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This note shows how to use the Magnus and Neuberger matrix notation to find the
matrices gxx and hxx. In Schmitt-Grohé and Uribe (JEDC 2004) we used some form of
tensor notation. Paul Klein (2005) had the original idea of using the Magnus and Neuberger
matrix notation for this task.

All notation is taken from our JEDC piece. To find the second-order approximation of
the functions g(z, o) and h(z, o), we exploit the fact that F,.(Z,0) = 0. Instead of working
with the three dimensional array Fj, we will use a permutation of it known as the Hessian
of F(z). According Magnus and Neuberger (1999), and cited in Klein (2005), the Hessian is
defined as follows:

HF(xz) = D[vec[(DF(x))']]

Recall that the function F(x,0) is defined as follows
F(z,0) = f(g(h(x,0),0),9(x,0), h(z,0),z)

and that F'(z,0) as well as all of its derivatives are equal to zero. For simplicity in what
follows we will suppress the second argument of the functions F', h, and g, for it is held fixed
at zero.

Further recall the expression for DF(z) .

DF(ZE) = fy’gmhm‘l'fygm‘l‘fm’hm‘l‘fm

To apply the Magnus and Neudecker definition of the Hessian we need to start by taking
the transpose

DF(z)] = hogufy +9ufy+hefo + £

Now we need to take the vec of [DF(z)]’. We will apply extensively the rule vec(ABC) =
(C"® A) xvec(B). And then we need to apply the D operator.
Let’s perform these two operations for each term. Start with the first term which is:

partl = [hy]'[ga][fy]'
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Note that
1] lg2) [ fy) = Tng[ha] ([92) [ £y)) = ([ha][90] ) [ fy) I

Now we need to take the vec.

([fy] ® [ha]')vee [g2]" = (([fy]lga]) @ Ln,)vec [ha]” = (In ® ([ha]'[g2]"))vec [fy]
Next apply the D operator.
([fy] ® [ha]")Dvec [g.]" + (([fy)gz]) ® In,)Dvec [he]' + (In ® ([ha)'[92)') ) Dvec [
Note that Dvec [g,] is a function of h(z) so we need to take account of this.
Dvec [g2]' = gushea

Note that g,, is the Hessian of g(z) again using the Magnus and Neuberger definition. that

1S: Hgl ($)
Hga(z)

Gra =

Hgn; (z)

Similarly, f,s is a function of 4 arguments and some of the arguments are again functions
of x, so that we get

Dvec [fy’]/ = fyy9chs + fyy9e + fyoha + fya

Again f,,, is the Hessian of f(.,.,.,x) again using the Magnus and Neuberger definition.
that is:

H.fl('> ) '>$)
fmm: Hfg(,,,l’)
an(, ° '>$)

Collecting terms we have that

D(vec partl) = (I, @ hLg\)[fyy 9uhe + fyahe + fyyGe + fure) +

Now let’s do the second term:
part2 = g, f, = 9o foyln = In. 9,1,

vec (part2) = (I, ® gy )vec f, = (fy ® I, )vec g,

D(vec part2) = (In @ go)[fyy 9uha + fyorhe + foyGe + fya] +
+(fy ® Inz)gmm
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The third term:
part3 = hl fi, = h, f.. 1, = I, h f.

vec (part3) = (I, ® hl)vec (fL) = (fo ® I,,,)vec I,

D(vec part3) = (I, ® h;)[fr’y’grhr + faryGe + fararhe + fere] + (for @ In, ) Paa

The fourth term:
partd = f!

vec (partd) = vec (f1)

D(VeC part4) = [fmy’gmhm + fmygm + fmm’hm + fmm]
Collecting terms we end up with
HF(I) = (I ® hmgm)[fy’y’gmhm _I_ fy’m’hm _I_ fy/yg.’ﬂ _I_ fy’.’n] _I_ (fy’ ® [hm]/)gmmhm _I_ (fy’gm ® Inz)hmm _I_
I, ® gm)[fyy’gmhm + fym’hm + fyygm + fym] + (fy ® Inz)gm +

(
(In ® h;)[fm’y’gmhm + fm’ygm + fararhae + fm’m] + (fr’ ® Inz)hm +
[fmy’gmhm + fmygm + fmm’hm + fmm]

Now let’s rearrange to get something of the form:

HF(x) = (In® hypg)fyyguhe + fyohe + fyyge + fya] +
(I ®9m)[fyy9mh ‘l‘fym’h +fyy9m‘|‘fyr]
(1n ®h/)[fmygmh ‘|’fmy9m‘|‘fmm’h + fora] +
( [ ])gmmhm‘l'
(fy ® Inz)gmm +
[(fy Gz & Inz) (fm’ ® Inz)]hm
Letting
A = (I ®hmgm)[fyygmh ‘l’fym’h +.fyygm+fym]+

(
(I ®9m)[fyy Gzl ‘l‘fym’h +fyy9m‘|‘fyr]
(I ®h/)[fmygmh ‘l'fmygm‘l‘fmm’h ‘|‘fmm]
[

(

[

B = [(fy [ 2]')
C - fy®lnz)]
D = (fy 'z ® Inz) (fm’ X Inz)]

this in turn we can write as
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Applying vec one last time, we have

vec 0 = vec [A+ Bguohy + Cguy + Dhyyl
= vec A+ (hl, @ B)vec gux + (I, ® C)vec guz + (In, @ D)vec hyy

Finally we have:

vee hyy

—vec A=[(h,® B)+ (I, ®C) (In, ® D)] [ Vee Jua }

or

{ M } =—Q 'vec A

vee hyy

where
Q=|[(hy ®B)+ (In, ® C) (In, ® D)]



