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Abstract. Stock market volatility clusters in time, appears fractionally integrated, carries a
risk premium, and exhibits asymmetric leverage effects. At the same time, the volatility risk
premium, defined by the difference between the risk-neutral and objective expectations of the
volatility, features short memory. This paper develops the first internally consistent equilib-
rium-based explanation for all these empirical facts. Using newly available high-frequency intra-
day data for the S&P 500 and the VIX volatility index, the authors show that the qualitative
implications from the new theoretical continuous-time model match remarkably well with the dis-
tinct shapes and patterns in the sample autocorrelations and dynamic cross-correlations actually
observed in the data.
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1. Introduction

Modeling and forecasting of stock market return volatility has received unprece-
dented attention in the academic literature over the past two decades. The three
most striking empirical regularities to emerge from this burgeoning literature
arguably concern: (i) the highly persistent own dynamic dependencies in the
volatility,1 (ii) the existence of a typically positive volatility risk premium as man-
ifested by the variance swap rate exceeding the corresponding expected future vol-
atility,2 (iii) the apparent asymmetry in the lead–lag relationship between returns

* We would like to thank Bernard Dumas (the Editor), an anonymous referee, Torben G. Andersen,
Laurent Calvet, Niklas Wagner, and participants in the 2008 Volatility Symposium at Center for Re-
search in Econometric Analysis of Time Series (CREATES), University of Aarhus, Denmark, the
2009 Financial Econometrics Conference at Toulouse University, the 2010 SoFiE Conference in Mel-
bourne, along with several university seminars for helpful comments and discussion. Bollerslev’s
work was supported by a grant from the National Science Foundation (NSF) to the National Bureau
of Economic Research (NBER) and Center for Research in Econometric Analysis of Time Series
(CREATES) funded by the Danish National Research Foundation.
1 The historically low volatility in the years preceding the Fall 2008 financial crises and the subse-
quent sustained heightened volatility provide anecdotal evidence for this idea.
2 The preponderance of options traders ‘‘selling’’ volatility to gain the premium indirectly supports
the notion of volatility carrying a risk premium.
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and volatility.3 Despite these now well-documented and generally accepted empir-
ical facts, no formal theoretical model yet exists for explaining all these features
within a coherent economic framework. This paper fills that void by developing an
entirely self-contained equilibrium-based explanation for the observed asymmetry
and volatility risk premium. The model is based on the Epstein–Zin–Weil recursive
preference structure and is cast in continuous time, thereby allowing for a direct
assessment of its ability to match the qualitative features of the data across different
sampling frequencies, including intraday cross-correlation patterns as well as lon-
ger run dynamic dependencies.

The specific contributions of the paper are two-fold. First, from an empirical
perspective, we use ultra high-frequency 5-min data on both returns and volatility.
Our use of the Chicago Board Options Exchange (CBOE) VIX volatility index,
constructed to match to the risk-neutral expectation of the forward integrated
variance, together with the actual S&P 500 index affords a much sharper view
of the dynamic asymmetries and cross-correlations between returns and volatility
than hitherto available in the literature.4 Intuitively, the higher resolution traces
directly to the fact that correlations are second moment statistics, which are well
known to be much more accurately determined from intraday high-frequency, as
opposed to say daily, data. Second, from a theoretical perspective, we set forth
a continuous-time model, albeit highly stylized, that uses the shadow prices implied
by an optimizing economic agent operating within an endowment environment to
help understand the three striking regularities noted above—hence, the term ‘‘equi-
librium.’’ The model fills the above-mentioned void in the literature and stands in
direct contrast to the less formal ‘‘reduced-form’’ explanations proffered for some
of the observed regularities, most notably those associated with the so-called ‘‘le-
verage effect’’ first observed by Black (1976) and Christie (1982). Working in con-
tinuous time presents a number of new theoretical challenges but is essential to
avoid internal timing inconsistencies in regard to the dynamic dependencies in
the VIX, which is formally defined as square root of the expectation of the con-
tinuously integrated forward variance. Even though our economic, or ‘‘equilib-
rium,’’ model is too stylized to be directly estimable, its general qualitative

3 Again, the heightened volatility following Russia’s default and the LTCM debacle in September
1998, the relatively low volatility accompanying the rapid run-up in prices during the tech bubble, as
well as the recent sharp increase in volatility accompanying the Fall 2008 financial crises and sharp
market declines are all in line with this asymmetry.
4 To the best of our knowledge, no clear depictions of the dynamic cross-correlations, such those in
Figure 2 below, currently exists in the literature. Using 5-min returns alone, Bollerslev, Litvinova, and
Tauchen (2006) have previously adduced a negative relationship between the magnitude and the sign
of contemporaneous and lagged returns. Unlike the VIX2, however, the absolute returns provide ex-
tremely noisy measures of the local volatility and, in turn, do not afford a clear picture of the forward-
positive relationship essential to the risk-based explanation of the present paper.
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predictions are rich enough to be compared with the documented empirical pat-
terns, thus making the model and the basic underlying economic mechanisms re-
futable.

Before discussing the model any further, it is instructive to illustrate the new
empirical regularities that we seek to explain. To that end, the top most solid line
in Figure 1 shows the sample autocorrelations for the aggregate market volatility
out to a lag length of 90 days. The calculations are based on daily data for the
squared option–implied volatility index VIX over the past two decades; further
details concerning the data and different volatility measures are given in Section
4. The autocorrelations in Figure 1 decay at a very slow rate and remain numerically
large and statistically significant for all lags. Consistent with these highly persistent
own dynamic dependencies in the volatility, it is now widely accepted that the typ-
ical rate of decay is so slow as to be best described by a fractionally integrated long
memory–type process; for some of the earliest empirical evidence along these lines,
see, for example, Robinson (1991), Ding, Grange, and Engle (1993), and Baillie,
Bollerslev, and Mikkelsen (1996).

The VIX index in effect represents the market’s expectation of the cumulative
variation of the S&P 500 index over the next month plus any premium for bearing
the corresponding volatility risk.5 Isolating the variance risk premium, the second
line in Figure 1 shows the daily autocorrelations for the difference between the
squared VIX index and the 1 month ahead forecasts from a simple reduced-form
time series model for the actually observed daily realized variation in the S&P 500
index; further details concerning the high frequency–based realized volatility series
and the construction of the model forecasts are again deferred to Section 4. Al-
though the autocorrelations still indicate positive own dynamic dependencies
for up to several weeks, the premium is clearly not as persistent as the volatility
process itself. Again, this is not a new empirical result per se. For instance, the
analysis in Bollerslev, Bollerslev, and Mikkelsen (2011) also supports the idea
of relatively fast mean reversion in the volatility risk premium, as does the empirical
evidence of fractional cointegration between implied and realized volatility pre-
sented by, for example, Bandi and Perron (2006) and Nielsen (2007).6

Next, in order to highlight the aforementioned return–volatility asymmetry, the
first panel in Figure 2 plots the cross-correlations between leads and lags of the S&P

5 The variance risk premium is formally defined as the difference between the expected future var-
iation under the risk-neutral and actual probability measures.
6 As noted by a referee, the lower persistence in the variance premium could at least in part be due to
an errors-in-variables-type problem created by the use of an estimated forecast proxy in place of the
true population conditional expectation for the squared VIX. However, on implementing the instru-
mental variables technique recently developed by Hansen and Lunde (2010) to account for this prob-
lem, we find that the robust to measurement errors autocorrelations differ little from those shown in
Figure 1. Further details concerning these results are available in supplementary material.
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500 returns and the squared option–implied VIX volatility index.7 Bollerslev, Lit-
vinova, and Tauchen (2006) have previously demonstrated the advantage of using
high-frequency intraday returns for more effectively estimating and analyzing the
lead–lag relationship between returns and volatility using the absolute returns as
a proxy for the latent spot volatility. We follow their lead in the use of high-
frequency 5-min observations. However, instead of proxying the volatility by
the absolute returns, we rely on actual observations on the S&P 500 returns
and the VIX volatility index recorded at a 5-min sampling frequency in calculating
the sample cross-correlations for leads and lags ranging up to 22 days or 1,716 leads

Figure 1. Sample autocorrelations. The top most solid line shows the sample autocorrelations for the
VIX2 volatility index to a lag length of 90 days. The lower line shows the sample autocorrelations for
the variance risk premium. The calculations are based on daily data and variable definitions as de-
scribed in more detail in Section 4.1.

7 Note that Figure 2 shows cross-correlations between the levels of the variance-related variables
because the expected part of future returns, reflected in the right-hand side of the plots, depends
on their levels, not the first differences or innovations. Both variance-related variables are stationary
in levels as seen from Figure 1.
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and lags at the 5-min sampling. High-frequency data for the VIX have only recently
become available, so that the cross-autocorrelations depicted in Figure 2 are nec-
essarily based on a shorter 5-year calendar-time span compared with the longer 18-
year sample of daily observations used for illustrating the own dynamic dependen-
cies in the previous Figure 1. Nonetheless, the use of high-frequency data over this
shorter sample still reveals a striking negative pattern in the correlations between
the volatility and the lagged returns, lasting for several days. On the other hand, the
correlations between the volatility and the future returns are all positive, albeit
closer to zero.

This systematic pattern in the high frequency–based cross-correlations between
returns and volatility is directly in line with the empirical evidence from numerous
studies based on coarser lower frequency daily data and specific parametric models,
including the early influential work by French, Schwert, and Stambaugh (1987),
Schwert (1990), Nelson (1991), Glosten, Jagannathan, and Runkle (1993), and

Figure 2. Sample cross-correlations. The top panel shows the sample cross-autocorrelations between
the VIX2 and lags and leads of the returns ranging from �22 to 22 days. The bottom panel shows the
sample cross-autocorrelations between the variance risk premium and the returns. The calculations are
based on high-frequency 5-min data and variable definitions as further detailed in Section 4.1.
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Campbell and Hentschell (1992). Also, following Black (1976), the left part of
Figure 2 and the negative correlations between lagged returns and current volatility
has now commonly referred to in the literature as a ‘‘leverage effect,’’ while the
right part of the figure and the positive correlations between current volatility
and future returns have been termed a ‘‘volatility feedback effect.’’8

Further relating our empirical findings to the existing literature, it is worth noting
that while numerically small compared to the estimates reported in some of the

Figure 3. Calibrated autocorrelations and cross-correlations. The plots are based on the model cali-
brated in Appendix C. The two left-hand panels show the model-implied autocorrelations for the VIX2

volatility index and the variance risk premium to a lag length of 90 days. The right-hand panels show
the model-implied cross-correlations between the VIX2 volatility index and the variance risk premium
to a lag length of 22 days.

8 It is now widely agreed that the negative correlations between lagged returns and current volatility
have little if anything to do with changes in financial leverage (see, e.g., Figlewski and Wang, 2002).
In fact, the two effects may be viewed as flip sides of the same coin. Quoting from Campbell, Lo, and
MacKinlay (1997, chapter 12): ‘‘If expected stock returns increases when volatility increases, and if
expected dividends are unchanged, then stock prices should fall when volatility increases.’’
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above-mentioned studies based on coarser daily data, the magnitudes of the cross-
correlations in Figure 2 are frequency dependent. As such, they only appear
misleadingly low. For instance, taking into account the differences in sampling
frequency, the �0.025 correlation of the squared VIX with the contemporaneous
5-min return translates into a correlation of roughly �0.20 with daily returns.

Taking the analysis one step further, the bottom panel in Figure 2 shows the
cross-correlations between the 5-min S&P 500 returns and a more modern
volatility-type measure, the variance risk premium, where as before the variance
risk premium is defined as the difference between the squared VIX index and the
corresponding forecast constructed from a simple reduced-form time series model
for the daily realized volatilities. Comparing this plot to the return–volatility

Figure 4. Model-implied autocorrelations. The top panel shows the autocorrelations for the VIX2

volatility index to a lag length of 90 days. The solid line gives the model-implied autocorrelations
under the assumption of long memory in the underlying fundamental volatility process. The bottom
panel shows the autocorrelations for the variance risk premium tp. The solid line gives the model-
implied autocorrelations. The pair of dashed lines included in both panels represents 95% confidence
intervals for the corresponding sample autocorrelations based on daily data from 1990 through 2007.
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dependencies in the top panel, the signs of the cross-correlations generally coincide.
However, there is a noticeably faster decay toward zero in the magnitude of the
cross-correlations between the variance risk premium and the lagged returns com-
pared to the decay in the cross-correlations between the squared VIX index itself
and the lagged returns.9 This difference closely mirrors the difference in the shape
and the rate of decay in the standard sample autocorrelations for the two daily vol-
atility series depicted in Figure 1.

The key empirical return–volatility patterns and dynamic dependencies illus-
trated in the two figures are consistent with the idea that volatility carries a risk

Figure 5. Model-implied cross-correlations. The top panel shows the sample cross-autocorrelations
between the VIX2 volatility index and lags and leads of the returns ranging from �22 to 22 days. The
bottom panel shows the cross-correlations between the variance risk premium tp and the returns. The
solid lines give the cross-correlations implied by the theoretical model. The pair of dashed lines rep-
resents 95% confidence intervals for the corresponding sample cross-correlations based on high-fre-
quency 5-min observations from 2003 through 2007.

9 Bollerslev and Zhou (2006) have previously noted that the return–volatility asymmetry tend to be
stronger for implied than for realized volatilities.
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premium. Standard equilibrium-based models build around a representative agent
with time-separable utility rules out priced volatility risk. Instead, following the
literature on so-called long-run risk models pioneered by Bansal and Yaron
(2004), we will here assume a representative agent with Epstein–Zin–Weil pref-
erences, tantamount to a preference for early resolution of uncertainty. Our model
is cast in continuous time, thereby avoiding any assumptions about the decision
interval of the agent. The Epstein–Zin–Weil preference structure was first
employed in a continuous-time asset pricing setting by Duffie and Epstein
(1992a). In this situation the stochastic discount factor (SDF) will depend not only
on the consumption growth rate but also on the future investment opportunities.10

Consequently, the aggregate market return will be a function of the expected
growth in the economy, as in the traditional time-separable utility case, as well
as the uncertainty about the future economic growth (see, e.g., Campbell,
1996). Intuitively, this explains why investors may be willing to pay an uncertainty
premium, and in turn why the VIX may differ from the corresponding actual return
volatility, and why the corresponding variance risk premium may act as a separately
priced risk factor.

The same mechanism involving time-varying economic uncertainty and a pref-
erence for early resolution of uncertainty also underlies the model of Bollerslev,
Tauchen, and Zhou (2009), which parallels the present study in allowing the
volatility-of-volatility in the economy, or the economic uncertainty, to be

Table I. Summary Statistics

The table reports summary statistics for continuously compounded returns rt, implied variances VIX2
t ,

monthly realized variances RVt,tþ 22, and the variance risk premium ˆtpt ¼ VIX2
t � bERVt;tþ22. The

realized variances are constructed from the summation of high-frequency 5-min squared returns. The
expectations for the future variances E

_

tRVt;tþ22 are based on the HAR-RV forecasting model
discussed in the text. All the variables are in percentage form. The daily data extend from January 2
1990 to October 31 2007. The 5-min sample spans September 22 2003 to August 31 2007.

rt VIX2
t RVt;t+22 btpt

Daily sampling (1990–2007)
Mean 11.14 32.81 23.74 8.96
Standard deviation 15.67 23.70 24.12 12.62
Skewness �0.05 1.88 2.59 �1.86
Excess kurtosis 3.75 4.66 8.01 17.53

Five-min sampling (2003–07)
Mean 8.96 17.48 11.28 6.17
Standard deviation 11.31 8.40 7.68 5.25
Skewness 0.70 2.90 3.81 1.94
Excess kurtosis 42.12 15.12 17.90 9.40

10 In contrast to the expression for the SDF involving the compensator function derived in Duffie and
Epstein (1992a), we find it more convenient to work with the discount factor expressed in terms of the
consumption growth rate and the market return.
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determined by its own separate stochastic process. The new equilibrium model de-
veloped here is also related to the long-run risk model of Drechsler and Yaron (2011),
in which the expected growth rate in consumption and the volatility of consumption
growth are both allowed to ‘‘jump.’’11 The present paper extends both these studies
by considering the cross-correlation between volatility and returns at all leads and
lags. Of course, as noted above, it has long been recognized from reduced-form anal-
ysis (e.g., Campbell, Lo, and MacKinlay, 1997, chapter 12) that the price of volatility
risk must be negative, in turn implying a negative contemporaneous correlation
between return and volatility. This negative correlation was, to the best of our knowl-
edge, first placed within a structural equilibrium framework based on Epstein–Zin–
Weil preferences by Bansal and Yaron (2004) (see their Equation (12) and surround-
ing discussion). With the noticeable exceptions of Bollerslev, Tauchen, and Zhou
(2009) and Drechsler and Yaron (2011), however, other structural formulations gen-
erally presume overly restrictive dynamics for the evolution of economic uncertainty,

Table II. Calibration Parameters

The table reports the parameter values used in the calibration of the theoretical model discussed in
Section B. BYa and BY denote small adjustments to, or values taken directly from, Bansal and Yaron
(2004), BST denotes values calibrated by the authors, and K denotes values from Kiku (2008).

Parameter Source

Preferences
q �log(0.999) BYa
c 7.50 BYa
w 2.50 BYa

Consumption growth
lg 0.0015 BY
jx �log(0.960) BYa
rx 0:044

ffiffiffiffiffi
lr

p
BY

Dividend growth
ld 0.0013 BYa
/x 3.0 BY
/r 4:0

ffiffiffiffiffiffiffiffiffi
0:55

p
BYa, K

/rx 0.0 K
rd 4:0

ffiffiffiffiffiffiffiffiffi
0:45

p
l1=2
r BYa, K

Volatility
lr 0.00782 BY
jr �log(0.760) BST
lq 0.350 � 10�6 BST
jq �log(0.0001) BST
uq 0.07 BST

11 A related long-run risk model in which the economic uncertainty, or the volatility of consumption
growth, is allowed to ‘‘jump’’ in continuous time has also recently been explored by Eraker (2008), in
an attempt to explain the existence of a (on average) positive volatility risk premium.
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which imply a counterfactual constant variance risk premium that simply cannot ex-
plain the rich cross-correlation patterns seen in Figure 2.

Also, in contrast to the discrete-time formulations employed in most previous stud-
ies, Bollerslev, Tauchen, and Zhou (2009) and Drechsler and Yaron (2011) both
included, the continuous-time formulation adopted here has the distinct advantage
of allowing for the calculation of internally consistent model implications across
all sampling frequencies and return horizons. Of course, as already noted, the
new model developed here also accommodates much richer and empirically realistic
longer run volatility dependencies, including the possibility of fractional integration.
Moreover, our continuous-time setup permits an internally consistent definition of
the risk-neutral expectations and the VIX volatility index, thereby avoiding the in-
herent problem in discrete-time asset pricing models with Generalized Autoregres-
sive Conditional Heteroskedastic-type errors that the (conditional) variance is known
one period in advance and therefore formally cannot generate a variance premium.

The new model developed below is also related to the multifractal approach put
forth in the series of papers by Calvet and Fisher (2007, 2008). In particular, on

Table III. Calibration Results

The column denoted ‘‘Observed’’ refers to the sample values for the relevant moments in the studies
indicated in the ‘‘Source’’ column. The corresponding population moments implied by the theoretical
model discussed in Section B evaluated at the parameter values given in Table II are reported in the
last column denoted ‘‘Calibration’’. E(rm,t � rf,t) and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varðrm;tÞ

p
refer to the equity premium and the

equity return standard deviation, respectively. For sources, BST denotes values reported in Table I
above, BY refers to values taken from Bansal and Yaron (2004), and DY denotes values from
Drechsler and Yaron (2011).

Observed Source Calibration

System dynamics
Consumptiona

E(gt) 1.80 BY 1.80ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðgtÞ

p
2.93 BY 2.70

Dividendsa

E(dt) 1.54 DY 1.54ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðdtÞ

p
13.69 DY 10.81

Correlationsa

Corr(gt, gt � 1) 0.43 DY 0.18
Corr(dt, dt � 1) 0.14 DY 0.10
Corr(dt, gt) 0.59 DY 0.74

Model-implied moments
Returnsa

E(rf,t) 0.82 DY 1.19ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varðrf ;tÞ

p
1.89 DY 4.43

E(rm,t � rf,t) 6.23 DY 5.95ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Varðrm;tÞ

p
19.37 DY 19.17

Volatility and premium
E(VIX2) 32.81 BST 37.87
E(tpt) 8.96 BST 7.25

aThe reported value is appropriately annualized to ease interpretation.
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assuming that the dividend growth volatility follows a multifractal process, as in Cal-
vet and Fisher (2002), along with an Epstein–Zin–Weil-type representative agent, as
in the model developed here, the equilibrium models in Calvet and Fisher (2007,
2008) are also able to generate endogenous volatility feedback effects and long mem-
ory–type features in the volatility, along with negative skewness in the returns due to
the impact of learning. None of these former studies, however, has considered the
implications of the multifractal setup and assumptions for the risk-neutral expectation
of the volatility as embedded within the VIX, nor the dynamic dependencies in the
corresponding volatility risk premium.

Other recent studies concerned with the equilibrium pricing of volatility risk in-
clude Gabaix (2010) and Wachter (2010), both of whom analyze the implications of
rare disasters, and Lettau, Ludvigson, and Wachter (2009), who emphasize the role of
low-frequency movements in macroeconomic uncertainty for explaining low-
frequency multiyear movements in stock market valuations. Several studies more
squarely rooted in the option-pricing literature have also explored the equilibrium
implications of allowing for richer volatility dynamics and nonstandard preference
structures; see, for example, the recent papers by Benzoni, Collin-Dufresne, and
Goldstein (2006), Eraker and Shaliastovich (2008), Santa-Clara and Yan (2010),
and the references therein.

The empirical focus of the present paper and the use of high-frequency intraday
data for the S&P 500 returns and the VIX are distinctly different from all these
previous studies, and to the best of our knowledge, no other coherent economic
mechanism for explaining all the dynamic dependencies and asymmetries in the
volatility and volatility risk premium depicted in Figures 1 and 2 is yet available
in the literature. In order to focus on the volatility channels that we seek to illu-
minate, the model is deliberately kept as simple as possible and thus would not be
expected to ‘‘match’’ all asset pricing moments. Nonetheless, in keeping with the
basic setup in Bansal and Yaron (2004), the general modeling framework is flexible
enough to allow for a reasonable ‘‘match’’ with many of the more ‘‘standard’’
moments as well.

The plan for the rest of the paper is as follows. The new theoretical model is
formally defined and solved in Section 2. This section also briefly discusses a simple
calibration for the model designed to ‘‘match’’ some of the more ‘‘standard’’ asset
pricing moments. The equilibrium implications from an extended long-memory
version of the model in regard to the key return–volatility asymmetries and
own dynamic volatility dependencies that we seek to explain are presented in Sec-
tion 3. The data used in the construction of the figures discussed above and the
model’s ability to reproduce these basic empirical features are the subject of Section
4. Section 5 concludes. Most of the mathematical proofs are deferred to two ap-
pendixes, as are further details concerning the stylized calibration alluded to in
Section 2.
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2. Volatility in Equilibrium

The classic continuous-time intertemporal capital asset pricing model (CAPM) of
Merton (1973) is often used to justify the existence of a volatility risk premium. How-
ever, this model is inconsistent with observed long-range volatility dependence as
seen in Figure 1 and is incapable of explaining the dynamic leverage effect and asym-
metric return–volatility dependencies shown in Figure 2. The continuous-time en-
dowment economy developed here instead builds on the discrete-time long-run
risk model pioneered by Bansal and Yaron (2004). We begin by describing an initial
continuous-time model setup and solution under short-memory Markov dynamics.
We next validate its predictions for standard variables via a simple calibration. We
also show how it can explain the dynamic asymmetries but fails on matching long-
range volatility dependence. We subsequently show how to adjust the model to in-
corporate empirically relevant long-memory dependencies while preserving the key
return–volatility implications of the initial model.

2.1 INITIAL MODEL SETUP AND ASSUMPTIONS

Let the local geometric growth rate of consumption Ct in the economy be denoted
by gt [

dCt

Ct
, which we assume follows the continuous-time process

gt ¼ ðlg þ xtÞdt þ rg;tdW
c
t : ð1Þ

Here lg denotes the constant long-run mean growth rate, xt is the mean-zero
stochastic component of consumption growth, rg,t refers to economic uncertainty,
that is, the conditional volatility of the growth rate, and Wc

t is a standard Wiener
process. The stochastic growth component follows the standard dynamics

dxt ¼ �jxxtdt þ rxdW
x
t ; ð2Þ

where jx > 0, and Wx
t is a standard Wiener process independent of Wc

t . For small
jx, this is a long-run risk-type specification, but we abstract from stochastic vol-
atility of consumption growth itself. We also assume a dividend asset with dividend
growth dynamics (dt ¼ dDt/Dt),

dt ¼ ðld þ /xxtÞdt þ /rrg;tdW
c
t þ /rxdW

x
t þ rddWd

t ; ð3Þ

where ld refers to the unconditional mean dividend growth rate, the /s reflect the
dividend’s exposures to the consumption risk factors, and the dividend growth in-
novation volatility rd is assumed to be constant (nonstochastic) for simplicity. Im-
portantly, we assume that the volatility dynamics in the economy are governed by
the continuous-time affine processes,
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dr2
g;t ¼ jrðlr � r2

t Þdt þ
ffiffiffiffi
qt

p
dW r

t ; ð4Þ

dqt ¼ jqðlq � qtÞdt þ uq
ffiffiffiffi
qt

p
dWq

t ; ð5Þ

where the two Wiener processes W r
t and Wq

t are independent and jointly indepen-
dent of Wc

t and Wx
t , and the parameters satisfy the nonnegativity restrictions lr> 0,

lq > 0, jr > 0, jq > 0, and uq > 0.12 The stochastic volatility process r2
g;t rep-

resents time-varying economic uncertainty in consumption growth, with the
volatility-of-volatility process qt in effect inducing an additional source of temporal
variation in that same process.13

We assume that the representative agent’s consumption and investment
decisions are based on the maximization of Epstein–Zin–Weil recursive pre-
ferences. As formally shown in Appendix A, this implies the following
equilibrium relationship between the intertemporal marginal rate of substitution,
Mt, consumption, Ct, and the cumulated return on the aggregate wealth port-
folio, Rt,

d logMt þ
h
w

d logCt þ ð1 � hÞd logRt ¼ �qh dt; ð6Þ

where q denotes the instantaneous subjective discount factor, w equals the inter-
temporal elasticity of substitution, and the parameter h is defined by

h[ ð1 � cÞ
�
1 � w�1

��1; ð7Þ

where c refers to the coefficient of risk aversion. The expression in Equation (6)
is naturally interpreted as the continuous-time version of the discrete-time equi-
librium relationship derived in Epstein and Zin (1991). In the following, we will
maintain the assumptions that c > 1 and w > 1, which readily implies that
h < 0.14 Consistent with the empirical regularities discussed in Section 1, these

12 We also assume that lqjq > 0:50u2
q, which ensures positivity of qt, and that lr is sufficiently large

relative to jr, so that negativity of r2
g;t is highly unlikely and the subsequent approximations reason-

able.
13 Empirical evidence in support of time-varying volatility-of-volatility in consumption growth has
recently been presented in Bollerslev, Tauchen, and Zhou (2009). Alternatively, Drechsler and Yaron
(2011) consider a discrete-time model with ‘‘jumps’’ in volatility (and expected growth rates), in part
motivated by estimates reported in the option-pricing literature.
14 The assumption that c > 1 is generally agreed upon. Early estimates by, for example, Hall (1988)
and Campbell and Mankiw (1989), put w < 1, but these results have subsequently been called into
question by Bansal and Yaron (2004) among many others, and we follow the more recent literature in
assuming that w > 1.
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specific parameter restrictions ensure, among other things, that asset prices fall
on news of positive volatility shocks and that volatility carries a positive risk
premium.

2.2 INITIAL MODEL SOLUTION

Let Wt ¼ Wðr2
g;t; qt; xtÞ denote the price-dividend ratio, or equivalently the price-

consumption or the wealth-consumption ratio, of the asset that pay the
consumption endowment fCtþsgs2½0;NÞ. The equilibrium stochastic differential
equation for log(Wt) involves the reciprocal of W(zt), which we approximate via
WðzÞ�1 � expð� log�WÞ � expð� log�WÞðlogWðzÞ � log�WÞ ¼ j0 � j1logWðzÞ,
where j1 > 0.15 Now, conjecturing a solution for log(Wt) as an affine function of the
three state variables, r2

g;t, qt, and xt,

logðWtÞ ¼ A0 þ Arr
2
g;t þ Aqqt þ Axxt; ð8Þ

and solving for the A coefficients, it follows from Appendix B that

A0 ¼
�j0 � q þ ð1 � 1

wÞlg þ Arlrjr þ Aqlqjq þ hA2
xr

2
x

2

j1
;

Ar ¼
�cð1 � 1

wÞ
2ðjr þ j1Þ

;

Aq ¼
jq þ j1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
jq þ j1

�2�h2u2
qA

2
r

q
hu2

q

;

Ax ¼
1 � 1

w

jx þ j1
:

The restrictions that c > 1 and w > 1 readily imply that the impact coefficient
associated with both the volatility state variables are negative; that is, Ar< 0 and Aq

< 0.16 Or, put differently that the market falls on positive volatility ‘‘news.’’ From

15 This approximation plays a similar role to that of the standard Campbell–Shiller discrete-time
approximation, and similar expressions have been used in a continuous-time setting by, for example,
Campbell and Viceira (2002).
16 The solution for Aq represents one of a pair of roots to a quadratic equation. However, it is the
economically meaningful root as it implies that the premium disappears for uq / 0, or when qt is
constant, as would be required by the lack of arbitrage.
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these explicit solutions for the four coefficients, it is now possible to deduce the
reduced-form expressions for other variables of interest.

In particular, as shown in Equation (B.13) in Appendix B, the equilibrium dy-
namics of the logarithmic cumulative return process is given by

d logRd
t ¼

 
q þ

lg
w

þ
hðh� 1ÞA2

xr
2
x �

��
h� 1

�
Axrx þ Ad

xrx þ /rx

�2

2
� r2

d

2

þ xt
w
� Ad

qðjq þ jd1Þqt �
�
Ad
rðjr þ jd1Þ þ /2

r

2

�
r2
g;t

!
dt

þ /rrg;tdW
c
t þ ðAd

xrx þ /rxÞdWx
t þ Ad

r
ffiffiffiffi
qt

p
dW r

t

þ Ad
quq

ffiffiffiffi
qt

p
dWq

t þ rddWd
t :

ð9Þ

The directional effects of increases in the endowment volatility, r2
g;t, on the local

expected return are generally ambiguous. However, for sufficiently high levels of
risk aversion c and intertemporal substitution w, endowment volatility positively
affects the local expected return. Meanwhile, increases in the volatility-of-
volatility, qt, unambiguously, increase the local expected return, reflecting the com-
pensation for bearing volatility risk. On the other hand, diffusive-type innovations
in the volatility and the volatility-of-volatility, dW r

t and dWq
t , both have a negative

impact on the local returns, consistent with a leverage-type effect.
To further appreciate the implications of the model, it is instructive to consider

the equity premium derived in Equation (B.12),

pr;t [ � 1

dt

d½Rd;M �t
Rd
t Mt

¼ c/rr
2
g;t � ðh� 1ÞðArA

d
r þ AqA

d
qu

2
qÞqt

� ðh� 1ÞðAxA
d
xrx þ /rxÞrx:

ð10Þ

The first term, cr2
g;t, is akin to a classic risk-return trade-off relationship. It does

not represent a volatility risk premium per se, however, but rather changing prices
of consumption risk induced by the presence of stochastic volatility. Instead, the
second term, ð1 � hÞj2

1ðArA
d
r þ AqA

d
qu

2
qÞqt, has the interpretation of a true vola-

tility risk premium, representing the confounding impact of the two diffusive-type
innovations, dW r

t and dWq
t . The existence of this true volatility risk premium

depends crucially on the dual assumptions of recursive utility, or h 6¼ 1, as volatility
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would not otherwise be a priced factor, and time-varying volatility-of-volatility, in
the form of the qt process.

2.3 CALIBRATION

As a check on the initial model discussed above, we undertook a simple calibration
to document that it is able to match the aggregate set of moments generally agreed
upon in the macrofinance literature. The details are left to Appendix C.

The two main messages of the calibration are as follows. First, our initial model
does indeed give a consistent equilibrium risk-based explanation of the dynamic
cross-correlations between stock market return and volatility. This is evident by
comparing the model-implied dynamic cross-dependencies displayed in the
right-hand panel of Figure 3 to the observed dependencies seen in Figure 2.
Evidently, the agreement is quite close.17 Second, as seen by contrasting the
model-based autocorrelations in the left-hand panels of Figure 3 to the observed
autocorrelations in Figure 1, the initial model is unable to account for the very slow
decay in these that is so widely documented in the literature.18 This model failure
can, of course, be traced directly to the presumed Markov specifications for the
underlying dynamics.

The challenge, then, is to extend the underlying dynamics to incorporate long-
range dependencies while at the same time preserving the equilibrium risk-based
explanation for the dynamic leverage and volatility feedback effects seen in Figure
2.19 This extension entails some rather detailed technical analysis. Since we know
from the stylized calibration in Appendix C that the initial model is indeed capable
of matching the generally agreed upon set of aggregate macrofinance moments, we
subsequently simplify somewhat the analysis by assuming away the dynamic de-
pendencies in the consumption endowment and dividend growth processes, while
adapting the continuous-time setup and corresponding model solution to accom-
modate very flexible dynamic dependencies in the economic uncertainty, including
long memory–type effects.

17 Also, the instantaneous correlation between the changes in the VIX2 and the returns implied by the
model calibrated in the appendix equals �0.418 and as such is entirely consistent with the correspond-
ing numerically large empirical estimates reported in the extant literature.
18 The empirical and model-implied counterparts of the auto- and cross-correlations for the expected
realized volatility, as formally defined below, closely parallel to those for the VIX2 depicted in Figures
1–3. These additional results and graphs are available upon request.
19 To the best of our knowledge, with the exception of the distinctly different multifractal approach in
Calvet and Fisher (2007, 2008), the extant equilibrium models all entail Markov dynamics and
thereby cannot account for the long-range dependence evident in Figure 1.

47VOLATILITY IN EQUILIBRIUM

 at R
ice U

niversity on D
ecem

ber 30, 2011
http://rof.oxfordjournals.org/

D
ow

nloaded from
 

http://rof.oxfordjournals.org/


2.4 GENERAL MODEL SOLUTION

Numerous competing continuous-time stochastic volatility models have been pro-
posed in the literature. We here build on the framework of Comte and Renault
(1996) in assuming that r2

g;t may be described by the general representation,

r2
g;t ¼ r2 þ

ðt
�N

a
�
t � s

� ffiffiffiffiffi
qs

p
dW r

s : ð11Þ

By appropriate choice of the moving average weights faðsÞgs2½0;NÞ, this repre-
sentation obviously includes the affine process in Equation (4) as a special case.
Importantly, by suitable choice of the mapping s / a(s), the process for r2

g;t may
also exhibit various forms of long-range dependence. In particular, setting

aðsÞ ¼ r
Cð1 þ aÞ

0@sa � k e�ks
ðs

0
ekuuadu

1A ð12Þ

results in the classic fractionally integrated process, where a denotes the long-
memory parameter.

To complete the specification of the model and still allow for tractable closed-
form solutions, we will assume away the predictability in consumption growth in
Equation (2), that is, xt [ 0, while maintaining the identical law of motion for the
volatility-of-volatility in Equation (5). The actual solution strategy, which is new
and technically demanding, differs somewhat from that for the initial model. The
full details are given in Appendix D; a precis follows.

In parallel to the solution for the short-memory model discussion above, we start
by conjecturing a solution for the logarithmic price-consumption ratio now of the
form

logðWtÞ ¼ A0 þ Aqqt þ
ðt
�N

A
�
t � s

� ffiffiffiffiffi
qs

p
dW r

s ; ð13Þ

where A0, Aq, and fAðsÞgs2½0;NÞ are to be determined. Some care is needed because
of subtleties related to possible arbitrage opportunities under long memory–type
dependencies (Rogers, 1997). The strategy that we use relies on the fact that in
the absence of arbitrage, the return on a traded security must follow a semimartin-
gale. This allows us to split up the returns into a drift and a local martingale com-
ponent. This decomposition is possible when A(t) exists and is differentiable at
zero. Substituting the conjectured solution into the pricing Equation (6), the fol-
lowing ordinary differential equation for t > s,
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A0ðt � sÞ � j1Aðt � sÞ ¼
c
�

1 � 1
w

�
2

aðt � sÞ; ð14Þ

and two regular equations,

h
2
u2
qA

2
q � ðjq þ j1ÞAq þ hAð0Þ2

2
¼ 0; ð15Þ

A0 ¼
Aqjqhq � j0 þ

�
1 � 1

w

�
lg � q� c

2

�
1 � 1

w

�
r2

j1
: ð16Þ

From the appendix, the solutions to this system of equations are

AðsÞ ¼ �
ðþN

s

c
�

1 � 1
w

�
2

ej1ðt�sÞaðsÞds; ð17Þ

Aq ¼
jq þ j1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
jq þ j1

�2�h2u2
qAð0Þ

2
q

hu2
q

; ð18Þ

A0 ¼
Aqjqhq � j0 þ

�
1 � 1

w

�
lg � q� c

2

�
1 � 1

w

�
r2

j1
; ð19Þ

which exists and is well-defined subject to a terminal condition ruling out explosive
bubble solutions and other mild regularity conditions. As before, from this set of
solutions, it is possible to deduce the reduced-form expressions for all other var-
iables of interest.

In particular, in parallel to the expression for the returns in the short-memory
model in Equation (9) above, it follows from Appendix D that the reduced-form
expression for the returns in the general model may be expressed as,

d logðRtÞ ¼ lR;tdt þ rg;tdW
c
t þ Aquq

ffiffiffiffi
qt

p
dWq

t þ Að0Þ ffiffiffiffi
qt

p
dW r

t ; ð20Þ

where the drift is defined by,

lR;t ¼ q þ
lg
w

þ
�
� 1

2
þ c

2

�
1 � 1

w

�	
r2
g;t � ðjq þ j1ÞAqqt: ð21Þ

Similarly, from Equation (D.7) in Appendix C, the equilibrium equity premium
takes the form,
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pr;t ¼ cr2
t þ ð1 � hÞ½A2

qu
2
q þ Að0Þ2�qt ¼ cr2

t þ 2

�
1

h
� 1

�
ðjq þ j1ÞAqqt:

ð22Þ

Under the previously discussed parameter restrictions c> 1 and w> 1, implying
that h < 0, the equity premium remains positive. More generally, as long as c > 1

w,
or h < 1, it remains the case that stochastic volatility carries a positive risk pre-
mium. Note also that the instantaneous equity premium only depends on the
faðsÞgs2½0;NÞ weights and the possible long-run dependencies in the volatility
through the cumulative impact determined by the integral solution for A(0) in Equa-
tion (17).

3. Dynamic Equilibrium Dependencies

The equilibrium expressions discussed in the previous section characterize how the
equity premium depends on the instantaneous volatility and how the instantaneous
return responds to contemporaneous volatility innovations within the model. This
section further details the model’s implications in regard to the dynamic dependen-
cies in the volatility and the volatility risk premium and how these volatility meas-
ures covary with leads and lags of the returns at different horizons. We will
subsequently confront these theoretical predictions with the key empirical regular-
ities discussed in Section 1.

3.1 VIX AND THE VOLATILITY RISK PREMIUM

One of the key features of the model is that the economic uncertainty reflected in
r2
g;t may exhibit long-range dependence, while the volatility of the uncertainty, qt, is

a short-memory process. This, in turn, has important implications for the serial
correlation properties of the equivalent to the VIX volatility index implied by
the model and the corresponding volatility risk premium and how these measures
correlate with the returns.

To begin, consider the (forward) integrated variance, or quadratic variation, of
the asset price St,

IVt;tþN [

ðtþN

s¼t

d ½logS; logS�s; ð23Þ

where the ‘‘square bracket’’ represents the standard quadratic variation process.
From Equation (D.8) in Appendix D, the reduced-form expression for the inte-
grated variance may be conveniently written as follows:
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IVt;tþN ¼
ðtþN

t

r2
g;sds þ ðA2

qu
2
q þ Að0Þ2Þ

ðtþN

t
qsds: ð24Þ

The integrated variance is, of course, random and not observed until time t þ N.
The corresponding variance swap rate is defined as the time t risk-neutralized

expectation of IVt,tþN, say EQ
t ðIVt;tþN Þ. This risk-neutral expectation may in theory

be calculated in a completely model-free fashion from a cross section of option
prices (see, e.g., Carr and Madan, 1998; Britten-Jones and Neuberger, 2000; Jiang
and Tian, 2005). This way of calculating the variance swap rate directly mirrors the
definition of the (squared) VIX volatility index for the S&P 500,

VIX2
t [ EQ

t ðIVt;tþN Þ; ð25Þ

where the horizon N is set to 1 month or 22 days.20

This same risk-neutral expected variation may alternatively be calculated within
the specific equilibrium model setting. In particular, it follows from Equation (D.9)
in Appendix D that

VIX2
t ¼ btx;0 þ

ðt
�N

htx
�
t � s

� ffiffiffiffiffi
qs

p
dW r

s þ btx;qqt; ð26Þ

where the dependence on N has been suppressed for notational convenience. The
fhtxðsÞgs2½0;NÞ weights depend on the faðsÞgs2½0;NÞ moving average coefficients
and importantly inherit any long-memory decay in those coefficients. As such,
an eventual slow hyperbolic decay in the autocorrelations for VIX2

t would therefore
be entirely consistent with the implications from the general theoretical model; that
is,

CorrðVIX2
t ;VIX2

tþ sÞ ¼ chs
bh s > S; ð27Þ

where ch > 0 and bh < 0 are constants and S denotes a sufficiently long lag so that
the short-run dependencies have dissipated.

Next, consider the variance risk premium, as formally defined by the difference
between the risk-neutral and objective expectations of IVt,tþN,

tpt [ EQ
t ðIVt;tþN Þ � EP

t ðIVt;tþN Þ: ð28Þ

Whereas EQ
t ðIVt;tþNÞ and EP

t ðIVt;tþN Þ both depend on the consumption growth
volatility and the volatility-of-volatility of that process, the variance risk premium

20 A more detailed description of the mechanical calculation of the VIX index is available in the white
paper on the CBOE Web site; see also the discussion in Jiang and Tian (2007).
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is simply an affine function of the volatility-of-volatility or qt. Specifically, from
Equation (D.10) in Appendix D,

tpt ¼ btp;0 þ btp;1qt; ð29Þ

where btp,0 > 0 and btp,1 > 0, reflecting the positive premium for bearing volatility
risk. Intuitively, for h < 1, investors have a preference for early resolution of un-
certainty, while w> 1 implies that there is a negative link between the volatility and
the P/D ratio. Meanwhile, the SDF only depends indirectly on shocks to the vol-
atility through (h� 1)Rt. Thus, any asset that is positively correlated with volatility
will be bearing a negative risk premium. As such, the premium for the variance risk
exposure naturally increases if the uncertainty about volatility increases, that is, the
volatility-of-volatility, as characterized by the qt process. Since the exposure of the
variance swap to volatility shocks directly mirrors the exposure of the volatility, the
variance premium that results from the covariance between the SDF and the var-
iance swap therefore only depends on qt.

Even though the variance risk premium will generally be positive, only if qt is
time varying will the premium also be time varying. Moreover, from Equation (29)
above, the tpt process simply inherits the dynamic dependencies in the qt process
and should exhibit a relatively fast exponential decay in its autocorrelation struc-
ture. That is,

Corrðtpt; tptþ sÞ ¼ cqe�jqs s > 0; ð30Þ

where cq > 0 denotes a positive constant.

3.2 RETURN–VOLATILITY CORRELATIONS

The equilibrium expressions for the variance swap rate and the premium discussed
above also have some important and directly testable implications for the dynamic
cross-correlations for the VIX2

t and tpt with the returns. To help elucidate the eco-
nomic mechanisms underlying these dependencies, it is instructive to first review
the predictions under short-memory dynamics. We subsequently discuss the gen-
eral case, explicitly allowing for long-memory dynamics. The cross-correlations
between the variance premium and the returns are easier to calculate than those
for the VIX, and we begin by considering these.

Let rt [ d log(Rt) denote the instantaneous return. We will refer to the cross-
correlations between the time t premium tpt and the future returns, rtþs for
s > 0, as the forward correlations. The forward correlations represent the extent
to which the premium is able to forecast the returns. The correlations between
the premium tpt and the lagged returns, rtþs for s < 0, on the other hand, represent
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the impact of movements in the past returns on the current variance premium. Given
the well known near unpredictability of returns, we would expect the forward cor-
relations to be positive, reflecting the premium for bearing volatility risk, but small
and quickly declining to zero for longer interdaily return horizons. We would ex-
pect the lagged correlations to be negative, but increasing to zero for longer daily
lags, consistent with the existence of a dynamic leverage-type effect. The formal
theoretical predictions from the model confirm this intuition.

Specifically, from the results for the short-memory model derived in Appendix
B, it follows that for s > 0,

Corrðtpt; rtþ sÞ ¼ bR;qVarðqtÞKqe�jqs;

where bR,q represents the sensitivity of the instantaneous returns to the qt process.
Since bR,q > 0 and Kq > 0, the forward correlations are all positive. Similarly, it
follows from the appendix that the cross-correlations for s < 0 satisfy,

Corrðtpt; rt�sÞ ¼ ðbR;qVarðqtÞ þ Aq/
2
qlqÞKqe�jqs:

Since the high-frequency returns are close to unpredictable, the value for bR,q is
likely to be small. Hence, we would expect the second term involving Aq < 0 to
dominate the expression in parenthesis, and consequently, all the backward corre-
lations to be negative. In summary, the model predicts,

Corrðtpt; rtþ sÞ ¼


a�e�kqjsj S < 0;
aþ e�kqs S � 0;

ð31Þ

where a� < 0 and aþ < 0. As discussed further below, this prediction does indeed
adhere very closely with the pattern in the empirical correlations.

The dynamic cross-correlations between the VIX2 and the return are a bit more
involved than those for the variance premium. Still, the basic intuition is essentially
the same, except that the actual formulas now also depend on the volatility process
r2
g;t itself and its correlation with the returns. In particular, referring to Appendix B,

the forward correlations for s > 0 takes the form,

CorrðVIX2
t ; rtþ sÞ ¼ bR;rVarðr2

g;tÞKre�jrs þ bR;qVarðqtÞKqe�jqs:

The sign of bR,r will depend upon the preference parameters w and c. However, it
may reasonably be expected to be positive,21 so that the forward cross-correlations
will again be positive, with the decay toward zero ultimately determined by the
dominant value of jr or jq. As for the premium, the backward correlations for
s < 0 are slightly more complicated, taking the form,

21 The prototypical values w ¼ 2.5 and c ¼ 7.5 used in our calibration imply that bR,r ¼ 12.6.
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CorrðVIX2
t ; rt�sÞ ¼ ðbR;rVarðr2

g;tÞ þ ArlrÞKre�jrs þ ðbR;qVarðqtÞ

þ Aq/
2
qlqÞKqe�jqs:

As discussed above, given the difficulties in predicting returns, we would expect
the bR,r and bR,q terms to be relatively small and dominated by the terms involving
the Ar < 0 and Aq < 0 coefficients that determine the instantaneous response of the
returns to volatility innovations. Consequently, the backward correlations are nat-
urally expected to be all negative. In summary,

CorrðVIX2
t ; rtþ sÞ



aq;�e�kqjsj þ ar;�e�krjsj s < 0;
aq;þ e�kqs þ ar;�e�krs s � 0;

ð32Þ

where aq,�, ar,� < 0 and aq,þ, ar,þ < 0. Again, these theoretical model predictions
closely match what we see in the data.

The general model allowing for long memory in the economic uncertainty
essentially gives rise to the same basic patterns and predictions. The formal
derivations are somewhat more complicated; however, the actual values of the
cross-correlations will ultimately depend upon the specific process for r2

g;t and
the corresponding moving average coefficients faðsÞgs2½0;NÞ. We briefly sketch
the relevant tools and ideas required to evaluate the correlations.

The economics of the problem remain exactly the same. The main interactions
between the return and the volatility are two-fold: one consists in the forward effect
of volatility innovations on future expected returns and the other involves the feed-
back effect of lagged return innovations, or the diffusive part of the returns, on
current volatility. To elucidate these separate effects within the general model set-
ting, it is useful to define the auxiliary variable

rt;s[



rg;tþ sdWc

tþ s þ Aquq
ffiffiffiffiffiffiffiffiffiffi
qtþ s

p
dWq

tþ s þ Að0Þ ffiffiffiffiffiffiffiffiffiffi
qtþ s

p
dW r

tþ s s < 0;
lR;tþ s s � 0;

which equals the local diffusive part of the equilibrium return process for s< 0 and
the local mean of the equilibrium return process for s� 0, respectively. As such, the
basic shape of the cross-covariances between the variance risk premium tpt and rt,s
directly mirrors that of the cross-covariances with the returns, rt þ s. In particular, it
follows directly from the expression for tptin Equation (29) that the forward cor-
relations with rt,s must be proportional to the autocovariances of the qt process. That
is, for s > 0,

Covðtpt; rt;sÞ ¼ Kre
�jqs;

whereKr> 0 denotes a positive constant of proportionality. To derive the backward
correlations, write qt in integral form,
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qt ¼ uq

ðt
u¼�N

ejqðu�tÞ ffiffiffiffiffi
qu

p
dWq

u :

From this expression, it follows that for s < 0,

Covðtpt; rt;sÞ ¼ e�jqjsjEðbtp;1uq
ffiffiffiffiffiffiffiffiffiffi
qtþ s

p
dWq

tþ s;Aquq
ffiffiffiffiffiffiffiffiffiffi
qtþ s

p
dWq

tþ sÞ

¼ Aqbtp;1u
2
qlqe�jqjsj;

so that all the backward autocovariances are again negative and decay at an
exponential rate, provided that Aq < 0 as again implied by c > 1 and w > 1. These
dynamic patterns in the cross-covariances for rt,s directly translate into the cross-
correlations for rt,s, and in turn the cross-correlations for the returns rt þ s, mirroring
the implications from the short-memory model summarized in Equation (31)
above.

The theoretical predictions for the dynamic cross-correlations between the VIX and
the returns within the general model setting are not quite as clear-cut as those for the
variance premium. The qt process determining the variance risk premium essentially
gets confounded with the classical consumption risk premium, and there are also po-
tential side effects from long-range dependence. However, the underlying economic
mechanisms remain the same as for the short-memory model, resulting in a similar
pattern of mixed negative backward correlations and positive forward correlations.

4. Empirical Results

The equilibrium framework developed above completely characterizes the dynamic
dependencies in the returns and the volatility. Of course, the specific solution of the
model will invariably depend upon the choice of preference parameters and the
values of the parameters for the underlying consumption growth rate and volatility
dynamics. Meanwhile, the model is obviously somewhat stylized, and direct esti-
mation based on actual consumption data would be challenging at best. Instead, we
next illustrate the model’s qualitative implications in regard to the autocorrelations
and cross-correlations derived in the previous section and, in particular, how well
the basic patterns implied by the model match those of the actual data depicted in
Figures 1 and 2. We begin with a discussion of the data and pertinent summary
statistics underlying the figures.

4.1 DATA DESCRIPTION

Our tick-by-tick data for the S&P 500 futures contract were obtained from Tick
Data Inc. To alleviate the impact of market microstructure ‘‘noise’’ in the
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calculation of the cross-correlations, and the realized volatility measures discussed
further below, we follow the dominant approach in the literature and convert the
tick-by-tick prices to equally spaced 5-min observations.22 With seventy-
seven 5-min intervals per trading day and one overnight return, this leaves us with
a total of seventy-eight ‘‘high-frequency’’ return observations per day. Standard
summary statistics for the corresponding daily returns over the January 2 1990
through October 31 2007 sample period and the 5-min returns over the shorter
September 23 2003 to August 31 2007 sample are reported in the first column
in Table I.

The autocorrelations for the VIX in the top panel in Figure 1 are based on daily
data from January 2 1990 through October 31 2007. These data are freely available
from the CBOE.23 From the summary statistics reported in Table I, the average
value of the VIX2 over the sample equals 32.81, or 16.41 in standard deviation
form, but it varies quite considerably over the sample, as indicated by the standard
deviation of 23.70. This variation is quite persistent, however, as manifest by the
slow decay in the aforementioned autocorrelations depicted in Figure 1. This strong
persistence is also immediately evident from the actual time series plot of the data in
Figure S1 of the supplementary material.

The tick-by-tick data for the VIX used in the construction of the cross-
correlations shown in the top panel in Figure 2 were again obtained from Tick Data
Inc. High-frequency data for the VIX have only been available since the
introduction of the ‘‘new’’ model-free VIX index on September 22 2003. The
relevant summary statistics for the VIX2 over the shorter September 22 2003 to
August 2007 high-frequency sample, reported in the bottom part of Table I, are
broadly consistent with those over the longer daily sample. Of course, the kurtosis
is substantially higher when the data are sampled at the 5-min frequency.

The integrated variance IVt,tþN defined within the theoretical model is not di-
rectly observable. However, it may be consistently estimated in a completely
model-free manner by the corresponding realized variation based on an increasing
number of high-frequency squared returns over the fixed time interval [t, t þ N]
(see, e.g., Andersen, Bollerslev, and Diebold, 2009). As previously noted, to guard
against the adverse impact of market microstructure effects when sampling too

22 The specific choice of a 5-min sampling frequency strike a reasonable balance between confound-
ing market microstructure effects when sampling too frequently and the loss of important information
concerning fundamental price movements when sampling more coarsely; see, for example, the dis-
cussion and references in Andersen et al. (2007), where the same futures data and 5-min sampling
frequency have been used from a different perspective.
23 The VIX index is reported in annualized units by the CBOE. We convert the series to monthly units
using the transformation VIX2

t ¼ 30=365 VIX2
CBOE;t .
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frequently, we follow the common approach in the literature and rely on equally
spaced, approximately serially uncorrelated, 5-min returns.24 With seventy-seven
5-min intervals per trading day and the overnight return, the N-day ahead realized
variation is then simply given by,

RVt;tþN ¼
X78N

i¼1

�
logStþ i=78 � logStþði�1Þ=78

�2
:

With the notable exception of a lower mean, reflecting a systematic premium for
bearing volatility risk, the summary statistics for the 1-month realized volatility
measures RVt,tþ 22 reported in Table I are generally close to those for the VIX.
The corresponding time series plots in Figures S1 and S2 also reveal the same gen-
eral evolution in the two series.

The variance risk premium is formally defined as the difference between the objective
and risk-neutralized expectations of the forward integrated variance. While the risk-
neutral expectation and the actually observed values of IVt,tþN may both be estimated
in a completely model-free fashion by the VIX and the realized volatilities, respectively,
the calculation of the objective expectation Et(IVt,tþN) necessitates some mild auxiliary
modeling assumptions. Motivated by the results in Andersen et al. (2003) that simple
autoregressive-type models estimated directly for the realized volatility typically
perform on par with, and often better, than specific parametric modeling approaches
designed to forecast the integrated volatility,25 we will here rely on the Heterogeneous
Autoregressive model of the Realized Volatility (HAR-RV) structure first proposed by
Corsi (2009), and subsequently used by Andersen, Bollerslev, and Diebold (2007)
among many others, in approximating the objective expectation. Specifically, define
the 1-day ahead expectation by the linear projection of the realized volatility on the
lagged daily, weekly, and monthly realized volatilities,

EtðRVt;tþ 1Þ ¼ brt;0 þ brt;1RVt�1;t þ brt;2RVt�5;t þ brt;2RVt�22;t:

24 The first- and second-order autocorrelations and their robust standard errors (in parentheses) equal
�0.034 (0.005) and �0.008 (0.004), respectively. Although statistically significant at conventional
levels, these are obviously very small numerically and immaterial in terms of the resulting realized
volatilities. Recent studies (e.g., Zhang, Mykland, and Aı̈t-Sahalia, 2005; Barndorff-Nielsen et al.,
2008) have proposed more efficient ways in which to annihilated the impact of the market micro-
structure ‘‘noise,’’ permitting even finer sampling. However, the simple-to-implement realized var-
iance estimator used here remains the dominant approach in practice and importantly allows for easy
verification and replication of the results.
25 Andersen, Bollerslev, and Meddahi (2004) have formally shown that for the stochastic volatility
models most commonly employed in the literature, the loss in efficiency from the use of reduced-form
autoregressive models for the realized volatility is typically small; see also Sizova (2009).
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The 1-month expectation Et(IVt,tþ22) ¼ Et(RVt,tþ22) is then simply obtained by
iterating the projection forward.26

The summary statistics for the resulting variance risk premiumbtpt ¼ VIX2
t � bERVt;tþ22, reported in the last column in Table I, not only confirm

the positive expected return for selling volatility but also show that the magnitude
of the premium varies substantially over time. At the same time, the plots in Figures
S1 and S2 indicate much less persistent dependencies in the premium than for the
VIX and the realized volatilities. We next turn to our discussion of the theoretical
model’s ability to match this important feature along with the other key dynamic
dependencies observed in the high-frequency data.

4.2 MODEL-IMPLIED AUTO- AND CROSS-CORRELATIONS

A full characterization of the model-implied autocorrelations for the integrated vol-
atility would require that all the moving average weights faðsÞgs2½0;NÞ in Equation
(11) be completely specified. Importantly, however, as discussed in Section 3.1,
any long-run dependencies in these coefficients directly translate to similar
long-run dependencies in the moving average weights fhtxðsÞgs2½0;NÞ that describe
the equilibrium process for the VIX2

t in Equation (26). The top panel in Figure 4
shows the best fitting model-implied autocorrelations from estimating the slowly
hyperbolic decaying autocorrelation structure in Equation (27) to the actual daily
sample autocorrelations for the VIX starting at a lag length of S ¼ 22.27 The figure
also shows the conventional 95% confidence intervals for the sample autocorrela-
tions. The model-implied autocorrelations do a remarkable job at describing the
long-run dependencies inherent in the VIX, always falling well inside the confi-
dence bands. Of course, the fit does not match at all well if extrapolated to the
1- to 22-day interval, which is to be expected.

One of the key predictions of the theoretical model is that the equilibrium vol-
atility risk premium is an affine function of the volatility-of-volatility and thereby is
short memory, despite the fact that the integrated volatility and its risk-neutral ex-
pectation may both display long-memory dependencies. Intuitively, as discussed
above, everything except for the volatility-of-volatility gets risk neutralized out in
Equation (29). This, of course, is consistent with the shape of the autocorrelation
function displayed in Figure 1, which in sharp contrast to the one for the VIX dies
out relatively quickly. As a more formal verification of this distinct implication
from the model, we fitted the functional form in Equation (30) to the actual sample

26 The actual estimates for the bs are directly in line with the results reported in the extant literature
and available upon request.
27 The R2 from estimating the functional relationship is an impressive 0.993, although this value
should be carefully interpreted because of the strong serial correlation in the residuals from the fit.
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autocorrelations for the variance risk premium. The fit shown in the bottom panel of
Figure 4 is again excellent, and the model-implied autocorrelations easily fall
within the 95% confidence intervals over the entire 1- to 90-day range.28

The observed volatility feedback and leverage effects evident in the dynamic
cross-correlations in Figure 2 arguably present the more challenging and difficult
to explain empirical dependencies. Consider first the cross-correlations for the var-
iance risk premium. The negative backward correlations start out at a slightly larger
absolute value than the forward correlations and both decay toward zero at what
appears to be an exponential rate. This apparent pattern in the cross-correlations
between the premium and leads and lags of the returns is entirely consistent with
the model-implied correlations summarized in Equation (31). The bottom panel in
Figure 5 shows the resulting fit along with the 95% confidence intervals for the
sample cross-correlations.29 The theoretical model obviously delivers highly accu-
rate predictions for the actually observed dynamic dependencies between the
returns and the variance risk premium.

The theoretical predictions for the VIX–return cross-correlations are not quite
as clear-cut as those for the premium. As discussed in Section 3.2 above, the
volatility risk premium in effect gets confounded with the classical consumption
risk premium, and within the general theoretical model setting, there may also
be potential side effects from long-range dependence. In parallel to the
model-implied autocorrelations for the VIX, a complete characterization of these
separate effects would require that the underlying fundamental consumption
growth rate volatility process r2

g;t and the corresponding moving average weights
faðsÞgs2½0;NÞ be fully specified. Short of such a specification, the basic pattern and
decay in the cross-correlations may naturally be expected to adhere to the func-
tional form in Equation (32). The top panel in Figure 5 shows the resulting fit to
the sample cross-correlations.

Comparing the observed backward correlations for the VIX in the left part of
Figure 2 to those for the variance premium in the bottom panel, the dynamic le-
verage effect is clearly more prolonged for the VIX. This slower decay is very well
described by the mixed exponential functions shown in Figure 5. At the same time,
the differences between the forward correlations for the VIX and the premium, and
in turn the impact on future returns attributable to the classical consumption risk
premium and mean–variance trade-off, appear less pronounced. In fact, the

28 The fitted R2 equals 0.934.
29 The fitted R2s for the backward and forward correlations equal 0.907 and 0.678, respectively. Of
course, some of the sample cross-correlations used in the fit are not statistically different from zero.
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relatively fast decay rates in the empirically observed forward correlations are well
described by a single exponential function for both the premium and the VIX.30

Summing up the empirical results, the qualitative implications from the new the-
oretical model do an admirable job in terms of matching the key dynamic depen-
dencies in the aggregate market returns and volatilities. The previously documented
autocorrelations for the volatility and volatility risk premium and the puzzling high
frequency–based cross-correlation patterns in Figures 1 and 2 may all be explained
by the model, with the model predictions well within conventional statistical con-
fidence intervals.

5. Conclusion

Aggregate stock market volatility exhibits long memory–type dependencies, while
the variance risk premium, defined as the difference between the objective and the
risk-neutral expectations of the forward variance, shows much less persistence.
Consistent with the well-documented leverage and volatility feedback effects, there
is also a distinct and prolonged asymmetry in the relationship between volatility
and past and future returns. We provide the first self-contained equilibrium-based
explanation for all these empirical facts. The return on the aggregate market defined
within the new model depends not only on the prospects of future economic growth
but also on the current uncertainty about the future economic conditions, thereby
explaining the presence of a separate premium for bearing variance risk through
a preference for early resolution of uncertainty.

Our explanation of the empirical facts is entirely risk based and depends critically
on the temporal variation in the variance risk premium defined within the model.
The wedge between the objective and the risk-neutral expectations of the forward
variance may alternatively be interpreted as a proxy for the aggregate degree of risk
aversion in the market and any temporal variation in the empirically observed var-
iance risk premium, thus indicative of changes in the way in which systematic risk
is valued (see, e.g., Aı̈t-Sahalia and Lo, 2000; Bollerslev, Gibson, and Zhou, 2011;
Gordon and St-Amour, 2004; Vanden, 2005). Although it might be difficult to con-
template systematic changes in the level of risk aversion at the frequencies empha-
sized here, time-varying volatility risk and time-varying attitudes toward risk likely
both play a role in explaining the temporal variation in expected returns and risk
premia (e.g., Bekaert, Engstrom, and Xing, 2009). It would be interesting to extend
the new framework and model developed here to explicitly allow for changes in the
underlying preference parameters and risk attitudes to help delineate these effects.

30 The fitted R2s for a double exponential for the VIX backward correlations and a single exponential
for the VIX forward correlations equal 0.941 and 0.709, respectively.
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This may be especially important in understanding the dynamic dependencies and
high-frequency feedback effects observed during the recent financial crises.

Supplementary Material

Supplementary data are available at Review of finance online.

Appendix A:Continuous-Time Equilibrium and SDF

The generalized preferences that we use are a continuous-time version of the
Epstein–Zin–Weil discrete-time utility:

~V
1�1

w
t ¼ ð1 � e�qhÞC1�1

w
t þ e�qh

h
Et ~V

1�c
tþ h

i1�1
w

1�c
: ðA:1Þ

Assuming that ~V
1�c
t is a semimartingale, we approximate its conditional expec-

tation over a short time interval h by the linear function:

Et ~V
1�c
tþ h � Dð~V 1�c

t Þh þ ~V
1�c
t ; ðA:2Þ

where D(.) denotes the drift of the argument. Plugging the conditional expectation
in Equation (A.2) into the definition (A.1), and taking limits around h¼ 0, the drift
for the utility may be expressed as a function of consumption and utility:

Dð~V 1�c
t Þ ¼ hq

241 � C
1�1

w
t

~V
1�1

w
t

35~V 1�c
t :

The original utility ~V t in Equation (A.1) can be replaced by any ordinally equiv-
alent utility Vt ¼ uð~V tÞ, where the transformation u(.) is strictly increasing. Fol-
lowing Duffie and Epstein (1992b), we apply the transformationu(.) that is linear in
~V

1�c
t :

Vt ¼ 1

1 � c
~V

1�c
t :

Given this choice of u(.), the preferences may be simply defined through the
recursive condition:

DVt þ f ðCt;VtÞ ¼ 0; ðA:3Þ

where the normalized drift equals
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f ðc; tÞ ¼ q

1 � 1
w

c1�1
w � ½ð1 � cÞt�1=h

½ð1 � cÞt�1=h�1
: ðA:4Þ

This in effect constitutes the formal definition of the Epstein–Zin–Weil prefer-
ences in continuous time; see also Duffie and Epstein (1992a).

A.1 SDF IN CONTINUOUS TIME

In this section, we derive the exact formula for the SDF under the Epstein–Zin–
Weil preferences in Equation (A.4) as a function of the return on the consumption
asset and the consumption growth rate.

For notational convenience, denote the logarithmic welfare-consumption ratio:

tct [ log
~V t

Ct
¼ 1

1 � c
logð½1 � c�VtÞ � logCt: ðA:5Þ

The normalized drift in Equation (A.4) may then alternatively be represented as
follows:

f ðCt;VtÞ ¼ qhVt

�
e�ð1�1

wÞtct � 1
�

Duffie and Epstein (1992a) have previously derived the SDF for recursive pref-
erences with an arbitrary normalized drift f(Ct, Vt):

Mt ¼ exp
Ð t

0
fvðCs;VsÞdsfcðCt;VtÞ: ðA:6Þ

The dynamics for the SDF thus follows from the dynamics of the two partial
derivatives,

fc[
@f

@Ct
¼ ð1 � cÞqC�c

t e�logð1�cÞþ ð1
w�cÞtct ;

and

fv[
@f

@Vt
¼ hq

�
e�ð1�1

wÞtct � 1
��

1 � 1

h

�
� q:

Now, note that

V
1=h
t MtC

1=w
t ¼ qð1 � cÞ1�1=hVte

Ð t

0
ftds:
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Extracting the drift of the process on the left-hand side of the above equation,
taking into account that the drift of the Vt process equals �f(Ct, Vt), and rearranging
the terms, we obtain the following relation:

D

264e
logð1�cÞ

h

q

0@V
1

1�c
t

Ct

1A1�1
w

MtCt

375 ¼ �MtCt:

In other words,

e
logð1�cÞ

h

q

0@V
1

1�c
t

Ct

1A1�1
w

satisfies the Euler condition for the price-dividend ratio of the consumption asset.
Together with appropriate terminal conditions, this implies that this expression
must be equal to the price-dividend ratio. In logarithm terms, there is a one-to-
one correspondence between the price-dividend ratio of the consumption asset
and the welfare-consumption ratio:

logWt ¼ �logq þ
�

1 � 1

w

�
tct: ðA:7Þ

The formula for the price-dividend ratio implies that the total return satisfies:

dRt

Rt
[

dSt þ Ctdt

St
¼ d½WtCt�

WtCt
þ dt

Wt
: ðA:8Þ

Combining the definitions of the return in Equation (A.8), the SDF in Equation
(A.6), and the price-dividend ratio in Equation (A.7), we obtain the following relation:

d logMt þ ð1 � hÞd logRt þ
h
w

d logCt ¼ ðfvðCt;V Þdt þ d logfcðCt;VtÞÞ

þ ð1 � hÞ
�

d logCt þ d logWt þ
dt

Wt

�
þ h

w
d logCt ¼ �qh dt;

ðA:9Þ

where the last equality follows from two identities:

ftðCt;VtÞ þ ð1 � hÞ 1

Wt
¼ qh;
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d logfcðCt;VtÞ þ ð1 � hÞðd logCt þ d logWtÞ þ h
w

d logCt ¼ 0:

The expression for the SDF in Equation (A.9) as a function of the return on
aggregate consumption and consumption growth may naturally be seen as the con-
tinuous-time version of the similar discrete-time relationship in Bansal and Yaron
(2004). We next proceed to study the asset pricing implications of the model and
this SDF, including expressions for the risk-free rate, the return on the consumption
asset, and the variance risk premium.

Appendix B:Model Solution under Short-Memory Dynamics

B.1 PRICING OF THE CONSUMPTION AND DIVIDEND ASSETS

Suppose, that the dynamics of the consumption growth gt [
dCt

Ct
is determined by the

following system of equations:

dCt

Ct
¼ ðlg þ xtÞdt þ rg;tdW

c
t ; ðB:1Þ

dxt ¼ �jxxtdt þ rxdW
x
t ; ðB:2Þ

dr2
g;t ¼ jrðlr � r2

g;tÞdt þ
ffiffiffiffi
qt

p
dW r

t ; ðB:3Þ

dqt ¼ jqðlq � qtÞdt þ uq
ffiffiffiffi
qt

p
dWq

t ; ðB:4Þ

where all the shocks are uncorrelated. Under the risk-neutral measure, the asset
return is a martingale with respect to information at time t, that is,

DðMtRtÞ ¼ 0:

It follows from the formula for the SDF in Equation (A.9) and the definition of
the return in Equation (A.8) that

d logðMtRtÞ ¼ h

�
d logWt þ d logCt þ

dt

Wt

�
� h
w

d logCt � qh dt:

Substituting the price-dividend ratio Wt[Wt(Xt) into the above condition for the
drift D(MtRt) yields the following pricing relation:
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hD logWðXtÞ þ h
WðXtÞ

þ ð1 � cÞ
 
lg þ xt �

r2
g;t

2

!
� qh

þ h2

2

d½logWðX Þ; logWðX Þ�t
dt

þ 1

2
ð1 � cÞ2r2

g;t ¼ 0;

ðB:5Þ

where D log W(Xt) denotes the drift of log W(Xt) and [log W(X), log W(X)]t refers to
the quadratic variation, whose increment characterizes the variance of shocks to log
W(Xt). The pricing relation in Equation (B.5) may now be solved using the first-
order approximations similar to Campbell and Viceira (2002),

1

WðXtÞ
¼ expð� logWðXtÞÞ

� expð � �logWÞ � expð � �logWÞðlogWðXtÞ � �logWÞ:

In particular, under this linearization, it is natural to conjecture that log price-
dividend ratio is linear in the states:

logWðXtÞ ¼ A0 þ Axxt þ Arr
2
g;t þ Aqqt; ðB:6Þ

and therefore,

1

WðXtÞ
� �j0 � j1ðA0 þ Axxt þ Arr

2
g;t þ AqqtÞ: ðB:7Þ

Substituting the conjectured solution for W(Xt) in Equation (B.6) and its inverse
value in Equation (B.7) into the pricing condition (B.5), we find the coefficients:

A0 ¼
Arjrlr þ Aqjqlq � j0 þ ð1 � 1=wÞlg � q þ hAxr2

x

2

j1
;

Ax ¼
1 � 1

w

jx þ j1
;

Ar ¼ �c
2

1 � 1
w

jr þ j1
;

Aq ¼
jq þ j1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
jq þ j1

�2�h2A2
ru

2
q

q
hu2

q

;
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where the value of Aq is the root of a quadratic equation that is bounded away from
N as/q goes to zero. Note that similar to the discrete-time case, the loadings Ar and
Aq are negative for values of the intertemporal elasticity of substitution w > 1.

Combining the dynamics of dividends Ct and the dynamics of the price-dividend
ratio, we obtain the dynamics for the total log return under the objective measure:

d logRt ¼
�
lg þ xt

w
þ q� hA2

xr
2
x

2
þ
�
� 1

2
þ c

2

�
1 � 1

w

��
r2
g;t

� Aqðj1 þ jqÞqt
�

dt þ rg;tdW
c
t þ AxrxdW

x
t þ Ar

ffiffiffiffi
qt

p
dW r

t

þ Aquq
ffiffiffiffi
qt

p
dWq

t :

ðB:8Þ

The dynamics for the SDF follows from Equation (A.9):

dMt

Mt
¼
�
c
2

�
1 þ 1

w

�
r2
g;t �

�
1 � 1

h

�
ðjq þ j1ÞAqqt �

1

w
ðlg þ xtÞ � q

� ðh� 1ÞA2
xr

2
x

2

�
dt � crg;tdW

g
t þ ðh� 1ÞðAxrxdW

x
t þ Ar

ffiffiffiffi
qt

p
dW r

t

þ Aquq
ffiffiffiffi
qt

p
dWq

t Þ

ðB:9Þ

The dynamics of SDF readily defines the risk-free rate, the equity premium, and
the risk-neutral probability measure. For example, the risk-free rate is simply given
by the drift of the SDF:

rf ;t [ �Et
dMt

Mt
¼

lg þ xt

w
þ q þ ðh� 1ÞA2

xr
2
x

2
� c

2

�
1 þ 1

w

�
r2
g;t

þ
�

1 � 1

h

�
ðjq þ j1ÞAqqt:

The diffusion part of the SDF in Equation (B.9) defines the transition from the
processes under the objective measure to the risk-neutral measure:

dCt

Ct
¼ ðlg � cr2

g;tÞdt þ rg;td ~W
c
t ;

dxt ¼ ð � jxxt þ ðh� 1ÞAxr
2
xÞdt þ rxd ~W

x
t ;
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dr2
g;t ¼ ðjrðlr � r2

g;tÞ þ ðh� 1ÞArqtÞdt þ
ffiffiffiffi
qt

p
d ~W

r
t ; ðB:10Þ

dqt ¼ ðjqðlq � qtÞ þ ðh� 1ÞAqu
2
qqtÞdt þ uq

ffiffiffiffi
qt

p
d ~W

q
t ; ðB:11Þ

where d ~W
c

t , d ~W
x

t , d ~W
r
t , and d ~W

q

t are all uncorrelated Wiener processes under the
risk-neutral probability measure.

Consider an arbitrary asset with a general dynamics for dividends:

dDt

Dt
¼ ðld þ /xxtÞdt þ /rrg;tdW

c
t þ /r;xdW

x
t þ rddWd

t ;

where dWd
t is an idiosyncratic shock, that is, independent of any process that drives

consumption. A similar conjecture for the price-dividend ratio,

logWdðXtÞ ¼ Ad
0 þ Ad

xxt þ Ad
rr

2
g;t þ Ad

qqt;

yields a solution that satisfies no-arbitrage condition:

Ad
x ¼

/x � 1
w

jx þ jd1
;

Ad
r ¼ �c

2

2/r � 1 � 1
w

jr þ jd1
;

Ad
q ¼

jd
1 þ jq

uq
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
jd

1 þ jq

uq

�2
�
��
h� 1

�
Ar þ Ad

r

�2�2ðh� 1ÞAqðjd1 � j1Þ
r

uq

� ðh� 1ÞAq;

where jd0 and jd1 are coefficients from the linear approximation
1

WdðXtÞ
� �jd0 � jd1 logWdðXtÞ.

The equity premium paid on this asset is obtained as the ‘‘covariance’’ between
the total return and the SDF:

pr;t [
1

dt

d½Rd;M �t
Rd
t Mt

¼ c/rr
2
g;t � ðh� 1ÞðAxA

d
xrx þ /r;xÞrx

� ðh� 1ÞðArA
d
r þ AqA

d
qu

2
qÞqt:

ðB12Þ
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The instantaneous return is a function of an increment in the price-dividend ratio
and the paid dividends:

d logRd
t ¼

 
q þ

lg þ xt

w
þ

hðh� 1ÞA2
xr

2
x �

��
h� 1

�
Axrx þ Ad

xrx þ /r;x

�2

2

� r2
d

2
� Ad

qðjq þ jd1Þqt �
�
Ad
rðjr þ jd1Þ þ /2

r

2

�
r2
g;t

!
dt

þ /rr
t
g;tdW

c
t þ ðAd

xrx þ /r;xÞdWx
t þ Ad

r
ffiffiffiffi
qt

p
dW r

t

þ Ad
quq

ffiffiffiffi
qt

p
dWq

t þ rddWd
t :

ðB:13Þ

For the rest of the Appendix B, we will consider the market return that follows
the above dynamics.B.2

B.2 VARIANCE PREMIUM

The variability of the future asset price is determined by the integrated variance:

IVt;tþN [

ðtþN

s¼t
d½logS; logS�s¼ /2

r

ðtþN

s¼t
r2
gsds þ ðAd;2

r þ Ad;2
q u2

qÞ
ðtþN

s¼t
qsds

þ Nðr2
d þ

�
Ad
xrx þ /r;x

�2Þ:

ðB:14Þ

The variance risk premium by definition is given by the difference between the
expected values of the integrated variance under the objective and risk-neutral
measures:

tpt [ EQ
t IVt;tþN � EP

t IVt;tþN :

Under the objective measure, the consumption variance r2
g;t and the volatility-of-

volatility qt are both affine processes with expectations:

EP
t qtþDt ¼ ½qt � lq�e�jqDt þ lq;
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EP
t r

2
g;tþDt ¼ ½r2

g;t � lr�e�jrDt þ lr:

Under the risk-neutral measure, the volatility-of-volatility qt remains an affine
process, with the mean reversion ~jq ¼ jq � ðh� 1ÞAqu2

q and the mean ~lq ¼ jqlq
~jq

given by Equation (B.11). Thus, the expectation of qt þ Dt under the risk-neutral
measure simply equals:

EQ
t qtþDt ¼ ½qt � ~lq�e�~jqDt þ ~lq:

The process for the variance r2
g;t under the risk-neutral measure in Equation

(B.10) is qualitatively different. The conditional mean now depends not only
on its own value but also on the current realization of qt:

EQ
t rgtþDt ¼ ~lr þ ðr2

g;t � ~lr � DqÞe�jrDt þ Dqe�~jqDt;

where

Dq ¼ ðh� 1ÞAr

jr � ~jq
½qt � ~lq�

and ~lr ¼ lr þ
ðh�1ÞAr

jr
~lq is equal to the risk-neutral unconditional mean of the var-

iance.
The differences in the conditional expectations of the state variables under the

risk-neutral and the objective measures can be represented as follows:

EQ
t qtþDt � EP

t qt ¼ qt½e�~jqDt � e�~jqDt� þ jqlq

�
1 � e�~jq

~jq
� 1 � e�jqDt

jq

	
;

EQ
t r

2
g;tþDt � EP

t r
2
g;tþDt

ðh� 1ÞAr
¼ qt

�
e�~jqDt � e�jrDt

jr � ~jq

	
þ ~lq

�
1 � e�jrDt

jr
� e�~jqDt � e�jrDt

jr � ~jq

	
Since exp(�x) and (1 � exp(�x))/x are both decreasing functions in x, it follows

that EQ
t qtþDt > EP

t qt for ~jq< jq (Aq < 0). Similarly, it is possible to show that for
any positive ~jq, jr, and Dt, the expressions in square brackets in the second equa-
tion above are both greater than zero. Thus, the variance and volatility-of-volatility
are both expected to be higher under the risk-neutral measure. Since the integrated
variance in Equation (B.14) depends on future values of qt and r2

g;t, the variance
premium tpt [EQ

t IVt;tþN � EP
t IVt;tþN must be positive.

Going one step further, the variance premium may be expressed as follows:
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tpt ¼ bpr;0 þ bpr;1qt; ðB:15Þ

where

bpr;0 ¼ /2
rð~lr � lrÞ

�
N � 1 � e�jrN

jr

�
þ ð~lq � lqÞðAd;2

r þ Ad;2
q u2

qÞ
�
N

� 1 � e�jqN

jq

�
� bpr;1~lq;

bpr;1 ¼ /2
r
ðh� 1ÞAr

jr � ~jq

�
1 � e�~jqN

~jq
� 1 � e�jrN

jr

�
þ ðAd;2

r þ Ad;2
q u2

qÞ
�

1 � e�~jqN

~jq

� 1 � e�jqN

jq

�
:

The expression in Equation (B.15) is obtained by taking the difference between
the expectations of the integrated variance under the objective measure,

EP
t IVt;tþN ¼ /2

r

�
lrN þ 1 � e�jrN

jr
ðr2

g;t � lrÞ
�

þ ðAd;2
r þ Ad;2

q u2
qÞ
�
lqN

þ 1 � e�jqN

jq
ðqt � lqÞ

�
þ N

�
r2
d þ ðAd

xrx þ /x
r;Þ

2
�
;

and under the risk-neutral measure,

EQ
t IVt;tþN ¼ bVIX;0 þ bVIX;rr

2
g;t þ bVIX;qq

2
t ; ðB:16Þ

where

bVIX;r ¼ /2
r
1 � e�jrN

jr
;

bVIX;q ¼ /2
r
ðh� 1ÞAr

jr � ~jq

�
1 � e�~jqN

~jq
� 1 � e�jrN

jr

	
þ ðAd;2

r þ A2
qu

d;2
q Þ1 � e�~jqN

~jq
;

bVIX;0 ¼ ð/2
r~lr þ ðAd;2

r þ Ad;2
q u2

qÞ~lq þ r2
d þ

�
Ad
xrx þ /r;x

�2ÞN � bVIX;r2~lr

� bVIX;q~lq:
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As discussed further in the main text, the expectation under the risk-neutral mea-
sure corresponds directly to the VIX2 volatility index, hence the subscript notation
for the bs.

B.3. RETURN–VOLATILITY CROSS-CORRELATIONS

The return over a short time interval Dt is approximately equal to:

DlogRd
t �

 
q þ

lg þ xt

w
� Ad

qðjq þ jd1Þqt �
�
Ad
rðjr þ jd1Þ þ /2

r

2

�
r2
g;t

þ
hðh� 1ÞA2

xr
2
x �

��
h� 1

�
Axrx þ Ad

xrx þ /r;x

�2

2
� r2

d

2

!
Dt

þ/rrg;tDW
c
t þ ðAd

xrx þ /r;xÞDWx
t þ Ad

r
ffiffiffiffi
qt

p
DW r

t

þAd
quq

ffiffiffiffi
qt

p
DWq

t þ rdDW
d
t ;

where the operator D denotes the increment to the process over the [t, t þ D] time
interval. The variance of the return equals:

VarðDlogRtÞ ¼
�
b2
R;rVar

�
r2
g;t

�
þ b2

R;qVar qt þ
1

w2
Var xt

�
ðDtÞ2 þ lr/

2
rDt

þ ðAd;2
r; þ Ad;2

q; u
2
qÞlqDt þ Dtðr2

d þ ðAd
xrx þ /x

r;Þ
2Þ;

where bR;r ¼ �
�
Ad
rðjr þ jd1Þ þ

/2
r

2

�
and bR;q ¼ �Ad

qðj1 þ jdqÞ.
From Equation (B.15), the variance premium is directly proportional to qt. Hence,

the correlation between the premium and the return is solely determined by the cor-
relation of the return with the qt process. The covariance between qt and a future return,
Dlog Rtþ l and l > 0, is equal to the covariance of qt with the drift part of the return:

Covðqt;DlogRtþ lÞ ¼ e�jqlVarqtbR;qDt; l � 0:

The covariance of qt with the past return, Dlog Rt� l and l < 0, consists of two
parts. The covariance with the drift e�jqlVar qtbR;qDt and the covariance with the
diffusive part Ad

quqCovðqt;
ffiffiffiffiffiffiffiffi
qt�l

p
DWq

t�lÞ ¼ Ad
qu

2
qlqe

�jqlDt. Combining these
effects, the cross-correlation function for the variance risk premium and the returns
may be conveniently expressed as follows:

Corrðqt;DlogRtþ lÞ ¼
Var qtbR;q þ Il<0A

d
qu

2
qlqe�jqjljDtffiffiffiffiffiffiffiffiffiffiffiffi

Var qt
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VarðDlogRtÞ
p

for any value of l.

71VOLATILITY IN EQUILIBRIUM

 at R
ice U

niversity on D
ecem

ber 30, 2011
http://rof.oxfordjournals.org/

D
ow

nloaded from
 

http://rof.oxfordjournals.org/


The expression for the VIX2
t [EQ

t IVt;tþN in Equation (B.16) involves a linear
function of qt and the variance rg,t, with loadings bVIx,q and bVIx,r, respectively.
The covariance of the VIX2

t with any future return depends solely on the covariance
with the drift of the return:

CovðVIX2
t ;DlogRtþ lÞ ¼ ðbR;rbVIX;rVar r2

g;te
�jrl þ bR;qbVIX;qVar qte

�jqlÞDt:

The covariance of the VIX2
t with past returns includes the covariances with the

drift and the diffusion:

CovðVIX2
t ;DlogRt�lÞ ¼ ððbR;rVar r2

g;t þ Ad
rlqÞbVIX;re�krl þ ðbR;qVar qt

þ Ad
qu

2
qlqÞbVIX;qe�jqlÞDt:

Combining these expressions, the cross-correlations CorrðVIX2
t ;DlogRtþlÞ may

be succinctly written as follows:

ðbR;rVar r2
g;t þ Il<0A

d
rlqÞbVIX;re�jrjljDt þ ðbR;qVar qt þ Il<0A

d
qu

2
qlqÞbVIX;qe�jqjljDtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðb2
VIX;rVar r2

g;t þ b2
VIX;qVar qtÞVarðDlogRtÞ

q
for any value of l.

Appendix C: Calibration Details

Table II shows the parameter values used in the calibration and their sources. Apart
from the parameters governing the volatility dynamics, all the values are taken di-
rectly from the existing literature with a few small adjustments to ensure a well-de-
fined model solution. In particular, the three preference parameters, q, c, and w, are
all in the generally agreed upon reasonable range and directly in line with the values
used by Bansal and Yaron (2004). To allow for accurate log-linear approximations
and internally consistent calibration results, we explicitly solve for the two log-lin-
earization parameters j1 and jd1 within the model.31

The actual calibration results reported in Table III generally reveal a close match
between the model-implied and observed sample moments taken from the existing
literature and well within acceptable accuracy tolerances traditionally used in the
macrofinance literature.32 The only exception being the variability of the short rate.

31 For further discussion along these lines, see also Beeler and Campbell (2009).
32 The values of j1 ¼ 0.00052 and jd1 ¼ 0:0037 solved for within the model and the corresponding
implied annual price-dividend ratio of 22:61 also closely matches the 25.56 sample value reported in
Bansal and Yaron (2004).
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The empirically low variability of the short rate presents a well-known difficulty for
many equilibrium models. It is intimately related to the value of the intertemporal
elasticity of substitution, orw, and the variance of r2

g;t, as discussed in more detail in
Bansal and Yaron (2004).

The variability of the VIX2 and the variance risk premium are both extremely
difficult, if not impossible, to reliable estimate with the limited time span of avail-
able data, and we purposely do not report any observed values for these statistics in

the table.33 Nonetheless, the model-implied values of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðVIX2

t Þ
q

¼ 100:6 andffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðtptÞ

p
¼ 29:37 are arguably both on the high side. This excess variability of

the two variance measures stems from the assumption about the underlying eco-
nomic uncertainty and the corresponding processes parameters, as formally dis-
cussed in Section 3.1. By assuming a short-memory process for r2

g;t, the
calibration underestimates the persistence in VIX2 and in turn overestimates the
model-implied variation. This is in part due to the fact that the two volatility fac-
tors, r2

g;t and qt, are assumed to be independent. This assumption facilitates a di-
rect study of the two separate sources of risk. The drawback, however, is that the
variance premium is significantly reduced relative to a model with correlated
volatility risk, as in, for example, Drechsler and Yaron (2011), where the vol-
atility-of-volatility is effectively an affine function of the variance. It is possible
to alleviate this constraint within the basic model setup by allowing for corre-
lated volatility shocks, that is, CorrðdWq

t ; dW
r
t Þ > 0. We purposely did not pur-

sue that channel here to keep the two effects naturally separated. Alternatively,
the model could be extended to incorporate non-Gaussian shocks, as in Drechs-
ler and Yaron (2011) and Wachter (2010), to help break the algebraic constraints
on the volatility of qt for a given volatility of r2

g;t. Such an extension would allow
for a larger variance premium while keeping the overall volatility constant. The
same modification could also help decrease the variability of the short rate,
which increases with the variance of r2

g;t, but is not very sensitive to the variance
of qt.

Everything else equal, a more persistent qt process also increases the value of Aq

and, in turn, the sensitivity of the pricing kernel to innovations in qt. However, it is
important to note that even if qt was constant, a sufficiently persistent variance pro-
cess could still generate a nontrivial variance risk premium within the model. Of
course, the persistence of the qt process also plays an important role in determining
the return predictability over longer horizons inherent in the variance risk premium
recently highlighted by Bollerslev, Tauchen, and Zhou (2009). The additional

33 To illustrate, on estimating
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðVIX 2

t Þ
p

and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðtptÞ

p
with data from 2007 through the end of

2008, the summary statistics reported in Table I increase from 23.70 to 93.60 and from 12.62 to 55.41,
respectively.
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calibrations discussed in the supplementary material further illustrate this point and
other longer run return predictability relations.

Appendix D: General Model Solution

In this section, we consider more flexible volatility dynamics and abstract from the
difference between consumption and dividend assets. We assume that the process
for the consumption variance has a general Moving Average (MA) representation:

r2
g;t ¼ r2 þ

ðt
�N

a
�
t � s

� ffiffiffiffiffi
qs

p
dW r

s : ðD:1Þ

This specification includes the short-memory model in Equation (B.3) above as
a special case but importantly allows for much richer dynamic dependencies, in-
cluding long-memory in which the a(t � s) coefficients decrease at a slow hyper-
bolical rate. We maintain the identical short-memory process for the volatility-of-
volatility in Equation (B.4) but, for simplicity, focus only on the case of the constant
expected consumption growth:

dCt

Ct
¼ lgdt þ rg;tdW

c
t :

The pricing relation in Equation (B.5) remains the same. In parallel to the so-
lution method for the short-memory model used above, the linearization of the
price-dividend ratio reduces the problem to a system of linear equations. In general,
all the shocks in Equation (D.1) need to be included in the conjectured solution for
the dividend-price ratio:

logWt ¼ A0 þ Aqqt þ
ðt
�N

A
�
t � s

� ffiffiffiffiffi
qs

p
dW r

s : ðD:2Þ

Following Rogers (1997), if the price is a semimartingale, as it must be to prevent
arbitrage, and A(t) exists and is differentiable at zero, the dynamics of the price-
dividend ratio may be decomposed into separate drift and diffusion terms:

dlogWt ¼
�
Aqjqðlq � qtÞ þ

ðt
�N

A0�t � s
� ffiffiffiffiffi

qs
p

dW r
s

	
dt þ Aquq

ffiffiffiffi
qt

p
dWq

t

þ Að0Þ ffiffiffiffi
qt

p
dW r

t :
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Now, substituting the conjectured solution into the pricing equation imply that
the loadings on the variance shocks must satisfy:

A0ðt � sÞ � j1Aðt � sÞ ¼
cð1 � 1

wÞ
2

aðt � sÞ

for all t � s. Solving this system along with the constant and the loading on qt in
Equation (D.2), we obtain the following:

AðtÞ ¼ �
ðþN

t

cð1 � 1
wÞ

2
ej1ðt�sÞaðsÞds; ðD:3Þ

Aq ¼
jq þ j1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
jq þ j1

�2�h2u2
qAð0Þ

2
q

hu2
q

; ðD:4Þ

A0 ¼
Aqjqlq � j0 þ ð1 � 1

wÞlg � q� c
2

�
1 � 1

w

�
r2

j1
: ðD:5Þ

If absolute values of the coefficients a(t) are decreasing in t (or grow at a rate
less than exponential) and ja(t)j < N, then A(t) is well defined and A0ð0Þ ¼
j1Að0Þ þ

cð1�1
wÞ

2 að0Þ is finite.
Substituting the solution for the price-dividend ratio into the expression for the

SDF, it follows that

dMt

Mt
¼
�
�
lg
w

� q þ c
2

�
1 þ 1

w

�
r2
g;t þ

�
1

h
� 1

�
ðj1 þ jqÞAqqt

	
dt

� crg;tdW
c
t þ ðh� 1ÞAquq

ffiffiffiffi
qt

p
dWq

t þ ðh� 1ÞAð0Þ ffiffiffiffi
qt

p
dW r

t :

As before, the risk-free rate is simply defined by the drift of Mt:

rrft ¼ �Et
dMt

Mtdt
¼

lg
w

þ q� c
2

�
1 þ 1

w

�
r2
g;t þ

�
1 � 1

h

�
ðj1 þ jqÞAqqt:

Since dlogRt ¼ dlogCt þ dlogWt þW�1
t dt, and therefore,

dlogRt ¼ DlogRtdt þ rg;tdW
c
t þ Aquq

ffiffiffiffi
qt

p
dWq

t þ Að0Þ ffiffiffiffi
qt

p
dW r

t : ðD:6Þ

The equity premium for the consumption asset equals:
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pr;t ¼ cr2
g;t þ ð1 � hÞ½A2

qu
2
q þ Að0Þ2�qt ¼ cr2

g;t þ 2

�
1

h
� 1

�
ðjq þ j1ÞAqqt:

ðD:7Þ

And, the dynamics of the return is determined by

dlogRt ¼
�
q þ

lg
w

þ
�
� 1

2
þ c

2

�
1 � 1

w

�	
r2
g;t � ðjq þ j1ÞAqqt

	
dt

þ rg;tdW
c
t þ Aquq

ffiffiffiffi
qt

p
dWq

t þ Að0Þ ffiffiffiffi
qt

p
dW r

t :

The integrated variance may generally be expressed as follows:

IVt;tþN ¼
ðtþN

t

r2
g;sds þ ðA2

qu
2
q þ Að0Þ2Þ

ðtþN

t

qsds: ðD:8Þ

The expected value of the integrated variance under the objective measure
equals:

EP
t IVt;tþN ¼ r2N þ

ðt
�N

½
ðtþN

t

aðs� sÞds� ffiffiffiffiffiqsp
dW r

s þ ðA2
qu

2
q þ Að0Þ2Þ

�
lqN

þ 1 � e�jqN

jq
ðqt � lqÞ

	
The expectation under the risk-neutral measure is as follows:

EQ
t IVt;tþN ¼ r2N þ

ðt
�N

ðtþN

t

aðs� sÞ ffiffiffiffiffi
qs

p
dsdW r

s

þ EQ
t

ðtþN

t

ðs
t

aðs� sÞ ffiffiffiffiffi
qs

p
dW r

s ds þ ðA2
qu

2
q þ Að0Þ2Þ

�
~lqN

þ 1 � e�~jqN

~jq

�
qt � ~lq

��
;

ðD:9Þ

where ~jq ¼ jq � ðh� 1ÞAqu2
q refers to the mean reversion of qt under the risk-

neutral probability and ~lq ¼ jq=~jqlq denotes the corresponding expectation.
Moreover, under the risk-neutral measure:
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EQ
t
ffiffiffiffiffi
qs

p
dW r

s ¼ EQ
t ð

ffiffiffiffiffi
qs

p
d ~W

r
s þ ðh� 1ÞAð0ÞqsdsÞ

¼ ðh� 1ÞAð0Þð~lq þ e�~jqðs�tÞðqt � ~lqÞÞds:

Consequently, the variance risk premium defined by the difference between
EQ
t IVt;tþN and EP

t IVt;tþN is again a linear function of qt

tpt ¼ bpr;0 þ bpr;1qt; ðD:10Þ

with the two coefficients now defined by

bpr;0 ¼ ðh� 1ÞAð0Þ~lq
ðtþN

t

ðs
t

aðs� sÞð1 � e�~jqðs�tÞÞds ds þ ðA2
qu

2
q

þ Að0Þ2Þ
�
~lq

�
N � 1 � e�~jqN

~jq

�
� lq

�
N � 1 � e�jqN

jq

�	
;

bpr;1 ¼ ðh� 1ÞAð0Þ
ðtþN

t

ðs
t

a
�
s� s

�
e�~jqðs�tÞds ds

þ ðA2
qu

2
q þ Að0Þ2Þ

�
1 � e�~jqN

~jq
� 1 � e�jqN

jq

	
:
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