors are of fourth order when ¢ — 0. Comparing the pruned state-space system to this
expression, we have

S T 3 S r 3
X{+1 + x5+ X9 — X§+)1 = hy (X{ + x5+ %] - Xg )>
1
+§Hxx ((xf ®x{> + (xf ®xf) + (xf ®x{) _ ng) ®XE3))
1 3
+6Hxxx < f X th &® th 753) ® ng) ® X§3)> + ghgo—x0'2 (Xg — X§3)>
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We know that X{ - ng) = O (0?), and therefore o2 <X{ - X§3)) = O (0*). We clearly also have

X{ ® X{ ® x{ (3) ® X,E ) ® ng) = O (o*). For the final term, some algebra implies

3 3
Xz{+1 ® X{+1 + X{+1 ®X{1 + X4 @ Xf+1 - X1E+)1 ® X§+)1

= (hx ®h)<xt®x{+xf®xt+xt®xf X§3)®X§3)>

+ (hx ® M€ 1 + M€t1 © hy) ((X{ +xi — X£3)> U)
1 1

+ <hx 9 5 Hoe + 5 Hix @ hx) (x{ ox ox/ —xP ox? @ xgs))
1 1 2 ( (3

+ (Bx® Shoy + Shee @y ) 0 <xt ~ x )

1 1
+ <77€t+1 ® QHXX + §Hxx & T]EH_1> (g ( f & xf - xg ) & x§3))>

We know that X{ +xi — x£3) =0 (0%), so (X{ +xi — ng)) o = O (c*). Similarly, X{ - X§3) =
O (0?), so o2 (X{ —xf’)) = O (0*). Finally, X{ ® X{ - X£3) ® XE3) = O(¢®), and therefore
o (x{ ® X{ - X§3) ® x1(53)) = O (0%). Hence, X{ ®x{ +x{ ® X3 +x7 ®x{ (3) ®X( ) =0 (o*) and
therefore x{ + x5+ x4 — x§3) =0 (04), given that all eigenvalues of hy has modules less than one.
For the controls we easily obtain

1
yit— yt(3) = 8x (X{ + x5 4+ xp4 — x§ )) + 2Gxx ( oxl +xl oxf+xox] — (3) ®x(3)>
1
+6Gxxx <x{ ® x{ ® x{ - ng) ® ng) ® X§3)> .
Given that x{ + x5 + x4 — (3) O (o%), xt ® x{ + x{ ®xi + xt ® x{ - xg )® xf’) =0 (0%), and
x{ ® X{ ® x{ — xg?’) ® XE ) = O (0*), we clearly have y}? §3) = O (0*) as desired.

K The New Keynesian Model

K.1 Household
The problem of the household is:

ds 1-¢ (1=¢y) , (L—hg) ™™ 1-6,1\ =75
= — — bep_ 2 * 2 RS 7 (E [ 3]) 3
Ctaxt+17h£17]k?fl,it Vt>0 Vi 1-¢, (Ct Ct 1) + (Zt) ¢0 1 ¢1 + t Vt+1
. 2
s.t. kt+1:(1—6)kt+it_ﬁ L’J_w ky
2 \ ky

1. z .
/Dt7t+1xt+1dwt7t+1 +c + Tt 1Zt = ;t + htwt + T‘fkt + dl’Ut
t

plus a standard no-Ponzi-game condition.
We follow Rudebusch and Swanson (2012) and consider a finite number of states in each period.?4

24This assumption is without loss of generality as shown by Epstein and Zin (1989). Moveover, this section covers
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As in Rudebusch and Swanson (2012), the optimization problem is formulated as a Lagrange
problem maximizing

diq

Vit L=Vi+E > By =g, (Cttt = beryia)!

=0

+E, iﬁlml [ﬁ (Et [vt:iﬂ ) L VtH]
=0

_ . N (1— 1— hiyg 1=¢,
(152 + (th)( ¢2) ¢O( 1 i+¢)1

o
l Tt k . 1.
+E E B )‘t“[r + hip iy + iy ke + divey — / Dyyipriv1Teriv1dwiri v — e — Yy iel]
t41

1=0
oo . 2
. K 7
+HEy Z/BZQtH)\tH [(1 —0) ki + i — 5 <k:t:l - > ki — kt+1+l]
1=0

The first-order conditions for an interior solution are given by:

oL _ _
90 Yoy (c¢ — ber—1) % = bBEY, 1 dis1 (cra1 — bey) "2 — A =0

oL 1
—_— = TOb S )\ S)—m—— — D S )\ = O
D2re1 (5) proby(s) [ﬁ t+1 ( )7Tt+1 ) ti41 () t:|
Then Mo (5) )
D s) — t+1 (S
ti+1(s) = 8 VR
oL _ _
o =~ G 60 (1= h) ™ A = 0
oL K (41 2 Gt41 Uit1
= N (=D +E BN [rE  + 1—6)— <—>+ /<,<—>l kiy1] =0
Okr tQt( ) 3 t+1[ 11 Qt+1( ) Qt+12 [ qi+1 [ (0 kt2+1 t+1]

oc 1 it B
aT.t——(Tt) At + @ (1_/{(14:,5_1/})) =0

oL 1 L\ T T _
Wi =" <ﬂ1_¢3 (B V™))™ T 1= 09 Vi (9 ¢3pmbt<s>)—vt+l (5) probi () 8 = 0
and

_%3
Vi1 (8) =74 (5) (Et [‘/21_1‘753}) -3 Vi1 (3)_¢3 for all states.

The price of a one-period bond is given by

A
)\t = Bexp{rm}Et |: t+1:| .
Tt+1

the case where the value function is positive. The derivations for a negative value function are almost identical and
therefore not included.
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K.1.1 Final Good Producers

The final good producer chooses y; ; for i € [0, 1] to solve:

1
max Py —/ P yyidi
Yt,i 0

_n_
1 n=1 n—1
sty = (/ Yit di)
0

The first-order condition of the problem is given by

(P
Yit = 2 Yt

To find the expression for the aggregate price level we use the zero-profit condition

! . ! P\ ! 1—n ;.
Py, = / Piyirdi = / Piy ( . > yedi = ytptn/ (Pig) "di
0 0 P 0

1

P = [/01 (Pi)t " dz} .

K.1.2 Intermediate Good Producer

and then:

The problem of the intermediate good producer is

—n
Pitvj ( Pigrj 4 P &p
- Ytrj — Wit ity — T jRii+j —
Pryj 2

kit hi e, Pyt

0
max Et E Dt,t+th+j P
= t+j

0 1-6 Pi7t o
s.t. atkw (Zth’i,t) = P, Y
t

plus a no-Ponzi-game condition.
The Lagrange function for this problem reads:

0o 1—
P\ k §p [ Pit+j
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— Py 2
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> 0 1-0 Pivi\ "
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The first-order conditions for an interior solution are:
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oL P4 -1 P 1 1 1
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OP.s e ")(Pt> Y 5P<B,t_1wss Py o

t
Pz',t -l Yt
+mcz,tn < P, ) Ft =
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as P, > 0 and Dyypq = Distly o = Distly 2P and Disel, = 252

Since all firms face the same problem, the three conditions simplify to
mcteatkt@_l (ztht)lfa = rf
wy = met (1 —0) 21 Parkfh;°

me, = (n—1) B |:l8)\t+1€p <7Tt+1 B 1) 7Tt+1yt+1} +ip (7Tt B 1) T
U At 1\ Tss TssYt 7

K.2 Aggregation and Market Clearing Conditions

The resource constraint is:
PN |
Yt = ¢t + ZtTt

The labor market clears when

1 1
1 1 = -0 1 =1
i , P\ =0 .
ht—/ hi,tdz'—/ ) di= | / (t> di
0 o \ z Yak? 2 Yagk? o \ P
L p N —(1-6)
Y = [/ <-;7t> d’l] atk;f (Ztht)lie
0 t

The term in square brackets is the index of price dispersion across firms. Under the assumption of
Rotemberg costs, firms charge the same price and therefore this index is equal to one. Hence,

or

Yr = atkf (Ztht)kg

The final goods market clears when

Yyt =+ (Tt)_l it
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K.3 Equilibrium Conditions

For convenience, we enumerate the equilibrium conditions of the model,
Household

L | Vi= p (e —bery)t %2 4 () (179 g, O +5 (Et[ Vi)
2. | A =7,ds (¢ — ber—1) ™% — bBEy, it (copr — ber) ? ,
3. | ghe = BeBAea[rfiy + g (1= 6) — qraa s (Z: - ¢> + i1k (kt+1 - ¢> ;%11]
4o | ()77 o (1= he) ™% = Ny
5. 1:tht( —K(%—Lﬁ))
6. | A= Bexp{ria} By [ 2]
Flrms
7. | megapze (1 —0) gz;:t)—a .
8 armegd (Z’Ift L =k
9. | me =0 g (gt (mn g mamal & () o

Central Bank

10. | i = (L= p) s+ pyrecns + (1= p,) (Bplos (22) 48,0 ()
Other Relations

11. atkf (Ztht)l_e =Yt

12. | yp = + (Tt)_l i

. . 2
13, kt+1=<1—5>kt+zt—ﬁ(fz—w) ki

0 0
14. =T/""2 and Popr p = ,uT/gl )uz’t

_93
15. | veq1 (8) =74 (s) (Et [‘@:%D T V40 (s) 78 for all states
Exogenous Shocks
16. | In (Nz,t) =1In (pﬂz,ss) and Rt+1 = 2l p41
17. | In (MT,t) =Inpy o and Tip1 = Tepy 44
18. | Inair1 = p,Ina; + €q041
19. | In dt+1 = Pd In dt + €d,t+1

K.4 A Transformation of the DSGE Model

As mentioned in the main text, we need to transform the model into a stationary one to efficiently

compute its solution by the perturbation method. To do so, we define: C; = % , RF = Yk,
— — 1 _ _ _ k k A
=Yg, L=, W=, Y, =% K=t = kel oy = andA_it.

Q1 1, It = v/, We = 26, Yo = 5, Ko T}i C e t = (*)1 5 L=

It is useful to note that

_ A M (ZZFH)_%

Hxt+1 = A = At%( ) S
- At+1 1—-¢3 1¢¢3 b3
- OTA, s t+1 (Et [Vtﬂ D Visl
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The value of ¥ that ensures that the capital adjustment costs do not affect the steady state is given

by

I
w = — *
P*’ss K sstz* ss

The new equilibrium conditions are then given by:

10.

11.
12.
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14.
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16.
17.
18.
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From these equilibrium conditions, it is straightforward to derive a closed-form solution for the
steady state of the model and, therefore, we skip the details.
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L Data for the Application

We use data from the Federal Reserve Bank of St. Louis covering the period 1961Q3 - 2007QA4.
The annualized growth rate in consumption is calculated from real consumption expenditures
(PCECC96). The series for real private fixed investment (FPIC96) is used to calculate the growth
rate in investment. Both growth rates are expressed in per capita terms based on the total popu-
lation in the US. The annual inflation rate is for consumer prices. The 3-month nominal interest
rate is measured by the rate in the secondary market (TB3MS), and the 10-year nominal rate is
from Giirkaynak, Sack and Wright (2007). As in Rudebusch and Swanson (2012), observations for
the 10-year interest rate from 1961 Q3 to 1971 Q3 are calculated by extrapolation of the estimated
curves in Giirkaynak, Sack and Wright (2007). All moments related to interest rates are expressed
in annualized terms. Finally, we use average weekly hours of production and non-supervisory em-
ployees in manufacturing (AWHMAN) as provided by the Bureau of Labor Statistics. The series
is normalized by dividing it by five times 24 hours, giving a mean level of 0.34.
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Figure 1: Impulse Response Functions: A Positive Technology Shock
The shock (one standard deviation) hits the economy in period one. All responses are displayed in
deviation from the steady state.
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Figure 2: Impulse Response Functions: A Positive Preference Shock
The shock (one standard deviation) hits the economy in period one. All responses are displayed in
deviation from the steady state.
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Table 1: Structural Parameter Values
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0.33
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0.015
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Table 2: Euler-Equation Errors
The root mean squared Euler-equation errors expressed in unit-free terms using pruning (RMSEP) and no
pruning (RMSE) for a simulated time series of length 2,000. Expected values in the model are computed
by simulation using 5,000 draws from the pruned and unpruned state-space system. Within a given
approximation order, bold figures indicate the smallest RMSEs among pruning and no pruning. All figures
in the table are in pct. Unless stated otherwise, all values for the structural parameters are as in table 1.

First-order Second-order Third-order

RMSE RMSEY RMSE | RMSEY RMSE
Benchmark
Household’s value function 0.0027 0.0021 0.0014 0.0010 0.0007
Household’s FOC for consumption 9.4586 0.3917 0.3888 0.1447 0.2246
Household’s FOC for capital 5.5064 0.2243 0.2166 0.0877 0.1449
Household’s FOC for labor 0.5621 0.1946 0.6061 0.0420 0.1966
Household’s FOC for investment 0.0677 0.0086 0.1071 0.0019 0.0555
Euler-eq. for one-period interest rate 4.9681 0.2177 0.2101 0.0745 0.1298
Firm’s FOC for prices 4.6486 0.3211 0.2421 0.1191 0.1096
Income identity 0.1295 0.1052 0.2044 0.0417 0.1382
Law of motion for capital 0.0252 0.0038 0.0397 0.0008 0.0202
Average error 2.8188 0.1632 0.2240 0.0570 0.1133
High persistence: p, = p; = 0.98
Household’s value function 0.0048 0.0132 0.0055 0.0106 0.0043
Household’s FOC for consumption 34.5282 1.8889 1.9204 1.6855 3.0237
Houschold’s FOC for capital 19.9422 1.0729 1.1232 0.9999 1.8055
Houschold’s FOC for labor 0.9907 0.5326 1.6306 0.1618 0.5854
Houschold’s FOC for investment 0.0836 0.0142 0.2770 0.0063 0.1833
Euler-eq. for one-period interest rate 18.7004 1.0472 1.1078 0.8662 1.7040
Firm’s FOC for prices 13.4178 1.3182 0.8815 0.8745 1.0329
Income identity 0.1444 0.3722 0.4741 0.2565 0.5102
Law of motion for capital 0.0311 0.0061 0.1031 0.0025 0.0664
Average error 9.7603 0.6962 0.8359 0.5404 0.9906
Large innovations: o, = 04 = 0.03
Household’s value function 0.0112 0.0204 0.0163 0.0149 0.0113
Household’s FOC for consumption 41.0309 3.1304 5.3905 1.1744 2.8960
Household’s FOC for capital 23.9329 1.7679 3.0519 0.7911 1.9023
Household’s FOC for labor 2.4231 1.5399 7.6690 0.6543 3.4644
Household’s FOC for investment 0.2808 0.0688 1.3445 0.0301 0.9781
Euler-eq. for one-period interest rate 21.4048 1.6959 2.9797 0.5282 1.6769
Firm’s FOC for prices 24.4943 2.9736 3.3008 2.3613 2.2226
Income identity 0.5248 1.0603 1.7507 0.7080 2.8151
Law of motion for capital 0.1028 0.0299 0.4900 0.0122 0.3496
Average error 12.6895 1.3652 2.8882 0.6972 1.8129
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o o Table 3: Estimation Results )
The objective function is computed using the optimal weighting matrix with 10 lags in the Newey-West

estimator. The objective function for SMM is computed using 200.000 simulated observations.

GMM2nd GMM3rd SMMSrd
I} 0.9925 0.9926 0.9926
(0.0021) (0.0002) (0.0023)
b 0.6889 0.7137 0.7332
(0.0194) (0.0004) (0.0085)
hss 0.3402 0.3401 0.3409
(0.0010) (0.0004) (0.0065)
0N 6.1405 6.1252 6.1169
(1.2583) (0.0002) (0.0040)
? 1.5730 1.5339 1.5940
(0.1400) (0.0008) (0.0009)

?3 —196.31 —197.36 —194.22

(51.90) (0.01) (0.01)

K 4.1088 3.5910 3.5629
(0.7213) (0.0160) (0.1085)
o 0.9269 0.9189 0.9195
(0.0044) (0.0026) (0.0024)
Pr 0.6769 0.6759 0.6635
(0.6086) (0.0723) (0.1464)
B 3.9856 3.6974 3.6216
(8.2779) (0.7892) (1.8555)
ﬁy 0.5553 0.50691 0.5027
(1.5452) (0.1465) (0.3685)
L. | 1.0018  1.0017  1.0016
’ (0.0012) (0.0007) (0.0006)
e | 1.0050  1.0051  1.0052
’ (0.0005) (0.0004) (0.0003)
Pa 0.9192 0.9165 0.9139
(0.0081) (0.0030) (0.0036)
Pd 0.9915 0.9914 0.9911
(0.0023) (0.0005) (0.0019)
Tss 1.0407 1.0419 1.0432
(0.0134) (0.0022) (0.0057)
Oa 0.0171 0.0183 0.0183
(0.0006) (0.0005) (0.0003)
o4 0.0144 0.0144 0.0143
(0.0017) (0.0005) (0.0018)
skew, — — 0.2296
(0.0298)
tail, — — 1.2526
(0.0437)
skewy — — 0.0693
(0.4530)
taily - - 1.1329
(3.4724)
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Table 4: Model Fit

Except for the log of hours, all variables are expressed in annualized terms.

Data GMM?2"d  GMM3? SMM3"?

Means

Ac; x 100 2.439 2.399 2.429 2.435
Ay x 100 3.105 3.111 3.099 3.088
e X 100 3.757 3.681 3.724 3.738
r¢1 X 100 5.605 5.965 5.548 5.982
T¢,40 % 100 6.993 6.925 6.955 6.977
xhry 40 x 100 1.724 1.689 1.730 1.717
log hy -1.084  -1.083 -1.083 -1.083
Standard deviations (in pct)

Acy 2.685 1.362 1.191 1.127
Ay 8.914 8.888 8.878 8.944
e 2.481 3.744 3.918 3.897
Tt 1 2.701 4.020 4.061 4.060
T4.40 2.401 2.325 2.326 2.308
xhri a0 22.978 22.646 22.883 22.949
log hy 1.676 3.659 3.740 3.721
Auto-correlations: 1 lag

corr (Acy, Acy—1) 0.254 0.702 0.726 0.7407
corr (Adg, Aiy_q) 0.506 0.493 0.480 0.4817
corr (g, me—1) 0.859 0.988 0.986 0.9861
corr (14,1, 71—1,1) 0.942 0.989 0.987 0.987
corr (1,40, Tt—1,40) 0.963 0.969 0.969 0.968
corr (xhre a0, xhri—1.40) -0.024 0.000 -0.003 -0.003
corr (log hy,log hy—1) 0.792 0.726 0.678 0.6706
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Table 4: Model Fit (continued)

Data GMM?"®  GMM?*? SMM?>
corr (Ac, Azt) 0.594 0.590 0.579 0.582
corr (Acy, m) -0.362 -0.238 -0.296 -0.310
corr (Ace,re1) -0.278  -0.210 -0.274 -0.290
corr (Act, Tt .40) -0.178  -0.3337 -0.355 -0.366
corr (Acy, xhry 40) 0.271 0.691 0.655 0.641
corr (Acy, log hy) 0.065  -0.677 -0.670 -0.674
corr (Aiy, ) -0.242 -0.075 -0.098 -0.098
corr (Aig,re 1) -0.265  -0.058 -0.084 -0.088
corr (Aiy, r¢.40) -0.153 -0.130 -0.133 -0.135
corr (Aig, xhreao) 0.021 0.015 0.024 0.027
corr (Aig, log hy) 0.232  -0.398 -0.406 -0.418
corr (me, 74.1) 0.628 0.994 0.997 0.997
corr (T, Tt 40) 0.479 0.990 0.988 0.987
corr (my, xhre a0) -0.249  -0.130 -0.142 -0.141
corr (m¢, log hy) -0.467  0.132 0.128 0.154
corr (1,1, 7t,40) 0.861 0.986 0.991 0.991
corr (ry,1, xhry a0) -0.233  -0.122 -0.137 -0.138
corr (r¢1,1log hy) -0.369 0.177 0.153 0.180
corr (1,40, xhre 40) -0.121 -0.247 -0.248 -0.249
corr (1¢,40,log hy) -0.409 0.229 0.238 0.268
corr (xhre a0,log hy) | -0.132  -0.644 -0.680 -0.690

Table 5: Model Specification Test

The objective function is computed using the optimal weighting matrix with 10 lags in the Newey-West
estimator. We have 186 observations. The objective function for SMM is computed using 200.000
simulated observations.

GMM?nd GMM?:rd SMMSrd
Objective function: ¢ | 0.0920 0.1055 0.0958

Number of moments 42 42 54
Number of parameters | 18 18 22
P-value 0.8437 0.7183 0.9797
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Table 6: Higher-Order Moments

Data GMM?*? GMM?*? SMM3?

Skewness

Acy -0.679 0.024 0.034 0.193
Ady -0.762 -0.191 -0.254 -0.122
Ty 1.213 0.013 0.014 -0.054
T 1.053 0.012 0.011 -0.051
Tt,40 0.967 0.014 0.017 -0.043
xhry a0 0.364 -0.026 -0.028 0.368
Kurtosis

Acy 5.766 3.011 3.015 3.547
Ay 5.223 3.157 3.279 4.425
Ty 4.232 2.987 2.985 3.040
T 4.594 2.968 2.975 3.033
Tt,40 3.602 2.987 2.979 3.028
xhri a0 5.121 3.003 3.006 5.167
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