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Abstract

Economic data are frequently generated by stochastic processes that can be modeled as
realizations of random functions (functional data). This paper adapts the specification test for
functional data developed by Bugni, Hall, Horowitz, and Neumann (2009) to the presence of
missing observations. By using a worst case scenario approach, our method is able to extract the
information available in the observed portion of the data while being agnostic about the nature
of the missing observations. The presence of missing data implies that our test will not only
result in the rejection or lack of rejection of the null hypothesis, but it may also be inconclusive.

Under the null hypothesis, our specification test will reject the null hypothesis with a prob-
ability that, in the limit, does not exceed the significance level of the test. Moreover, the power
of the test converges to one whenever the distribution of the observations conveys that the null
hypothesis is false.

Monte Carlo evidence shows that the test may produce informative results (either rejection
or lack of rejection of the null hypothesis) even under the presence of significant amounts of
missing data. The procedure is illustrated by testing whether the Burdett-Mortensen labor

market model is the correct framework for wage paths constructed from the NLSY79 survey.

1 Introduction

Economic data are frequently generated by stochastic processes that can be modelled as occurring
in continuous time. The data may then be treated as realizations of random functions (functional

data). Examples include wage paths, asset prices, or returns. In this case, economic theory may

*I am indebted to my advisors, Joel Horowitz, Rosa Matzkin, and Elie Tamer for their guidance and support.
I thank the co-editor and two anonymous referees for comments and suggestions that have significantly helped to
improve this paper. I also thank comments and suggestions from Audra Bowlus, Ivan Canay, Jon Gemus, Silvia
Glaubach, Shakeeb Khan, Ivana Komunjer, George Neumann, and participants of the 2009 LACEA/LAMES con-
ference in Buenos Aires, the 2009 Triangle Econometrics Conference, and the 2010 Canadian Econometrics Group
Conference. Financial support from the Robert Eisner Memorial Fellowship and the Dissertation Year Fellowship is
gratefully acknowledged. Erik Vogt provided excellent research assistance. All errors are my own.



provide a parametric model for the data, i.e., a stochastic process which is known up to a finite
dimensional parameter that constitutes a candidate for the true process that generated the data.
In such cases, a natural research question is whether the parametric model is the right model for
the data, that is, whether there is a parameter value for which the model is the data generating
process. This type of hypothesis test is referred to as a specification test.

In a recent paper, Bugni, Hall, Horowitz, and Neumann (2009) (hereafter, referred to as BHHN)
developed the first method for carrying out a specification test for functional data '. Their contri-
bution constitutes the generalization of the Cramér-von Mises? specification test to the distribution
of random functions that depend on an unknown finite-dimensional parameter vector. Their proce-
dure contributes to the literature by introducing functional data approaches to specification testing
in econometrics and by developing parametric bootstrap methods that enable its implementation.

The specification test in BHHN does not allow for the existence of missing observations. Both
the theoretical results and the empirical implementation of the test require the researcher to observe
a sample of independent and identically distributed (i.i.d.) functions. This does not only forbid
functions to be missing, but it also forbids functions from being unobserved in certain sections of
its domain. Unfortunately, this is a strong restriction: missing data is a pervasive problem in most
data samples and functional data samples are no exception. The particular feature of functional
data is that observations can present missing sections, rather than being completely unobserved.

One might wonder if the specification test developed by BHHN can still be applied to a functional
data sample with missing observations by eliminating observations that present missing sections.
There are two reasons why this procedure should be avoided. First, the results of this test cannot
be extrapolated to the distribution of the data unless we assume that the observed data is a
representative sample of the general data, that is, unless missing data are missing at random?.
If this assumption fails, our test results will be contaminated by sample selection bias, which
invalidates our test results. Second, in the specific case of functional data, eliminating observations
that have some missing sections will eliminate valuable information contained in their non-missing
sections.

The objective of this paper is to provide a specification test that can be applied to functional
data that has missing observations. In order to deal with the missing data problem, we adopt a
worst case scenario approach in the spirit of Manski (1989), which is able to extract information

about the observed data and still be agnostic about the nature of the unobserved data.

! As in BHHN, we focus exclusively on specification tests in functional data settings, i.e., infinite dimensional
data setting. In certain restricted infinite dimensional data settings, Cuesta-Albertos, Fraiman, and Ransford (2006)
and Cuesta-Albertos, del Barrio, Fraiman, and Matran (2007) develop alternative specification tests using different
methodologies (projections). On the other hand, in finite dimensional data settings, Andrews (1997), Zheng (2000),
and Bierens and Wang (2010) propose consistent specification tests for the conditional CDF. For an excellent survey
of this literature, see Bierens (2009).

2 BHHN also show how to implement the functional data analogue of the Kolmogorov-Smirnov specification test
for functional data. Nevertheless, the Cramér-von Mises test is preferred to the Kolmogorov-Smirnov test since it
tends to be more powerful in finite-dimensional settings and it is easier to compute in the infinite-dimensional setting.

3See, e.g., Heckman (1979), Manski (1989), and Manski (2003).



Instead of developing a new hypothesis testing procedure for missing functional data, one could
consider applying the hypothesis testing procedure of BHHN to the subset of the data that has no
missing sections. When compared to this procedure, the hypothesis test developed in this paper
presents two clear advantages. First, by avoiding untestable assumptions about the nature of the
missing data, our hypothesis test produces conclusions that are valid regardless of the (unobserved)
features of the distribution of the missing data. Second, in the presence of functional data where
functions in the data have missing sections and non-missing sections (that is, the functions are partly
unobserved), our hypothesis testing procedure is able to extract all of the information contained in
the non-missing sections while still being agnostic about the nature of the missing sections. While
the first advantage is common to every inferential procedure that adopts the worst case scenario
approach to missing data, the second advantage is relatively exclusive to functional data analysis.

Unfortunately, our hypothesis testing procedure has an unavoidable cost. Without assumptions
about the nature of the missing data, the test statistic is partially or set identified, that is, it can
only be restricted to an interval, even asymptotically. This implies that the resulting hypothesis
test may be inconclusive, i.e., as a conclusion of the hypothesis test one cannot decide whether to
reject or not to reject the null hypothesis.

Even though the present paper focuses on adapting a relatively specific hypothesis testing
problem to the presence of missing data, one could envision that the ideas and techniques developed
in this paper could be applied to other settings that are also partially identified*. In this sense, we
believe that this paper constitutes our first contribution in a research agenda regarding specification
testing in partially identified models.

The remaining of the paper is organized as follows. Section 2 describes the hypothesis test when
there are no missing observations. Section 3 studies the identification problem posed by missing
data, which is the basis of our hypothesis test. In Section 4, we introduce our hypothesis test and
analyze its theoretical properties. Section 5 presents Monte Carlo evidence about the performance
of our test. In Section 6, we use our methodology to test whether a random sample of wage paths
constructed from the NLSY79 data is distributed according to the Burdett-Mortensen labor market
model. Finally, Section 7 concludes the paper. All of the proofs of the paper are collected in the
appendix.

2 Specification test without missing functional data

We begin by describing the nature of the specification test when there are no missing observations.

Even though this will not be the setup we are ultimately interested in, it constitutes an adequate

4 For example, it would be interesting to develop specification tests in the context of partially identified models
defined by moment inequalities and equalities. While there is an extensive literature on inference for the parameters
in these kinds of models (see, e.g., Beresteanu and Molinari (2008), Rosen (2006), Chernozhukov, Hong, and Tamer
(2007), Romano and Shaikh (2008), Stoye (2009), Andrews and Soares (2010), Canay (2010), and Bugni (2010),
among many others), there are no hypothesis testing procedures that are specially designed to test the specification
of the underlying economic model.



starting point to introduce the elements of the specification test for our functional data.

The following notation will be used throughout the paper. Let Z denote an arbitrary bounded
subset in the real line, which will constitute the (common) domain of the random functions in our
specific application®. Let RZ denote the space of all functions that map Z on R, let Ly (Z) denote
the space of square integrable functions that map Z on R, let C' (Z) denote the space of continuous
functions that map Z on R, and let C’(Z) denote the space of functions that map Z on R that
are continuous except for a countable subset of Z. Finally, the probability space is denoted by
(Q, B, P), and it is assumed to be complete.

The formal structure of the specification test is the following. Our data are a random sample of
size n of functions, denoted by X, = {Xi,..., X,,}, which are distributed according to a separable’
stochastic process in L (Z), almost surely, denoted by X : Q@ — Lo (Z). An econometric model
conjectures that the data generating process behaves according to a certain separable stochastic
process in Lo (Z), almost surely, denoted by Yy : Q — L2 (Z), which is known up to a finite-
dimensional parameter 6 that belongs to a parameter space © C RP (p < 0o). Our objective is to
conduct a hypothesis test to decide whether the model {Yp : 6 € ©} is a correct specification for

X, or not, i.e.,

Hyp : 30 € O, such that X and Yj are equally distributed,

2.1
H; : Af € O, such that X and Yj are equally distributed. 21)

We now describe the BHHN specification test to implement the hypothesis test in Eq. (2.1),
as it constitutes the basis of the specification test developed in this paper. In order to develop a
hypothesis testing procedure, BHHN compare the cumulative distribution function (CDF) of the
data and the model. Formally, if Z : Q — Lo (Z) is a stochastic process in (€2, B, P), the CDF of Z

evaluated at any (non-stochastic) x € RZ is defined as follows:
Fz(x) =P (weQ:{Z(w,t) <x(t), VteI}), (2.2)

where P* is the outer probability” associated to the measure P. Notice that the only difference
between Eq. (2.2) and the traditional definition of CDF for a random vector is that we need to
take into account the measurability issues due to the fact that Z is possibly an uncountable set.
For notational convenience, every z € R and every parameter value 6 € O, we let Fy (|0) denote
the CDF of Yy (rather than Fy, (x)).

In order to conduct the hypothesis test in Eq. (2.1), BHHN utilize the following idea. Under the
null hypothesis, there exists a parameter value 6 € O such that Fx (z) = Fy (x|0) for all x € Ly (T)

5In most of our applications, the random functions are functions of time and so Z constitutes a time interval,
which we can normalize to be the unit interval.

5See Definition A.1 in the appendix. By Theorem 2.8.1 in Ito (2006), any stochastic process has a separable
modification, so restricting the stochastic processes to separable ones does not restrict the applicability of our analysis.

"In a probability space (€, B, P), the outer probability measure P* associated to the probability measure P is
the function P* : Q — R such that P* (S) = infgep scp P (B) for all S € Q.



and, under the alternative hypothesis, no such parameter value exists . Let u be a non-degenerate
probability measure on Lo (Z). * BHHN measure distance between the distributions of X and Yj
with functional-data analogue of the Cramér-von Mises two-sample (population) statistic, given
by:

T(XY0) = [ (Fx (@) = Fy () di (). (23)

We assume that there is a unique parameter value that minimizes T (X, Yp), denoted by 6. The
key insight of the BHHN test is that the minimized value of the test statistic, 7' (X, Yp,), can then

be used to distinguish between the null and alternative hypothesis, namely:

Hy:T(X,Yy,) =0,

(2.4)
Hy:T(X,Yy,) > 0.

The hypothesis test developed by BHHN is implemented by estimating the parameter 6, replac-
ing cumulative distribution functions by their sample analogues and computing integrals by using
Monte Carlo integration methods. The asymptotic distribution of the test statistic is approximated

using the bootstrap. Formally, the test involves the following sequence of steps.

1. Use the data sample, &}, to:

a. Estimate the parameter 6y root-n-consistently and denote it by 0o.

b. Estimate Fx by sample analogue estimation, i.e., for every x € Lo (Z):
Fx (x) = £ 20 WX (1) < (b)Yt € T).

2. Use g to construct an i.i.d. sample of size m of Yy, denoted by YV = {Yéw}?;l. Use

Viy.m to estimate Fy(-|6o) by sample analogue estimation, i.c., for every z € Ly (Z):

Fy(2)fo) = LS 1Y, . (t) <2 (t),Vt € D).

071'
3. Compute the test statistic:
. v e . .
T(X,Y;) = v 2 j=1(Fx (Z)) = Fy(Z;100))*,

where Zy = {Zj}}/:l is an i.i.d. sample of u, and Fx and Fy (:|f) are as in steps 1.b and 2,

respectively.

4. Repeat the following many times:

8Since X and Yp are assumed to be separable stochastic processes, equality of their CDFs for all x € L» (Z) is
sufficient to establish that X and Yy have the same finite dimensional distributions, which is sufficient to establish
that these two stochastic processes are weakly equivalent.

9 For example, i can be the Gaussian process described in BHHN.



a. Construct a bootstrap sample of size n of Yéo and denote it by Xy = { X} ;.

b. Use X¥ as in step 1, i.e., estimate the parameter 6y root-n-consistently (denoted by ég)

and estimate F'y= by sample analogue estimation.

c. Use ég as in step 2, i.e., use it to construct yég s and use it to estimate Fy(-\éa‘) by

sample analogue estimation.

d. Compute the test statistic from the bootstrapped data as in step 3 and denote it by
T(X*, Yé6>'

5. Denote by 2 (1 —a) the (1 — ) quantile of the simulated statistics nT(X*, Yj;.) in step 4.
0 0

6. Decide the outcome of the test in the following way:

Outcome Decision
o (1-a) <nT(X, Y3,) Reject Hy

~

nT'(X,Y, ) <t (1—a) Do not reject Hy
Q

3 Identification analysis with missing functional data

We now consider how missing data in the functional data sample affects the BHHN specification
test. It does so in two ways. First, missing data may affect our ability to consistently estimate the
parameter 6y (step 1.a). This will certainly be the case if our estimator is obtained by maximum
likelihood method based on the value of all the observations in the interval Z. If we cannot compute
the estimate, we cannot estimate the CDF according to the model (step 2), we cannot compute the
test statistic (step 3), and we will also be unable to simulate the critical value (step 4). Second,
missing data will prevent us from identifying and, hence, estimating the distribution of the data,
denoted by Fx (step 1.b).

The first problem may be avoided if we manage to estimate the parameter root- n-consistently
in spite of the missing data problem. For example, suppose that our sample consists of observa-
tions of sample paths of an economic phenomenon over two years and there are missing data only
during the second year (sample attrition). Then, it may be possible to estimate the parameter
root-n-consistently using exclusively the information of the first year, where the sample is com-
pletely observed. In comparison, the second problem is unavoidable. If we are unwilling to make
assumptions about the nature of the missing data, any period of unobserved data for functions in
our sample implies that the distribution of the data is not identified. For the remainder of the
paper, we will assume that the first problem can be avoided, i.e., we will assume there is a root-
n-consistent estimator of 6y (despite the missing data), and we will focus the analysis on dealing

with the second problem!".

10Tt is conceptually possible to extend our analysis to consider the case when 6y is partially identified and, thus, to
a case where no root-n -consistent estimator of g is available. However, this extension is likely to be computationally



In order to conduct the identification analysis, we now provide structure to the missing data
problem. We interpret each of our observations as being the realization of a function over an
interval of time, which we have denoted by Z. Before the introduction of missing data, we assume
that there is an i.i.d. random sample of functions, referred to as the wunderlying sample and
denoted by X, = {X;}.—, each of them distributed according to Fx. This underlying sample is
not directly observed. Instead, we observe a sample of data that is the result of an unspecified
missing data process affecting the underlying sample. Specifically, for each observationi =1,...,n,
instead of observing the underlying function X; : Q@ — L (Z), the researcher observes the pair
(0i, X]) : @ — Ix Ly (0;), where the first component, O; : @ — Z, is the subset of the interval
T where the underlying function is observed and the second component, X/ : @ — Lo (0;), is the
value of the underlying stochastic process where it is observed (i.e. X! (t) = X; (t) for all t € O;).
The observed sample is denoted by X, = {(O;, X])}!_,. We further assume that the mapping
between the underlying sample, &, = {X;}I" |, and the observed sample, X, = {(O;, X])}.";, is

i.i.d. distributed across individuals and, thus, the resulting observed sample X}, = {(0;, X})}I_ | is
an i.i.d. sample'!. It is important to point out that we are being completely agnostic about how
missing data affects each of the observations of the underlying random sample other than the fact
that the resulting sample is i.i.d. In particular, the distribution of those functions that are fully
observed is allowed to be different from the distribution of the i.i.d. sample of the underlying data,
i.e., the data are not assumed to be missing at random.

We now impose one further assumption on the structure of missing data patterns. Recall that
we denoted by Z the interval of time where the functions are defined. We assume that there
is a partition'? of Z into J sub-intervals (J < oo), denoted by {Ij}}]:p that is fine enough so
that for each function in the sample, a function can only be completely observed or completely
unobserved within each of these J sub-itervals. In other words, none of the functions of the data
should be partly observed and partly unobserved in any of the sub-intervals. In our notation, for
every i =1,...,nand j = 1,...,J, only one of the following occur: Z; C O; or Z; C Z/O;. This
assumption limits the richness of the missing data process: it is restrictive in the sense that the
sub-intervals are not allowed to be random and their cardinality is finite and not allowed to be a
function of the sample size. For illustration purposes, we note that the restriction is satisfied in
our empirical application with NLSY79 data. In this application, Z is an interval of time spanning
several years and the sample of wage functions can be missing or not at a weekly frequency, i.e., the
set {Z; }3]:1 is composed of the subset of intervals of weekly length in Z. As a consequence of this
restriction on the missing data process, there are (only) 27 possible missing data patterns. We can
characterize each missing data pattern by the subset of Z where the functions are observed, i.e., for

j=1,...,27, we denote by S; the subset of Z where functions are observed in the 4t missing data

challenging and, more importantly, to result in an uninformative hypothesis test. For this reasons, this extension is
omitted.

1 The i.i.d. assumption of the observed data is necessary for inferential purposes, see, e.g., Manski (2003).

2 A collection of sub-intervals {Z;};_, is a partition of Z if and only if Z; is non-empty for all j = 1,..., K,
I:U;'le Ij, and Ijl ﬂIjQ = @ for jl #jQ, jl,j2 = 1,...,(].



pattern. Without loss of generality, we define the first missing data pattern to be the one without
missing data, i.e., S; = 7.

The structure imposed so far is summarized in the following assumption.

Assumption 1. The data generating process is defined on a complete probability space (2, B, P)

and it satisfies the following conditions:

a. The underlying data, X, = {X;}7_,, is an i.i.d. sample distributed according to a separable
stochastic process in Lo (T), almost surely. A generic observation of X, is denoted by X and
its CDF is denoted by Fx.

b. The observed data, X} = {(0;, X[)}?_,, is an i.i.d. sample and is the result of missingness
affecting X,,. For every i =1,...,n, we observe the pair (O;, X|), where the first component,
O;, is the subset of T where the underlying stochastic process X; is observed and the second
component, X|, is the realization of the underlying stochastic process X; on O;. A generic
observation of X, is denoted by (O, X').

J

c. There exists a partition of T into J sub-intervals (J < o0), {Ij}j:p so that for every i =

I,...,nand j=1,...,J, either I; C O; or Z; CZ/O;.

The derivation of the test proceeds as follows. The first step is to derive the identified set of
the CDF of X, Fx, in the presence of missing functional data. The second step is to use this
set to derive worst case scenario bounds for the population test statistic, T' (X, Yp,). In these two
steps, we assume that we know the population from where the observed data is sampled (of course,
missing data is still unobserved) and, as a consequence, we compute the population version of these
worst case scenario bounds. In the third and final step, we use sample analogue estimation and
Monte Carlo integration to estimate the worst case scenario bounds, which allows us to implement

our specification test.

3.1 Identified set for the CDF

The objective of this section is to characterize the identified set of F'x under the presence of missing
data, which we denote by H (Fx).
Our first result illustrates the nature of the identification problem generated by the missing

data. Specifically, the result provides an expression for Fy (z) for any = € C' (T)."3

Lemma 3.1. Assume Assumption 1. For any x € C' (I):

Fy (2) = PHX'(t)<z(t),Vt€eIT}n{0=S1})+ -
X STL,PUX () <a(), Ve Sn{X () <a(t),vteT/Siin{o=5}) [

3 The reason for restricting to functions in C’ (Z) is that, in this case, the event {X (w,t) <z (t),Vt € I} is
measurable (see Lemma A.3 in the appendix). The measurability is useful because it allows us to provide precise
expressions in terms of probability, instead of bounds in terms of outer probability. As we show Lemma 3.2, the
measurability is not necessary to establishing worst case scenario bounds. It is, however, necessary to establish that
these bounds are sharp.



Moreover, for every j =2,...,27, one of the following occurs:

o [FP({X'(t)<x(t),Vte S;}N{0=58;}) =0, then:

P({X'(t) <a(t),Vte S} n{X (t) <x(t),vt€Z/S;}n{0=S5;}) =0

o [FP({X'(t)<z(t),Vte S;}N{0=58;}) >0, then:

PUX'(#)<a(t),VteS;in{X®) <z@®),VteZ/S;}n{0=_5;})=

{ PH{X(t > <a(t),VteT/S;H{X (t) <z (t),¥t € S;} N {0 = S;}) }
<P ({X'(t) <z (t),¥t € S;} |[{O = S;}) P (O = 8;) '

Lemma 3.1 expresses Fy (x) as the sum of finitely many terms which, in general, are not point
identified. In particular, the distribution of observables allows us to identify the frequency of
each missing data pattern (i.e. P(O =5;) for j = 1,...,27) and the distribution of the random
functions where these are observed (i.e. P({X'(t) <z (t),Vte€ S;}|O=S;) for j = 1,...,27),
but is completely silent about the (conditional) distribution of the random functions where these
functions are unobserved (i.e. P({X (t) <z (t),Vt€Z/S;}|{O=S;}n{X"(t) <z (t),VteS;})
for j = 2,...,27). We obtain bounds for the distribution of the data by imposing logical bounds
to all the expressions that are not identified.

Our next result establishes worst case scenario bounds (WCSBs) for Fy (z) for any » € RZ,
which constitute the basic building block to characterize H (Fx).

Lemma 3.2. Assume Assumption 1. Define the functions F)L( :RT = R and F)Ig :RT - R as

follows. For every z € R:

F)%(x)zp*({x’() z(t), VteI}ﬂ{O 7}),

H (3.2)
Fy{ (x) :ijl *{X'(t) <x(t),Vte S;}N{0 =5;}).
For any x € RT, Fx (z) satisfies the following WCSBs:
Fx (z) € [F (x),FY ()] . (3.3)

Moreover, for x € C' (I), these bounds are sharp, i.e., Fx (x) cannot be restricted any further.

The bounds described in Lemma 3.2 are “pointwise” bounds in the sense that they are estab-
lished by conducting a worst case scenario analysis for Fiy evaluated at € RZ. Notice that when
the data are completely observed (i.e. P({O=1ZI}) = 1), then F£ = F¥ and, as expected, Fx
is point identified. Finally, notice that measurability is not necessary to establish (informative)
WCSBE, i.e., we can provide (informative) bounds on Fx () in terms of outer probability measure
P*. Nevertheless, restricting attention to x € C’(Z) implies that the events under consideration

are measurable, and this, in turn, is instrumental in establishing that the WCSBs are sharp.



The following step is to use the previous findings to characterize H (Fx). By definition, this
set is composed of all the functions that are logically possible candidates for the CDF of X ac-
cording to the observed data. As we now argue, providing an exact characterization of this set is
a computationally complicated problem. We now explain why.

Notice that Fx needs to satisfy the restrictions imposed by the fact that it is the CDF of a
separable stochastic process in Lo (Z). Denote by I' the space of CDFs for separable stochastic
processes in L (Z), i.e., for any G € I', there exists a separable stochastic process Y : Q — Ly (Z)
such that:

G(z)=P (weQ:{Y (wt)<z(t), Vt€T}), for all z € RT.

It is well known that the space of CDFs of random variables in finite dimensional Euclidean spaces

can be characterized by a set of defining properties'.

It is possible to extend these results for
separable stochastic processes in Ls (Z).1> Our analysis reveals that these restrictions are computa-
tionally hard to impose, which implies that I' is a relatively hard space to work with. To complicate
things even further, F'x also needs to satisfy “pointwise” bounds derived in Lemma 3.2. From our

arguments, it follows that:
H(Fx) C{T'n{G: F{(z) < G(z) < F¥(z) Yz e R} }.

We show in the appendix that the reverse inclusion does not hold in general (See Lemma A.4).
Intuitively speaking, the restrictions imposed by I' and the restrictions imposed by “pointwise”
bounds derived in Lemma 3.2 interact with each other to restrict the space of functions by more
than their intersection. Since the restrictions imposed by I' are already relatively hard to work with,
this makes H (F'x) is a computationally hard set to characterize. This is unfortunate because, as
we reveal next, H (Fx) is instrumental in characterizing the WCSBs of the object we are ultimately
interested in, namely, the population version of the test statistic. The next subsection develops

these WCSBs and provides a feasible way to deal with these complications.

3.2 Bounds for the population test statistic

The objective of this section is to develop WCSBs for the population version of the test statistic.
The following result characterizes the sharp version of the WCSBs.

“For one-dimensional random variables see, e.g., Billingsley (1995), Theorem 14.1. For multi-dimensional random
variables see, e.g., Rao (1995), page 4, or Gihman and Skorohod (1974), page 13.

!5This extension is based on the Daniell-Kolmogorov extension theorem (see, e.g., Rao (1995), pages 4-15). For
reasons of brevity, this analysis is not included in the paper. The formal arguments are available from the author,
upon request.
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Lemma 3.3. Assume Assumption 1. Let T1, (X, Yp,) and Tu (X, Ys,) be defined as follows:

Tr (X, Yy,) = Ge;ﬁfFX)f(G (z) — Fy (z/60))* du (),

3.4
Ty (X,Yy,) = sup [(G(zx)— Fy (x]60))* du (). (3:4)
GeH(Fx)
Then, the population test statistic satisfies the following WCSBs:
Tr (X,Yy,) <T(X,Ys,) <Tu (X,Ys,). (3.5)

Furthermore, without additional information, these WCSBs are sharp, i.e., the population test

statistic cannot be restricted any further.

The presence of missing data opens a gap between the worst case scenario lower and upper
bounds for the population test statistic. Lemma 3.3 provides an implicit characterization a sharp
version of these bounds and, thus, represents the best we can offer with the available information.
The computation of these bounds requires solving an infinite dimensional constrained optimization
problem where the constraint set is H (Fx). As we have already explained, H (Fx) is a complex
space to work on and, as a consequence, this makes the computation of the sharp WCSBs intractable
to compute or estimate. In order to circumvent this problem, we consider alternative ways of
imposing bounds that are informative about the population test statistic but are amenable to
compute and estimate. These bounds will be referred to as alternative WCSBs.

Our strategy to obtain alternative WCSB is to replace the constraint set # (F'x) in the opti-
mization problems of Eq. (3.4) by a superset of H (F), generically denoted by H’ (Fx), which
produces a tractable optimization problem. This replacement is expected to result in loss of infor-
mation, i.e., the alternative WCSBs might not be as restrictive as the sharp WCSBs. Nevertheless,
given the computational complexity of the sharp WCSBs, we consider alternative WCSBs to be
our only feasible option. The following result formalizes the concept of alternative WCSBs and

describes their basic property.

Lemma 3.4. Assume Assumption 1. Let T} (X,Yp,) and T}, (X,Yy,) be defined as follows:

Ty (X Ye)) = inf [ (G (@)= Fy (¢l6n))” du (),
T (X Yo = sup [ (G (x) = By (al60))" doe(2),

(3.6)

where H' (Fx) is such that H (Fx) C H'(Fx). Then, the population test statistic satisfies the
following WCSBs:
TIIJ (Xv}/@()) ST(X7Y90) STII'-I(X7Y:90)' (37)

These bounds are referred to as alternative WCSBs.

The choice of the constraint set H' (Fx) in Eq. (3.6) generates a trade-off between informational
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content of the bounds and their tractability. Choosing a smaller constraint set produces more
informative (i.e. tighter) bounds but also typically makes the computation of these bounds harder.
As we have already explained, choosing H' (F'x) = H (F'x) implies that the associated bounds are
not computationally feasible. In practice, we found that an adequate solution to this trade-off is

achieved by adopting the following constraint set:
H (Fx) = {G: F{(z) < G(v) < F{(z) Vz e RT} . (3.8)

Henceforth, for the remainder of this paper, we exclusively refer to alternative WCSBs as the ones
that correspond to the constraint set in Eq. (3.8). In this case, these alternative WCSBs have the

following closed form solution:

, | 1 [Fy (2]00) < FE ()] (FE (2) — Py (2]60))” + }
T (X Ya) = ] { 1 [Fy (z]60) > F& (ZL')] (F}? () — Fy (x\@o))2 dp (@),
Ty (X, Yg) = [ max { (F& (x) = Fy (2160))”, (F¥ (@) = Fy (2160))” } dpt (2)

(3.9)

and are therefore straightforward to compute. Furthermore, our formal results in later sections
reveal that these WCSBs are straightforward to estimate consistently (See Theorem A.6 in Section
4.2). The computational simplicity of the proposed alternative WCSBs comes at a cost of a potential
lack of sharpness. In fact, we verify in the appendix that it is possible that neither the lower
alternative WCSB nor the upper alternative WCSB are non-sharp (See Lemma A.5). In light of
these findings, the reader might wonder whether the proposed bounds are too wide to be of practical
relevance. We verify through Monte Carlo simulations and with our empirical application that the
alternative WCSB can still be quite informative about the specification of the data generating

process.

4 Specification test with missing functional data

This section utilizes the identification analysis of Section 3 to develop our specification test described
in Eq. (2.1) under the presence of missing functional data. We begin by introducing several

assumptions that are also assumed in BHHN.
Assumption 2. The parameter space is denoted by © C RP for some p < co. Moreover:
a. Oy is uniquely defined as follows: 6y = arg mingce{T (X, Yp)}.

b. 0y is an estimator for Oy, that is exclusively a function of X,'% and has the following asymp-

16 The estimator is not allowed to depend on the random variables used to estimate the CDF of the model or to
approximate the integrals (see Assumption 4). This restriction could be easily dispensed at the expense of stronger
assumptions.
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totic representation:
n!/2(0o — o) = 2 1 A (Xi) + 0, (1),

where A is a p-dimensional function such that E (A (X)) =0 and cov (A (X)) is non-singular
and [ A(z)' A (z)du(x) < oo.

Assumption 3. 0Fy (-|0) /00 exists for all § in an open set O that contains 0y. Moreover:

Sup/ 8Fgézc|9) apya(exw)du (2) < oo,
9cO

lim/ Z sup
=0 660 <e

2,7=1,...

[aFy(xIO) _ aFy@\eo)} [8Fgé;cl9> - BFYB%I%)} ‘ dp (z) = 0.

7 0 7
Assumption 4. u is the measure induced by the following process:

Z () =222 i (1), (4.1)

where {N;}7°, is a sequence of i.i.d. standard normal random variables and there are constants
C >0 and d > 1 such that 0 < |py| < CI=% and ¢; (t) = /2sin (Irt) for all | € N.

Assumption 5. The test is implemented using the following approrimations:

a. For any 0 € © and x € R, Fy (x|0) is approzimated with its sample analogue, i.e.,

Fy(al) = £ ", 1 (Yo () < 2 (1) Ve € D),

m
where Yo m = {Ypi}i"y, is an i.i.d. sample of size m distributed according to Yy.

b. Integrals with respect to measure u are approximated by Monte Carlo integration. In other
words, for any function Y : Ly (Z) — R, [ Y (z)du(z) is approzimated by - Z;-/Zl T (Z;),
where Zy = {Zj}}/:l 1s and i.i.d. sample of size V distributed according to the measure p.

c. For every 0 € ©, Xy, Vo m, and 2y are independent samples.

We note that these assumptions are slight variations of conditions required by BHHN. Assump-
tion 2.a indicates that 6y is the unique minimizer of the population test statistic T' (X, Yy). Since
T (X,Yp) is not point identified due to the missing data problem, it is not clear from Assumption
2.a whether 6 is identified or whether it can be root-n-consistently estimated. Nevertheless, As-
sumption 2.b indicates that missing data does not preclude our ability to estimate the parameter 6
root-n-consistently, which implicitly assumes that this parameter is point identified. As we have al-
ready explained, this is a reasonable assumption when the sample is fully observed during a certain

period, as this information can be sufficient to estimate the parameter 6y root-n-consistently.
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The NLSY79 survey used in our empirical application is a perfect example of a situation where
this assumption is satisfied. In this survey, a sample of n individuals are randomly selected from the
population and are asked to describe their wage path during the previous year (among numerous
other questions). In order to complete the evolution of the wage path over, say, 10 years, the
same n individuals are revisited in the following years. Unfortunately, during these subsequent
years, some of these individuals are unavailable due to sample attrition. As a consequence, the n
observations are fully observed during the first year but a subset of them is affected by missing
sections starting from year 2 onwards. However, in certain models, such as the Burdett-Mortensen
labor market model, one year of data for the n observations in the sample is enough to estimate the
parameter vector in a root-n-consistent fashion using any standard extremum estimation method,
such as maximum likelihood!”. As a consequence, the presence of missing data does not preclude
our ability of estimating the parameter vector root-n-consistently.

Assumption 3 requires the model to be sufficiently smooth with respect to the parameter value.
Assumption 4 defines the bounded and non-degenerate measure p on Lo (Z) used to measure the
distance between the CDF of the model and the CDF the data. The measure is constructed using
a sequence of sine functions as a basis of the functional space, but it is possible to use different
measures by changing the class of basis functions'® . Assumption 5 describes the methodology that
will be used to approximate the CDF of the model and the integrals with respect to the measure
. The methodology is based on sample analogue estimation and is implicitly assumed in BHHN.
The value of making this assumption explicit is to reveal that the performance of the hypothesis
test depends on the parameters that control the quality of the approximation, m and V', as well
as the sample size, n. As we explain in Section 4.2, our analysis is based on asymptotic arguments
and it requires that the sample size and quality of the approximation to diverge to infinity. We
defer comments regarding the choice of the quality of the approximation to that section.

To conclude the section, we note that simulating from the measure p is practically unfeasible,
as Eq. (4.1) expresses that it is the measure induced by an infinite sum of random variables. In
order to circumvent this issue, BHHN propose replacing the measure p with a finite dimensional
approximation, i.e., for some M € N, replace p with pps, which is the measure induced by Z (t) =
Zl]\il pNipy (t), where {N;}M,, {p},, and {¢}}, are as in Assumption 4. Section 3.3 in BHHN
shows that this replacement has no effect on the asymptotic behavior of the test provided that
M — oco. Their arguments can be used to establish the same result for the test considered in this
paper.

In their simulations, BHHN implement their hypothesis test for relatively low values of M (e.g.

17 In this case, fp = argmaxgco{n " > In f(X;]0)}, where f(X|0) denotes the likelihood of observing the
function X during the first year and the parameter is . Notice that even though X = {X(¢), t € Z} is a random
function over 10 years (possibly with missing sections), only the first year is used to construct the likelihood function.
Under mild regularity assumptions, the maximum likelihood estimator can be shown to satisfy Assumption 2.b with
A(X) =0 f(X|60)/00.

18 For example, we could form a basis by using a sequence of cosine functions, a sequence of both sine and cosine
functions, or a sequence of polynomials.
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M = 4), and obtain excellent finite sample results in terms of size and power. While they do not
formally analyze the asymptotic properties of their test implemented with measure s for a fixed
M, it is not hard to conjecture what these properties are. First, their hypothesis test implemented
with the measure pys (instead of p) is asymptotically size correct. This is because the critical
value of the test is computed with the bootstrap, which provides size correctedness regardless of
the measure employed to compute the test statistic. Second, it is not hard to see that the test
implemented with measure s will be consistent against fixed alternative hypotheses that belong
to a certain set. Furthermore, it is clear that this set of alternative hypotheses is a subset of the
corresponding set for the test implemented with measure . We now explain why. The BHHN
hypothesis test considers the CDF of the data and the CDF of the model to be equal if and only if
they coincide for every function in the measure used to implement the test. As the support of the
measure f)s is a subset of the support of the measure pu, the test implemented with measure p is
able to detect deviations from the null hypothesis that go undetected for the test implemented with
measure pys. However, if a given alternative hypothesis can be detected by the measure iy, then
the corresponding BHHN test will be consistent '°. This explains why the Monte Carlo evidence
in BHHN reveals that the hypothesis test can have excellent performance for relatively low values
of M. The Monte Carlo evidence presented in Section 5 reveals that our hypothesis test is in line

with these findings.

4.1 Implementation of the test

Our specification test for missing functional data is given by the following steps:

1. Use the data sample, &),, to:

a. Estimate 6y using an estimation procedure that is root-n-consistent under the presence
of missing data (recall that this is possible according to Assumption 2). Denote this

estimate éo.

b. Estimate the upper and lower bounds for F'x, denoted by F )Ig and F )Ig , respectively. For
every x € R, these are given by:

FE(z) =P ({X'(t) <z (t),Yt € O} N {0 =T}),
FH () = X2, Pr({X' (1) <z (1), Yt € $;}n {0 = 5;}).

For every 2 € RZ and j = 1,...,J, P*({X'(t) <z (t),vte S;}N{0 =5;}) is the

sample analogue estimator, given by:

PHUX () <a(t), V€ S;3N{0 =81 = n S0 1(XL (1) < (1), Ve € 5) 1(0; =

9 An analogous result could be established for power against sequences of local alternative hypotheses.
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2. Use g to construct an i.i.d. sample of size m of Y} , denoted by Viom = {Yg,itizq- Use
Vi, m to estimate Fy (-|60) by sample analogue estimatlon, i.e., for every x € Ly (Z):

Fy (x|fo) = o S0, 1Y, , (1) <@ (1), VE € T).
3. Compute the alternative WCSBs for the test statistic:

, 1B (Z3160) < EE (Z)1(F% (2)) - By (2,160))%+
TLX0Y) = ¥ 32 { 1By (Z3l60) > P (Z)(FE (2) — By (Z,160))? }

) / - j ( (4.2)
Ty (X, Yg) = ¢ 2oy max{(F§ (Z)) - Fy(Z;100), (Y (Z)) — Fy(Z4100))),

where Zy = {Zj}}/zl is an ii.d. sample of y, F% and F¥ are as in step 1.b, and Fy(-|fp) is

as in step 2.
4. Repeat the following many times:

a. Construct a bootstrap sample of size n of Y and denote it by X7 = {X7F}
b. Use X to:

i. Estimate the parameter 6y root-n-consistently as in step 1.a. Denote this estimate
by 6.

ii. Estimate Fx» by sample analogue estimation, i.e., for every x € Ly (Z):

Fye () = L0 1(XF (1) < (1), Ve € D).

c. Use éa‘ as in step 2, i.e., use it to construct yég ., and use this to estimate Fy(|93) by

sample analogue estimation.

d. Compute the test statistic from the bootstrapped data as follows:
. v e . .
T(X* Y5 )= 2 i (Fx+ (Z5) — Fy (Z51605))*,

where Zy = {Zj}}/:1 is an i.i.d. sample of u, and Fx- and Fy(-|6;) are as in steps 4.b
and 4.c, respectively.

5. Denote by t7 (1 — a) the (1 — a) quantile of the simulated statistics n1'(X*, Y;.) in step 4.
0 0

6. Decide the outcome of the test in the following way:

Outcome Decision
tgq(l —a) < nTiA(X, Yy) < nTh (X, Yéo) Reject Hy
”r—ljjé(Xa V) S nly(X, Yy ) < f;o (1-a) Do not reject H
nlp(X,Yy ) < t;o (I —a) <nTy(X,Yp) Inconclusive
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As we have shown in Section 3.2, the presence of missing data opens a gap between the popu-
lation lower and upper bounds for the population test statistic. The gap at a population level gets
mapped into its sample analogue and, thus, the hypothesis test has a region where the test is in-
conclusive. This is an undesired but unavoidable consequence of having missing data and imposing
no assumptions regarding their distribution?.

The third step of the hypothesis test presents closed form solutions for the alternative WCSBs
(Eq. (4.2)). These bounds are the sample analogues of the population version of the alternative
WCSBs in Eq. (3.9), i.e., they are the direct result of constraining the CDF of the data to the
sample analogue estimator of H' (Fx). Recall from the discussion in Sections 3.2 and 3.1 that
H' (Fx) is a superset of the sharp identified set for the CDF of the data that was chosen due to
computational simplicity. As we can see from our implementation, this choice actually results in
closed form solutions for the sample alternative WCSBs. In practice, we could have estimated
sharper (i.e. more informative) versions of alternative WCSBs by incurring large computational
costs?!. Nevertheless, our experience from implementing our bounds in Monte Carlo simulations
and in the empirical application reveal that the WCSBs proposed in this paper are not only simple

to implement but are also extremely informative about the hypothesis of interest.

4.2 Properties of the test

As in any other hypothesis test, the properties of the hypothesis test depend on whether the null
hypothesis is true or false, i.e., whether 7' (X,Yp,) = 0 or T'(X,Yp,) > 0. Moreover, in the pres-
ence of missing data, the properties of the hypothesis test depend on the associated identification

problem. The following table describes all the possibilities:

Hy is true (T'(X,Yy,) =0) Hy is false (T' (X, Yy,) > 0)

T (X,Yy,) =0, T} (X,Yy,) =0 case 1 impossible
T (X,Yy,) =0, Tp; (X,Yp,) >0 case 2 case 3
T} (X,Yy,) >0, T} (X, Yy,) >0 impossible case 4

The columns of the table represent the unknown truth that we are interested in learning and the
rows represent the truth that can be identified from the population affected by missing data. The
first row (case 1) corresponds to the case when the null hypothesis is true and this can be identified
from the population. The last row (case 4) corresponds to the case when the null hypothesis is false

and this can be identified from the population. Finally, the middle row (cases 2 and 3) represents

20 Since lack of rejection of Ho does not imply that we accept Ho, one could correctly relabel the “Inconclusive”
outcome as “Do not reject Hy” outcome. After this relabeling, the resulting hypothesis test can be formally interpreted
as a hypothesis test in which the null hypothesis is that the distribution of the model belongs to the identified set
of the distribution of the data, and the alternative hypothesis is the negation of the null hypothesis. I thank an
anonymous referee for suggesting this interpretation of the test.

2In particular, we have considered alternative WCSBs that incorporated the fact that the CDF has to be a weakly
increasing function. In practice, this restrictions resulted in WCSBs that were extremely costly to compute and only
slightly sharper.
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the situation where we cannot decide if the null hypothesis is true or not, even if we knew the data
generating process of the observed data.

We now provide results regarding the asymptotic performance of our test. From Section 4.1,
it is clear that the performance of the test depends on the sample size, n, and on the quality of
the approximation procedure described in Assumption 5, controlled by m and V. Our analysis is
asymptotic in the sense that all of these parameters are required to diverge to infinity. Moreover,
we consider the situation when these parameters are assumed to diverge to infinity in turns, i.e.,
we study the performance when V' — oo, m — oo, and, then, n — oco. It is not hard to show
that the order in which the three sequences are assumed to diverge to infinity is not relevant, as
long as they diverge to infinity in turns. Nevertheless, assuming that V' — oo and m — co occur
before n — 0o occurs is not a problematic assumption as the researcher is always in control of the
simulation error (for any sample size) ?2. Finally, given the assumptions in BHHN, we suspect that

the sequential application of limits is implicitly behind their results?3.

Theorem 4.1. Assume Assumptions 1-5. If T (X,Yy,) = 0, then:

lim sup lim sup lim sup P (tgo (1—a)<nlh(X, Y) < nTh (X, Ybo)) < a.
n—o0  m—oo  V—oo

Theorem 4.1 implies that the hypothesis test is asymptotically correct in level but may result

in conservative inference. From the analysis in Section 3, we know that when there are no missing

data, the upper and lower bounds collapse and our hypothesis testing procedure coincides with

the one in BHHN, which result in non-conservative inference. Hence, our hypothesis test may be

conservative, but this is solely due to the presence of missing data.

Theorem 4.2. Assume Assumptions 1-5. Suppose that for some D > 0, Ty (X,Yy,) = D >0 and
T (X,Yy,) =0, i.e., case 2 occurs. Then:

lim lim lim P <nT,€(X, Yy,) <nTh(X,Y) <t5 (1- a)) —0.

n—oo m—oo V—oo

Theorem 4.2 reveals that when the null hypothesis is true but the WCSBs do not cooperate with
this information, then the probability of making the right decision (not rejecting the null hypothesis)

22By imposing additional assumptions, it is conceivable to extend the asymptotic results to the case when
(V,m,n) — (o0, 00,00). However, we avoid doing this to keep our assumptions as close to the conditions in BHHN
as possible and to simplify our analysis.

23In practice, the researcher needs to make specific choices of m and V for a particular sample size of n. It is not
hard to derive from our formal results that the error of the approximation in Assumption 5 is reduced as m and V
increase, and, in this sense, the researcher should choose these parameters as high as possible (ideally, they should
be set to infinity). As the researcher increases m and V', one expects that our asymptotic results become a better
approximation of the finite sample behavior. Unlike with other parameter choices in econometrics (e.g., bandwidth
parameter in kernel estimation or number of sieve terms in sieve estimation), the choice of these parameters presents
no trade-off for the inferential problem: a higher value represents an improvement in the accuracy of the results. In
this sense, in practice, m and V should be set as high as the computationally feasible. Our Monte Carlo evidence
suggests that the finite sample results are robust to changes in these parameters, provided that they are set high
enough, relative to the sample size.
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converges to zero. This is an undesirable but inevitable result of undertaking an agnostic approach
in the presence of missing data, as we only learn features of the population through the information
conveyed by the WCSBs.

Theorem 4.3. Assume Assumptions 1-5. Suppose that for some D > 0, T (X,Yy,) > T} (X, Yp,) =
D >0, i.e., case 4 occurs. Then:
lim lim lim P (tgo (1-a) < nT}(X,Y;) < nTy(X, Yéo)) ~1.

Theorem 4.3 shows that whenever the null hypothesis is false and the worst case scenario bounds
contain this information, then, the probability of making the right decision (rejecting) converges to
one. In other words, the test is consistent against fixed alternative hypotheses, provided that this
information is revealed by the observed population.

In order to provide a full characterization of the properties of the hypothesis test for fixed
hypotheses, we should consider case 3, i.e., for a fixed D > 0, T'(X,Yy,) = D > 0 and T} (X, Yy,) =
0. In this case, the asymptotic behavior of the probability of making the correct decision (i.e.
rejecting the null hypothesis) depends on the underlying parameters of the data generating process.
In fact, parts 1 and 2 of Lemma A.7 in the appendix reveal that it is possible that this probability
converges to zero or to a positive number, depending on the features of the distribution. From this
it follows that a general characterization of the properties of this test under case 3 appears to be
an extremely complicated problem that is out of the scope of this paper.

We conclude the section by considering the behavior of the test under sequences of local alter-
native hypotheses, i.e., T'(X,Yy,) = D, with D,, > 0 and D,, — 0 as n — oo. By definition of
the alternative WCSBs, T7 (X, Yy,) < T (X,Yy,) and, thus, 77 (X,Yy,) — 0 as n — co. The local
power properties of the test depend on the underlying parameters of the data generating process
that govern the rate at which 77 (X,Yp,) vanishes. On the one hand, consider the extreme case
when there are no missing data. In this situation, 7} (X, Yp,) = T (X, Yp,) and, consequently, they
both vanish at the same rate. Without missing data, our hypothesis test coincides exactly with
the one developed by BHHN and, as a result, the test procedure exhibits non-trivial power against
local alternatives with D,, = Dn~! for some D > 0.2* On the other hand, a significant amount of
missing data can result in 77 (X,Yp,) vanishing much faster than T (X, Yp,), resulting in little or
no power against local alternative hypotheses. In fact, Part 3 of Lemma A.7 in the appendix shows
that when the missing data problem becomes overwhelming, the probability of rejection of the null
hypothesis converges to zero. Between these two polar cases, there are a plethora of possibilities
that depend on the underlying features of the data generating process. From this, we conclude that
a general characterization of the local power properties of the test appears to be a formidable task,

but it is not hard to understand which are the forces at play. The informational content of the

24 According to Eq. (2.3), Dn = Dn~! for some D > 0 is equivalent to Fx (z) = Fy (z]6) + n~'/?H(z) for some
function H that satisfies: D = [ (H (z))*du(z) > 0. The result then follows immediately from Theorem 3.1 in
BHHN.
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local alternative hypothesis works in favor of producing non-trivial rejection rates but the partial
identification problem caused by the missing data works in the opposite direction and can even

overturn its effect.

5 Monte Carlo simulations

In this section, we describe a Monte Carlo simulation used to study the performance of our specifi-
cation test. The framework for these simulations is a two-sector version of the Burdett-Mortensen
labor market model. We now succinctly describe the setup of the Q-sector version of this model, and
readers who are interested in the details can consult Burdett and Mortensen (1998) or Mortensen
(2003).

The Burdett-Mortensen labor market model is a general equilibrium model that describes how
firms and workers match to produce a single homogeneous good. In the @-sector version of the
model, there are @ types of firms which differ in terms of (exogenous) productivity, i.e., there is a
vector of productivities denoted by {m}iQ:l such that 0 < m < ... < mg. Firms are identical except
in their productivity level. In the economy there is a unit mass of firms and, for every i = 1,...,Q,
there is a v; fraction of firms that are of productivity m;. In order to produce the good, firms need
to form a match with workers. This matching process is affected by frictions, reflecting the fact
that it takes time and effort for unemployed workers and for vacant firms to discover each other
and agree to produce.

There is a unit mass of workers. From the point of view of the worker, the dynamics are as
follows. At each point in time, workers in this economy can be employed (matched with a firm)
or unemployed (unmatched). At a Poisson rate )\g, unemployed workers receive a job offer with a
wage distributed according to an endogenous offer distribution. In equilibrium, unemployed workers
will only receive offers that are higher than their reservation wage, denoted r, and will hence be
immediately accepted. Employed workers receive two types of shocks. First, at a Poisson rate A1,
they receive a new job offer, which they will only accept if it represents an improvement to the
current wage rate. Second, at a Poisson rate J, they receive a shock that destroys their current
match and leaves them immediately unemployed.

The search in this model is not directed, i.e., workers search for firms without knowing their
productivity. Upon meeting with a worker, the firm proposes a wage contract, which the worker
can accept or reject. Firms propose wage offers to maximize the profits of production. This model
endogenously produces a continuous distribution of equilibrium wages, which has a known closed
form?°.

For our simulations, we randomly extract n workers from the population and follow their (equi-
librium) wage paths over ten years?®. We introduce missing data as follows: if an observation is

affected by missing data, the wage path will be unobserved during the last five years. In this sense,

Z5For example, the formula for the density can be found in Mortensen (2003), Eq. (3.19).
26In other words, Z is a time interval that is 10 years long.
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the data are affected by attrition during the last 5 years of the sampling period?”. In order to study
how missing data affects the behavior of the test statistic, we perform simulations with different
percentages of missing data and, as a benchmark, we include the case when the test has no missing
data. Since the dataset is completely observed during the first 5 years, it is possible to use only
these years to estimate the parameter root-n-consistently using maximum likelihood estimation.
We implement simulations with n = 100, T" = 530 (530 weeks, i.e., 10 years), m = 500, and
V = 500.2% For fixed values of n, we implemented simulations with different values of m and V
and obtained similar results, which leads us to believe that the performance is relatively insensitive
to these parameters. We compute critical values using the bootstrap procedure with S = 200
simulations. Finally, following BHHN, we approximate the measure p with gy for M = 5.29

Simulations with other values of M produced qualitatively similar results.

5.1 Simulations under the null hypothesis

We begin by presenting the result of simulations under the null hypothesis. The parameter values
for our simulations under the null are the following: Ao = 0.03, Ay = 0.01, § = 0.0035, » = 100,
Q = 2 (i.e., two-sector model), m; = 500, w9 = 1000, y; = 72 = 0.5 (i.e., there is an equal proportion
of low and high productive firms). The values for the parameters A\g, A1, and ¢ are chosen in line
with the findings of Bowlus, Kiefer, and Neumann (2001).

Table 1 describes the results of 1000 simulations. For each significance level, we compute the
percentage of simulations for which the test results in rejection, lack of rejection, or inconclusive.
Recall that with no missing data, our hypothesis test is identical to the BHHN test. Thus, we expect
the test to be asymptotically size correct when there are no missing observations. The table reveals
that this is indeed the case: the true and the nominal probability of rejection are extremely close.
From Theorem 4.1, we expect our hypothesis test to be correct in level (but possibly conservative)
even under the presence of missing data. Our simulations confirm the theoretical findings. In
particular, as the percentage of missing data increases, both the probability of rejection and the
probability of non-rejection decrease steadily, and, consequently, the probability of inconclusive

results rises steadily.

5.2 Simulations under the alternative hypothesis

We consider two versions of an alternative hypothesis of the Burdett-Mortensen model. For our

first alternative hypothesis, we consider a modification of the model that allows certain job to job

2"In other words, we can implement the test by partitioning Z into two sub-intervals, {Z1,Z2}, where Z; represents
the first five years and Z, represents the last five years. According to this, then, J = 2.

Z8Notice that m and V are set relatively large with respect to n in the hopes of producing results close to the ones
obtained in the asymptotic analysis in Section 4.2.

29 As we have explained in Section 4, using a relatively small value of M should produce a test that is size correct
but may lack power against certain alternatives. Nevertheless, even for these small values of M, our hypothesis test
has excellent power against several relevant alternative hypotheses. Furthermore, the results of simulations with
M = 25 confirm these conjectures.
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Percentage of a=10% a=5% a=1%

missing data  Rej. No Rej.  Inc. Rej. Norej. Inc. Rej. Norej. Inc.
0% 9.5%  90.5% 0% 4.8%  95.2% 0% 0.7%  99.3% 0%
10% 3.3% 64.5%  33.2% 1.4% 81.3% 17.3% 0%  944% 5.6%
25% 0.8% 0% 99.2% 02% 2.0% 97.8% 0%  38.1% 61.9%
50% 0.1% 0% 99.9% 0% 0% 100% 0% 0% 100%

Table 1: Results of simulations under the null

transitions to result in wage decreases. To allow this, we alter the Burdett-Mortensen model so
that employed agents will accept any new offer, regardless of the wage level. All of the features
and parameters of the model remain the same as in the null hypothesis.

Table 2 presents the simulation results in this alternative hypothesis. The hypothesis test is
able to strongly reject the null hypothesis when there are no missing observations. As it is expected,
the percentage of rejection (inconclusive) results decreases (increases) as the percentage of missing
data increases. Nevertheless, the true rejection rates are also significantly high (relative to the
nominal level) even when there are significant amounts of missing observations. In this sense, our
specification test is still very informative even under the presence of significant amounts of missing

data.

Percentage of a=10% a=5% a=1%

missing data ~ Rej. No Rej.  Inc. Rej. Norej. Inc. Rej. Norej. Inc.
0% 92.6%  7.4% 0% 88.3% 11.7% 0% 73.0% 27.0% 0%
10% 84.5%  0.5%  15.0% 77.3%  2.8%  19.9% 55.9%  9.2%  34.9%
25% 68.3% 0% 31.7% 57.4% 0% 42.6% 36.4% 03% 63.3%
50% 42.1% 0% 57.9% 30.6% 0% 69.4% 14.8% 0% 85.2%

Table 2: Results of simulations under the first alternative hypothesis

In our second alternative hypothesis, we modify the model to introduce heterogeneity in the
workforce. We assume that the sample is equally divided into two types of workers: stable and
unstable. The types differ in their transition rates. Specifically, stable workers are characterized
by the following parameters: \yg = 0.015, \; = 0.005, 6 = 0.00175, whereas unstable workers are
characterized by the following parameters: Ao = 0.06, A\; = 0.02, § = 0.007.3° As a consequence,
unstable workers will transition more often between jobs and between employment and unemploy-
ment than stable workers. We specify half of our workers to be stable and half to be unstable. All
of the features and parameters of the model remain the same as in the null hypothesis.

Table 3 presents the simulation results in this alternative hypothesis. Without missing data, the
null hypothesis is rejected with significant probability, although the frequency of rejection is not as

high as in the first alternative hypothesis. As in the first alternative hypothesis, our specification

39These parameter values are chosen so that the average transition rates in the sample are those used for the null
hypothesis.
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test can still (correctly) reject the null hypothesis under the presence of significant amounts of
missing data. Once again, our specification test is still very informative even under the presence of

significant amounts of missing data.

Percentage of a=10% a=5% a=1%

missing data ~ Rej. No Rej. Inc. Rej. Norej. Inc. Rej. Norej. Inc.
0% 68.1% 31.9% 0% 54.6%  45.4% 0% 30.1% 69.9% 0%
10% 572%  72%  35.6% 44.5% 15.8% 39.7% 22.5% 385% 39.0%
25% 46.7% 0% 53.3% 33.3% 0% 66.7% 16.6%  2.5%  80.9%
50% 33.3% 0% 66.7% 22.7% 0% 77.3% 8.4% 0% 91.6%

Table 3: Results of simulations under the second alternative hypothesis

6 Empirical Illustration

In this section, we use the test developed in this paper to test whether the observations of wage
processes from the National Longitudinal Survey of Youth, 1979 (NLSY79) are distributed according
to the Burdett-Mortensen model described in Section 5.

Our data are composed of young individuals (ages 17 to 22, in our sample), first interviewed
in 1979, who are re-interviewed in subsequent years. In every interview year, each individual is
asked about their job spells that occurred since the last interview. The first job spell reported in
an interview corresponds to the main job spell (called the current/most recent job spell) but the
interview process allows up to 5 job spells between interviews. For each job spell, the individual
reports the beginning and the end of the job spell at a weekly precision, as well as its wage rate.
With this information, we can construct the wage path for each individual from January 15* 198231
until December 315 199132, Given that the time information provided by the NLSY79 is sampled
at weekly frequency, then, by construction, each of the wage paths in the data can be either missing
or not at the same frequency®®. We express all wages in terms of weekly remuneration and in terms
of 1990 U.S. dollars using the Consumer Price Index3?.

The Burdett-Mortensen model assumes that workers in the economy are ex-ante homogeneous.
Even though our sample contains very heterogeneous group of individuals, we restrict attention
to a subsample with the same observable characteristics in the hopes of obtaining a homogeneous
sample. Following Bowlus, Kiefer, and Neumann (2001), we restrict attention to white males that

are High school or GED graduates and who are not in the military sample. This constitutes a

31Even though we have data since 1979, we avoid using the first three years of the sample since, during those
years, some of the individuals of the sample were less than 20 years of age and their job market opportunities could
be different from their older counterparts.

32In other words, Z is a time interval starting on January 15° 1982 and ending on December 315° 1991.

33In other words, we implement the test by partitioning the interval Z into its J = 521 weeks, i.e., we use {Z; }?ill,
where, for j =1,...,521, Z; is the 51 week in Z.

34This information is publicly available in the U.S. Bureau of Labor Statistics website.
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sample of 816 individuals. We eliminate from the sample individuals who, at any point in the
survey, presented problems in their duration data3® or reported having weekly wages of over a
thousand 1990 U.S. dollars®0. This reduces our representative sample to 589 individuals. Finally,
recall that our test requires the parameter of interest to be estimated in a root-n-consistent fashion.
As we have explained in Section 3, one way to achieve this goal is to have a period of time where all
of the observations of the sample are completely observed. To be able to illustrate our method, we
eliminate all individuals that have an episode of missing data during 1982, which represents only
53 individuals or less than 9% of the sample. This produces the sample that will be used in our
hypothesis test, composed of n = 536 individuals.

Out of our sample of 536 individuals, 433 individuals (80.7%) have no missing wage information
and 103 individuals (19.3%) have at least one episode of missing wage information. Moreover, only
6.07% of all the weeks in the sample are missing. In turn, out of the 103 individuals with some
missing data, 58 of them (56.3%) suffer from attrition from the sample, i.e., the information of an
individual becomes unobserved at a certain point and remains unobserved for the rest of the sample.
For the remaining 45 individuals, there are very few episodes that violate attrition. These figures
indicate that sample attrition is a common explanation for missing observations in the NLSY79

survey.

Percent Missing
Number of individuals

i i
250 300 350 400 450 500 550 60O 650 YOO 0 50 100 150 200 250 300 350 400 480 500
Survey Week Number of weeks

(a) Percentage of individuals with missing data. (b) Number of missing weeks conditional on missing data.

Figure 1: Description of the NLSY79 data

Figure la presents the evolution of the percentage of individuals with missing data. The per-
centage of missing data is (almost) weakly increasing in time. Again, this is indicative that most
of the missing data is generated by sample attrition. For those individuals who have missing in-

formation, the average number of missing weeks is 166.4, which represents 31.6% of the weeks in

35These problems are either negative job spell duration or missing time information.
36This type of trimming is also utilized by Bowlus, Kiefer, and Neumann (2001).
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our sample. Figure 1b presents the histogram of the number of missing weeks for this subset of
individuals. Even though there are individuals with a large number of missing information, most
of the individuals in the sample have relatively few missing observations.

We now describe the result of testing whether the Burdett-Mortensen model is the right specifi-
cation for the wage processes in the NLSY79 survey. With a complete dataset for the first year, we
use this year to estimate the parameter root-n-consistently using maximum likelihood estimation.
Under the assumption that the missing data are missing at random, BHHN strongly reject the null
hypothesis that the four sector Burdett-Mortensen model is the right specification for the data.
Applying the techniques developed in this paper, we can conduct the same hypothesis test without
requiring this assumption. We implement the specification test for a one, two, three, four, and
five-sector Burdett-Mortensen model.

We implement the hypothesis test with m = 1000, V' = 1000, with a bootstrap procedure with
S = 200 simulations, and, following BHHN, we approximate the measure p with pys for M = 5.37
The results are presented in Table 4, which presents the estimated alternative WCSBs for the test
statistic, as well as the 90", 95" and 99*" quantiles of the statistic under the null hypothesis. Our
specification test strongly rejects each of the specifications of the Burdett-Mortensen model3®. In
other words, the information contained in the sample with missing data is sufficient to reject the

model without making ad-hoc assumptions about the nature of the missing observations.

Model WCSBs Quantiles under Hy
nl(X,Yg) nlp(X,Yg) tr (90%) tr (95%) t5 (99%)
One sector 55.92 99.79 0.25 0.34 0.45
Two sectors 47.26 88.02 0.44 0.57 0.77
Three sectors 38.84 77.61 0.51 0.65 1.00
Four sectors 46.59 86.66 0.30 0.35 0.48
Five sectors 32.71 66.75 0.39 0.49 0.95

Table 4: Results of test on NLSY79 data.

7 Conclusion

This paper develops a specification test for functional data that allows for the presence of missing
observations. In order to deal with the missing data problem, we adopt a worst case scenario
approach which is agnostic about the distribution of the missing data. The specification test
adapts the Cramér-von Mises specification test developed in BHHN to the presence of missing

data. In order to develop the specification test, we study the identification problem caused by

3"We repeated the hypothesis test for different values of m, V, and M. Each repetition of the test produces the
same qualitative result.

38The table presents the outcome of one run of the hypothesis test. Since the outcome of the test is dependent
on certain random draws, the test was repeated several times. All of these repetitions resulted in the rejection of the
null hypothesis.
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missing observations. We show how missing data implies that the distribution of the functional
data is partially identified and we derive worst case scenario bounds for the distribution of the
Cramér-von Mises statistic proposed by BHHN.

In the presence of missing functional data, one might consider conducting a model specification
test by applying the BHHN test with the subset of the sample that presents no missing sections.
Relative to this procedure, our hypothesis test presents two important advantages. First, our anal-
ysis avoids making untestable assumptions about the nature of the missing data and, consequently,
our hypothesis test produces conclusions that are valid regardless of the (unobserved) features of
the distribution of the missing data. Second, in the presence of functional data where functions in
the data have missing sections and non-missing sections (i.e. functions are partly unobserved), our
hypothesis testing procedure is able to extract all of the information contained in the non-missing
sections while still being agnostic about the nature of the missing sections.

Our specification test can have three outcomes: rejection of the null hypothesis, lack of rejection
of the null hypothesis, or inconclusive. The possibility of an inconclusive result is an undesired
but unavoidable consequence of the existence of missing data and our unwillingness to impose
assumptions regarding its distribution.

The theoretical properties of our specification test depend not only on whether the null hypoth-
esis is true or false, but also on whether this can be identified from the distribution of observed
data. Under the null hypothesis, our specification test will reject the null hypothesis with a prob-
ability that, in the limit, does not exceed the significance level of the test. Under the alternative
hypothesis, the behavior of the test depends critically on whether this can be learned from the
distribution of the observed data. Whenever the distribution of the observed data contains enough
information to identify that the null hypothesis is false, our hypothesis test is consistent (i.e. the
power of our test converges to one). Monte Carlo evidence reveals that these theoretical results
hold in finite samples.

As an empirical illustration, we test whether observations of the wage process in the NLSY79
are distributed according to the Burdett-Mortensen labor market model. In the 1982 - 1991 period,
19.3% of the individuals in the survey are affected by some form of missing data, typically caused
by sample attrition. Even under the presence of missing data, our specification test strongly rejects
that the Burdett-Mortensen model is the correct framework for the NLSY79 data. This illustration
constitutes an ideal application of our specification test, since it delivers informative results even

though we adopt a worst case scenario approach about the nature of the missing observations.
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A Appendix

A.1 Notation and definitions

e For x1,Toy € RK, HSle.’,EQH = \/(1‘171’2)/(.%17582) and for Gl,GQ € Loy (I), ||G17G2||M =
J(G1 (z) = Ga () dps ().

o Let S C Q, where (2, B, P)is a complete probability space under consideration. The outer P-measure
applied to S is defined as P* (S) = infpep,scp P (B), and the inner P-measure applied to S is defined
as P, (S) = supgep ccs P (C). By arguments in Section 12.6 (Proposition 34) in Royden (1988):
S € B if and ouly if P* (S) = P, (S) = P (S).

e In order to be able to prove measurability of several events associated to stochastic processes, we
assume that the stochastic process of interest is separable. This concept was introduced by Doob
(1990) (Chapter 2, Section 2) and has been adopted by several references in the literature of stochastic
processes, e.g., Ito (2006) (Definition 2.8.1) or Ash and Gardner (1975) (Definition 4.1.2). For we now
provide the definition.
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Definition A.1 (Separable stochastic process). A stochastic process {Y (w,t) : t € Z} : Q — RZ is separable
if and only if there exists a countable and dense subset of Z, denoted by S, such that:

I{smlre—1 : Sm €S, sm —t, such that,

P|VteTl:
{1inl>ian (W, 8m) <Y (w,t) < limsupY (w, $;)
m oo

m—ro0

} -1 (A1)

The set S in the definition of a separable stochastic process is referred to as the separant set.

A.2 Auxiliary results

Lemma A.1. Let Y : Q — RT be a separable stochastic process in (Q, B, P) with separant set S and let

z € RT be a continuous function on a set M CZ. Then:

I{sm}rey  Sm €S, 8m — t, such that,

PVvteM: =1
{lim inf (Y (w, $m) — 2 (sm)) <Y (w,t) — 2z (t) < limsup (Y (w, $m) — (sm))}
m—00 m—00
(A.2)
From this, it follows also that:
plvicu V{sm SO 1 : 8m €5, $m — t, such that, 0
t : =
< {limint (v (@, 5) = 2 (5)) > ¥ (w,8) =2 (8)} :

V{sm}So 1t 8m €S, $m — t, such that,

P\vteM: {Y(w,t)—:c(t)>lgbrl_§llop(y(w’3m)_x(s7"))}

=0.

Proof. Notice that both statements in Eq. (A.3) follow immediately from Eq. (A.2). As a consequence, we
only show Eq. (A.2). For arbitrary t € M and {s,,}55_,, such that s,, € S, sp, — t, it follows that:

{lim infY (w, sm) <Y (w,t) < limsupY (w, sm)}
m—co m—00

{lim inf (Y (w, $m) — 2 ($m)) = liminfY (w, s,,) — limsupz (s,,) <Y (w,t) — (t)}

m—oo m—o0

C m— oo m—oo m—oo
N {Y (w,t) —x(t) < h;@njllopy (w, Sm) — ligriiglofx (Sm) = h;znj;lop (Y (w,8m) —x (sm))}
C {liminf {Y(w,8m) —2(8m)} <Y (w,t) — 2 (t) < limsup{Y (w, s;n) — x (sm)}} ,

where we have used the continuity of x on M and elementary properties of the lim inf and lim sup operators.
From this and the fact that Y is a separable stochastic process in (2, B, P) with separant set S, Eq. (A.2)
follows. O

Lemma A.2. LetY : Q — RZ be a separable stochastic process in (Q, B, P) with separant set S and let J C T
be such that J Jint (J) is countable. Then, the stochastic process Y’ : Q2 — RY defined by Y’ (w,t) =Y (w,t)
for allt € J is a separable stochastic process with separant set S" = {SNint (J)} U{T /int (T)}.

Proof. The proof is completed by verifying the requirements in Definition A.1. We divide the proof into
steps.
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Step 1: Verify that S’ satisfies several properties.

e S’ is countable. This is because S’ C S U{J/int (J)}, both of which are countable.
e S/ C J. This follows from {SNint (J)} Cint (J) C J and {J/int (J)} C TJ.

o S’ is dense in J. This follows from the fact that S is dense in Z D J.

Step 2: Show that Vi € J:
Hsmoo 1 :8m €S, sm — t: Hsl oo ish, €8, s, —t:

m—o0

C
{limian (W, 8m) <Y (w,t) < limsupY (w, Sm)} - {limian’ (w,s0,) <Y (w,t) <limsupY”’ (w,s.,)
m—r 00

m—00 m—oo

Suppose that the event on the left hand side (LHS) occurs. Then, there are only two cases. In the first
case: t € {J/int (J)}. In this case, we set s, =t ¥m € N and then, s/, € S' and Y (w,s],) =Y (w,1),
Vm € N and so, limy, 00 Y (w, 8},) =Y (w, t). Furthermore, since Y’ (w,s) =Y (w, s) Vs € J, it follows that
limy, o0 Y/ (w, s),) = Y’ (w,t), i.e., the event on the RHS occurs. In the second case: t € int (J), i.e., 30 > 0
such that {t': ||t' —¢t|| <6} € J. But then, 30’ = 6/2 > 0 such that {t': ||t' —¢|| < ¢’} C int(J). Since
$m € S and sy, — t, IM such that s,, € {SNint(J)} Vm > M. Then, define {s,,}>°_; with s/, = Sym+um-
' —t,and

3 / oo R /
By construction, then {s,}>_, : s/ €5 s,

liminfY (w, 8,,) = liminfY (w, s),) <Y (w,t) < limsupY (w, s},,) = limsupY (w, 8,) -

m—+oo m—o0 m—o0 m—o0

Furthermore, since Y’ (w,s) =Y (w, s) Vs € J, the event on the right hand side (RHS) occurs, as:

liminfY (w, s),) = liminfY” (w, s,,) <Y (w,t) =Y’ (w,t) < limsupY’ (w, s,,) = limsupY (w, s,,,) .
m—o0 m—roo m—0o0 m—0o0
Step 3: Conclude the proof. From step 1, we know that S’ is a countable dense subset of J. From
this, step 2, J C Z, and that Y : Q — R is a separable stochastic process with separant set S, it is
straightforward to conclude that Y’ : Q — RY is a separable stochastic process with separant set S’. O

Lemma A.3. Let Y : Q — R7 be a separable stochastic process in (2, B, P) with separant set S, and let
x € C'(J). Then, there exists a countable dense subset of J, denoted D (x), such that:

P*(Y(w,t)<z(t),VteJ)=P, (Y (w,t) <z(t),Vte T)=P(Y (w,t) <x(t),Vt € D(x)).

As a consequence, {Y (w,t) <z (t),Vte J} € B.

Proof. Consider arbitrary = € C’ (J). Denote by S’ the countable subset of 7 where z is discontinuous and
define D (z) = SUS’. Tt is easy to verify that D (z) is a countable and dense subset of J and that Y is a
separable stochastic process in (Q, B, P) with separant set D (z). The remainder of the proof is divided into
steps.

Step 1: Show that if A is countable, then {Y (w,t) < x(t),Vt € A} is measurable. Fix ¢t € A arbitrarily.
Since Y (w,-) : © — RZ is a stochastic process in (2, B, P), then for every t € A, Y (w,t) —z(t) : @ = R
is a random variable and, so, {Y (w,t) — x (t) < 0} € B. By repeating this argument Vt € A, it follows that
Neea{Y (w,t) —z(t) <0} ={Y (w,t) <z (t),Vt € A} € B.
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Step 2: Show that P* (Y (w,t) <z (t),Vt € J) =P (Y (w,t) <z(t),¥t € D(x)). Since D () C J, it fol-
lows that {Y (w,t) <z (t),¥vt € J} C{Y (w,t) < x(t),Vt € D (x)} then the monotonicity of the outer prob-
ability implies that P* (Y (w,t) <z (¢),Vt € J) < P*(Y (w,t) <z (t),Vt € D(x)). Since D (z) is count-
able, step 1 implies that {Y (w,t) <z (t),Vt € D (x)} is measurable, i.e., P (Y (w,t) <z (t),Vt € D (x)) =
P* (Y (w,t) <x(t),Vt € D(x)). Thus, P* (Y (w,t) <z (t),Vte J) < P(Y( t) <z (t),vt € D(x)).

The proof of the step is completed if we show that P (Y (w,t) <z(t),vte D(z)) <
P* (Y (w,t) <z (t),Vt € J). To show this, consider the following argument:

{Y (w,t) <z (t),Vt € D (z)}

B {Y (w,t) <z (t),Vte J}U

_{ {Y (w,t) <z(t),VteD(x)}n{3t' € J/D(z):Y (w,t') >z (t')}} }
{Y (w,t) <z(t),Vte J}U
V{sm}tro_i:Sm € D(x), 853 — t', such that,

C , 2 - ’
{at € J/D( )'{ {{y(w’t’)x(t’)}>li;njcl>lop{y(wa5m)x(sm)}} }}

where we used that D (z) is dense in J to show that {{Y (w,t) <z (¢t),Vt € D(x)}N{3H' € T/D (z) : Y (w,t') >z (¢')}}
implies that there is a sequence {ts}.c, with t, € D(z) Vs € N, and ¢, — t/, such that
Y (w, )=z ({#)>0>Y (w,ts) —z(ts) and, thus: {Y (w,t’) — 2 (')} > limsup,, o {Y (w,sm) — = (sm)}

From this, we can conduct the following derivation:

P(Y (w,t) <z(t),Yt € D(z)) =P (Y (w,t) <z(t),Yt € D(z))

P (Y (w,t) <z (t),Vt€ J)+
< V{smtoo_1:Sm € D(x), sy — t, such that,
N (Ht/ €J/D(): { {{Y(w,t’) —x(t)} > limjup {Y (w, 8m,) x(sm)}} })

<P (Y (w,t)<z(t),vte T),

where the first equality follows from step 1, the second inequality follows from the previous argument and
the countable subadditivity of the outer probability, and the final inequality follows from the fact that Y is
separable on D (z) and Lemma A.1.

Step 3: Show that Py (Y (w,t) <=z (t),vte J) =P (Y (w,
used in step 2: P, (Y (w,t) <z (t),Vt€ TJ) < P(Y (w,t) <
completed if we show that Py (Y (w,t) <z (t),Vte J) > P

consider the following argument:

t) <z (t),vt € D(z)). By the same argument
x(t),Vt € D(z)). The proof of the step is
(Y (w,t) <z(t),Vt € D(x)). To show this,

{(IHeT: Y (wt)>x(t)}
={3H eD(@): Y (wt)>z()}u{3t' € T/D(z):Y (w,t') >z (')}

:{ (3t €D (2):Y (w,t') >z ()}U }
{Y (w,t) <z (t),¥t € D(2)}N{3t' € T/D(z) Y (w,t') >z (t')}}

{F' €D(x):Y (w,t')>z()}U
c » 5 V{smtro_1:Sm € D(x), sy — ', such that, 7
veJ/D(@): {{Y(w,t’)x(t’)}>limsup{Y(w,sm)x(sm)}}

m—r o0
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and from this and arguments in step 2: P* (3’ € T : Y (w,t') >z (¢')) < P*(3t' € D (z) : Y (w,t') > x (')).
From here we deduce that:

Po(Y (wt)<z(t),VteT)>P (Y (wt)<z(t),VteD(x)) =P (wt)<z(t),Vte D)),

where we have used the basic relationship between inner and outer probability, step 1, and the fact that
D (x) is countable. O

A.3 Proofs of Section 3

Proof of Lemma 3.1. Fix z € C'(Z) and j = 1,...,27 arbitrarily. Recall that S; denotes the subset of
T where functions are observed in the j'* missing data pattern. By Assumption l.a, X is a separable
stochastic process in (2, B, P) with a separant set that we denote by S and by Assumption l.c, S; is
the union of finite intervals of 7 and, consequently, S;/int (S;) and (Z/S;) /int (Z/S;) are both countable
subsets of Z. Then, by Lemma A.2, X;; : Q — RS and X5 : Q — RZ/5i defined by X, (t) = X (t)
vVt € S; and X4 (t) = X (t) Yt € Z/S, are separable stochastic processes with separant set given by
Si1={SnNint(S;)}U{S;/int (S;)} and S;2 = {SNint(Z/S;)}U{(Z/S;) /int(Z/S;)}, respectively. Then,
by Lemma A.3, {X (t) <z (t),Vte S;} € Band {X (t) <xz(t),Vte€I/S;} € B. Since {O =5;} € B, it
follows that {{X (¢t) <z (t),Vte S;}nN{0O=S5;}} € B, {{X () <=z(t),vteI/S;}n{0O=25;}} € B, and
{X @#) <z(t),Vvt eI} N{O = S;}} € B. These results allow us to make probability statements over these
events.
By Law of Total Probability:

Fx(z) =Y P{X{#) <xz(t),¥teI}n{0=S5;})

_ PH{X@t)<z(t),VteI}n{O=1I})+
DL PUX @ <a () Y e SN {X (1) <x(t), ¥t € T/S;} {0 =5;})

- PUX' (1) <z (t),VteT}N{0O =T} +
T S PAX () <a (), Vi€ SN {X () <a () Ve eI/ n{0=5}) |

where we have used the convention that j = 1 implies S; =Z and Z/S; = @ and that Vj = 1,..., 27 X'
Q — RS is defined so that X’ (t) = X (t) Vt € S;. This verifies Eq. (3.1).

For the rest of the proof, choose j = 2,...,27 arbitrarily and consider two mutually exclusive and
exhaustive cases. In the first case: P ({X'(t) <z (t),Vt € S;} N{O = S;}) = 0. Then, the monotonicity of
the probability measure implies that P ({X' (t) <z (¢t),Vt € S;} N{X (t) <z (t),Vt € Z/S;} n{O0=5;}) =
0. In the second case: P ({X'(t) <z (t),Vt € S;} N{O = S;}) > 0. Then, Bayes’ rule implies that:

PH{X'(t)<z(t),Vte S;}n{X (t) <z (t),Vte€I/S;}n{0=S5;}) =

PHX () <z(t), Vvt € I/S;} {X'(t) <z (t),vt € S5} N{0 = S;})
xP({X'(t)<xz(t),vte S;}n{0=25;}) '

This completes the proof. O

Proof of Lemma 3.2. The proof is divided into steps. In the first step, we concentrate on the case when

32



r € R? and show Eq. (3.2). In the second step, we specialize the case to z € C’(Z) and show that the
bounds are sharp.
Step 1:Show Eq. (3.2). Fix x € RZ arbitrarily. We first show that Fx (z) < F¥ (z). Consider the

following derivation:

Fx (x) = P*({X (1) <z (1) Vi € T})
<YL PTUX (1) <2 (). Vi €Ty {0 = 55})
<YL PTX () <z (t) Ve 53N {0 =8} = Ff (2),

where we have used the countable subadditivity and the monotonicity of the outer probability. The fact
that Fx (z) > F% (x) follows from {{X (t) <z (t),Vt € Z} N {0 =S1}} C {X (t) <z (t),Vt € I} and the
monotonicity of the outer probability.

Step 2: Fix x € C'(Z) arbitrarily and show that the bounds in Eq. (3.2) are sharp. Fix j = 1,...,27
arbitrarily and let X’ : @ — RS/ be defined so that X' (t) = X (¢) V¢t € S;. By repeating the argument of
Lemma 3.1, it follows that {X' (t) <z (t),Vt € S;} € B, {X (t) <z (t),Vt € Z/S;} € B, and {O = §,} € B.
These results allow us to make probability statements over these events.

We now show that:

H(P{X' () <a(t),VteS;}N{X(t) <w(t),VteI/S;}N{0 = 5;}))

* (A.4)
=[0,P({X'(t) <z (t),vt € S;} N{O = S;})].

There are two possible cases. In the first case: P ({X'(¢t) <z(t),Yte S;}n{0=5;}) =
0. In this case, elementary arguments imply that FEq. (A4) holds. 1In the second case:
P{{X'(t)<xz(t),vte S;} N{O =S5;}) > 0. By Bayes’ rule:

P({X'(t) <@ (t),Vt € S;}N{X () < (1), V€ /S, N {0 = 8,}) =

{ P{X (t) <z(t),Yt € T/S;} [{X' (t) <z (t),¥t € S;} N {0 = S;})
xP({X'(t) <z(t),Vte S;}n{0=5;})

The expression on the RHS is a product of two terms: the first one is not identified and only known to be a
number in [0, 1] and the second one is identified. By imposing the logical bounds on the unidentified term,
Eq. (A.4) holds.

‘We now show that:

({P({X’() z(t),vte S;}n{X (t) < (t),weI/Sj}ﬂ{O=Sj})}§i2) (A.5)
<z

=122, [0, P({X" (t) < @ (1) ,Vt € §;} N {0 = S;})].

For each coordinate j = 2,...,27 such that P ({X'(t) <z (t),Vt € S;} N{O = S;}) > 0, the correspond-
ing coordinate of the vector can be decomposed into the product of a point identified probability and
non-identified term given by P ({X (t) <z (t),Vt € Z/S;} |[{X' (t) <z (t),Vt € S;} N{O = S;}). Thus, the
vector is not identified due to the non-identification of the vector:

{PUX (1) < (1) Ve € T/SH X' (1) < x (1) Ve € S} N {0 = S, DY, (A.6)

Moreover, j; # jo implies that the coordinates of the non-identified vector in Eq. (A.6) do not impose any

restrictions on each other. As a consequence, the identified set for the non-identified vector in Eq. (A.6) is
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{0, 1]}3;2 and, from this, Eq. (A.5) follows.
To conclude, combining Eqs. (3.1) and (A.5) yields:

PH{X'(t)<z(t),YteZI}n{O=1}),

H(Fx (2)) = Y2 PUX (1) < (1),Vi € S;3N{0 = S;})

= [F)I(l(x)vF)Ig(x)]a

and this completes the proof. O

Lemma A.4. Assume Assumption 1. In general, it is not true that:
{rn{G: FE(z) <G(z) < F(z), vz e RT}} C H (Fx).

Proof. To make the argument transparent, consider a one dimensional example, i.e., Z = {tp} € R. In
this case, Eq. (3.1) yields: Fx (z) = P (X' (to) < (to) N{O=ZI})+ P(X (to) <z (to) N{O = 2}), and
also F£ = P (X' (to) <x(to)N{0O=1I}) and F& = P(X' (ty) <z (to) N{O =Z}) + P (O = @). Consider
arbitrary x1, 22 : T = {to} — R, such that z; (to) < z2 (to), and let F&, FZ and F be such that:

z Fg(x) F{(x) F(2)
s 01 04 03
2 02 05 03

It is not hard to verify that F¥ and F% are valid candidates for these functions, and that F € {T N {G :
Fi(z) < G(z) < FH(x),Vx € RT}}. We now verify that F' ¢ H (Fx). If F = Fx, Eq. (3.1) applied to x1, 22
would imply that P (X (tg) < z2 (to) N {0 = @}) < P (X (to) < z1 (to) N {O = @}). Since z1 (to) < x2 (to),
this is a contradiction.

O
Proof of Lemma 3.3. This proof is trivial and is therefore omitted. O
Proof of Lemma 3.4. This proof is trivial and is therefore omitted. O

Lemma A.5. Assume Assumption 1. In general, it is not true that:
T} (X,Ya,) = Tt (X, Ya,) or Tt (X, Ya,) = Ty (X, Ya,)

Proof. For transparency of the argument, consider the one dimensional example used in Lemma A.4, i.e.,
Z = {to} € R. Consider arbitrary x1,z2,23 : T = {to} — R, such that 1 ({9) < z2 (to) < z3(to), and let
FE, FI and Fy (-|6p) be such that:

2 Fg(2) F{(2) Fv(2lf)

1 0.1 0.4 0.3
T2 0.2 0.5 0.3
T3 0.3 0.6 0.9

It is easy to verify that F¥ and F% are valid candidates for these functions. We assume that
p(z1), 1 (), o (w3) > 0. As in the main text, H' (Fx) = {G : F&(2) < G(z) < F¥(x),Vo € RT}.
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We begin with lower WCSB. By definition:

T} (X,Ya,) = inf pery () {(F (21) = 0.3)° p (21) + (F () — 0.3)” 1 (w2) + (F (w3) — 0.9)* o (w3)},
Ty (X, Yg,) = inf pes(mo) {(F (21) = 03)7 u (21) + (F (22) = 0.3)" i (w2) + (F (3) — 0.9) ju (w3)},

The solution to the first minimization problem is given by: F'(z1) = F (x2) = 0.3 and F' (z3) = 0.6. By the
argument used in Lemma A4, F € {IN{G: F&(z) < G(x) < F(x),Vz € RT}} but F ¢ H (Fx). The
minimizer in the second problem needs to belong to H (Fx) and so 17 (X,Yy,) < T (X, Ys,).

We now consider the upper WCSB. By definition:

T}y (X, Ya,) = supper () A (F (21) = 03)° (1) + (F (22) — 0.3)°  (w2) + (F (3) — 0.9)% p (3)},
Tit (X, Ya,) = supep {(F (1) = 0.3)% p (21) + (F (02) — 0.3)% p (w2) + (F () — 0.9)° pu (w0)

The solution to the first maximization problem is given by: F (x1) = 0.1, F (z2) = 0.5, and F (z3) = 0.3.
Since F is not weakly increasing, F' ¢ I' D H (Fx). The minimizer in the second problem needs to belong
to H (Fx) and so T}, (X, Ye,) > T (X, Y,)- O

A.4 Proofs of Section 4

Proof of Theorem 4.1. The results in BHHN are derived under the assumption that all of the approximation
errors are negligible relative to sampling error. This is formally achieved by taking limits in the following
order: V — 00, m — oo, and n — oco. Let T(X, Yj,) denote the (unfeasible) test statistic that we would
compute if we were to observe the complete dataset. Then:
. . . . . . 2 * . . . - - * _ —
hnrggf I}rglglof lggloréfP (nTL(X, Y,) > t9, (1- a)) < nlgrgo W}gnoo Vh—I>no<>P (nT(X7 Y,) > t5, (1 a)) a,

where the inequality follows from 77 (X, Y;,) < T(X, Yj,) and the equality follows from Theorem 3.2 in
BHHN. O

Lemma A.6. Assume Assumptions 1-5. Then, for all € > 0:

Tim Tim T P (||(TL0XYG,), T (X, Y;,) = (T4 (X, Ya,) T (X, Ya,))| > €) =o0.
Proof. This proof will explicitly consider the argument for the upper WCSB, but the same arguments can
be used for the lower WCSB. Also, it is relevant to point out that the following argument is tailored to the
order in which the sequences are considered, i.e., V — oo, m — oo, and n — oo. Had the order of the
limits been different, then the formal results would still be true, but the formal argument would be slightly
different.

Let ® denote space of pairs of functions (Fy, Fy) such that (i) Fy, Fy : RZ — R and (ii) Vo € RT,
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0< F)(z) < Fy(z) < 1. Define Uy, Uy, Uy, Upy : ® — [0,1] as follows:

Uy (F,F) = sup / (F (z) — Fy (2]60))%dps (2)
Fe{G:F1(z)<G(z)<Fi(z), Vz€RT}

by (Fi Fy) = sup /F( ) — Fy (alfo)2dp (2)
Fe{G:F1(z)<G(z)<Fi(z), Vz€RT}

by (F Fy) = sup /(F(m)—Fy(z|éo))2du(z),
Fe{G:F1(z)<G(z)<Fi(z), Vz€RT}

1%
Uy (F,Fy) = sup LY (F(25) - Py (Z5160))°,

Fe{G:F1(z)<G(z)<Fi(z), VzeRT} =1

where 6y, Fy, and {Z;}}_, are as in Assumptions 1 and 4. By definition: T} (X,Yy,) = Y (Fg, F{) and
T}{(X, Yéo) = @H(F)%, F}?) and, thus, by the triangular inequality:

|G (P, ) = Uu(FE B + | (P, B = Uu(FE, BY)|

T (XY, ) =T (X,Ye)| <
i (X%5,) = Th (0635 | (B, B = W (BE, B[ + | (BE, BY) — i (FE, FY)|

The objective of the rest of the proof is to show that each of the terms in the RHS is o, (1), as V — oo,
m — 00, and n — co. The remainder of the proof is divided into steps.

Step 1: Show that Wy (FE, FH) — Uy (FE FH¥) = o0,(1), as V — o0, m — oo, and n — co. We show
something stronger, namely that W (E%, FE) — Uy (FE FH) =0, (1), as (V,m,n) — (co,00,00). For any
n,m,V € N, denote by P, v the probability measure with respect to the randomness in X, Vg m, and
Zy. Consider the following derivation for any n,m,m/,V,V’' € N:

Pn,m,V (‘\IJH(Féaﬁg)_\PH(F)%vF)?)‘ >6>

-/ aP (Wi (P%, PE) = Wi (FE, FE)| > el X, Yon, 2v ) dP (Xl Vo 2v) AP (Voms Zv)
Xn Yo, m,Zv

=/ aP (| (B, B — wa(FE FE| > €|2,) dP (%)
X’Vl
= Pn,m’,V’ (‘\IJH(F)%,F){ZI) — \I/H(Fﬁ,F)I({)‘ > 5) s

where the first equality holds by definition, the second equality holds because ¥ H(ﬁ‘)fg, F Y Wy (FE FE) s
exclusively a function of X,, and X, is independent of )y ,,, and Zy (Assumption 5.c), and the final equality
holds by undoing the previous steps for a sample of X,,, Vg m/, and Zy.. Since n,m,m’,V,V’' € N were
arbitrarily chosen, this reveals that the distribution of the event {| W (EF%, FH) — Uy (FEk, FH)| > ¢} does
not depend on m and V. As a consequence, \I/H(F)L(,F)Ig) — Uy (FE FE) =0,(1), as (V,m,n) — (00,00, 0)
if and only if \IIH(F)L(, I:")I({) — Uy (FE Fi) =o0,(1), as n — oo. Thus, the step is complete if we show that
Uy (FE FE) - Uy (FE FE) =0, (1), as n — oo. For convenience, we further divide this into steps.

Step 1.1: Show that if (Fy, Fy) € @, then Ve > 0, 30 = (¢, F1, F3) > 0 such that (F{,Fj) € ® and
[|F{ — Ful|, + ||F5 — Fal|, < 6 implies |y (F], F5) — Uy (F1,F)| <e. Fix e > 0 and set g € (0,¢). Let

H :R; — Ry be defined by:
H(y) =242 (e + Vi (F, B2)) + .

Note that H is continuous, H (0) = 0, and lim,_, H (y) = co. By the intermediate value theorem 3§ > 0
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such that:
2012 (e + Uy (Fy, ) ? + 8= — g0 > 0. (A7)

Consider any (F{, Fy) € ® and ||F{ —Fi||,+||F5—F»||, < 0. We now show that |V (F}, F5) =V (F1, Fs)| <
€.

By definition of supremum, 3G’ € {G : F{(z) < G(z) < Fj(x), Vx € RI} such that
Uy (F,F)) —eo < ||G' — Fy (-|6p) ||,. Furthermore, if we define G” : RT — R as follows: G” (z) =

min{max{G’ (z), Fy (z)}, F2 ()}, we have that G” € {G : F1(x) < G(z) < Fy(x), Yo € RT}. We now show
that ||G” — G'||, < 6. To see this, consider the following derivation.

16" -G, = / (G" (z) - G (@))? ds ()

< / (Fy (2) - F| (@) 1[G () < F ()] da () + / (F (2) — F () 1[G () > F ()] dps (2)
<\ = Rl + | F - B, <5,

where the first inequality follows from the definition of G” and that G’ € {G : F{(z) < G(z) < Fi(x),Vx €

RZ}. Based on this, consider the following derivation:

Uy (Fi, Fy) —e0 < ||G" = Fy (:|60) [

= / (G () = G" (x) + G" (z) — Py (x/00))" dp ()

<G =G|+ 2(1G" = G')2(IG” = Fy (-160) [)/? + [|G” — Fy (+60) ||
<6426 (U (F, )2+ Uy (F1, F)

< 6+ 2642 (e+ Ty (F1,F2))1/2 + Uy (F,F)=c—¢0+ Yy (F1, Fy),

where we have used that G” € {G : Fi(z) < G(z) < Fy(x),Vx € R} and, thus, |G” — Fy (16)ll,, <
Uy (Fi, Fy), ||G" — G'||p <9, € > 0, and the definition of § in Eq. (A.7). From the previous argument, it
follows immediately that Wy (F{, F3) — @y (F1, Fp) <e.

We now repeat the previous argument reversing the roles of Uy (Fy, Fy) and Yy (Fy, F3). By do-
ing this, we define G such that Wy (F},F}) — ey < ||G' — Fy (|60) ||, and G” such that G” (z) =
min{max{G’ (z), F (z)}, F (z)}, and that satisfies ||G" — G’||,, < d. Then, we deduce that:

U (F1, F2) =<0 < |IG" = Fy (-160) |l

= /(G’ () = G" (2) + G (x) — Fy (6o))*dp ()

<6+ 282Uy (FY, F3))/? + Uy (F, F})

<64+26Y2 (e + Uy (FL, )+ Uy(Fl Fy) < e—eo+ Uy (F], F),
where we have repeated previous arguments and used that that Uy (Fy, Fy) — ¥y (F1, F2) < e. From this,
it follows immediately that ¥y (Fy, F») — O (FY, F3) < &, which gives: |V (F{, Fy) — ¥y (F1, F)| <e.

Step 1.2: Show that (F%, F¥) € @, and ||F&—F%||,+||F¥ —F#||,, = 0, (1) asn — oco. By definition, it is
trivial that (F%, F¥) € ®. We concentrate the rest of the proof in showing that || Fk —F&||, +||[FE —F¥||, =
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op(1). For any j =1,...,27, define w, ; = ||Ej (-) — F; (:) ||,, where V& € Ly (Z):

5 i VX (t) Sa (), Yt € 85)1(0; = 5)),
Fj(z)=P{X'(t) <z (t),vt€ S} n{0=5,}).

By the same arguments as in the proof of Theorem 3.1 in BHHN, n/2(E; (-) — Fj (-)) : @ — Lo (Z) is a
stochastic process that converges weakly to a Gaussian process in Ly (Z) and, thus, w, ; = 0, (1) as n — oo.
On the one hand, F% () — F& () = F1 (-) — Fi (-) and so: ||[F% — FE||, = ||Fy — Fill, = @n1 = 0p, as
n — co. On the other hand, F (-) — FI (\) = Z?; F; (-) — Fj (-) and so, by Holder’s inequality:

1Y = Yy = [ (R (2) = FY (2))%dp ()
= [ (Fa (@) = Fa @)][2550 (B (2) = By (2))]dpa (2)
< 05 S (@) = By (2)Pdp (2) = 3252 @y = 0p (1), a5 1 oo,

Step 1.3: Complete the argument. Fix e > 0 arbitrarily. Since (F%, F#) € ®, then step 1.1 implies
that 36 = 0 (¢, F%, F#) > 0 such that for all (F{, F}) : {(F{,F3) € ®N||F{ — Fg||, + ||F} — F&||, <6} C
{|Ou (F{,F}) — Vu(FE, FZ)| <c}. As a consequence:

PU(EL FY) e @ n||FY = FRllu + I1FY = FYlu < 63) < P(0r (F, F3) — Wy (FE, FY)| < o).

By step 1.2, the LHS converges to one as n — oo, which implies that the RHS also converges to one as
n — 0.

Step 2: Show that Wy (FE, FH) — Uy (FE FH) = o0,(1), as V — oo, m — oo, and n — co. We show
something stronger, namely that Wy (FE, F¥) — Uy (FL FH) = o, (1), as (V,m,n) — (00,00,00). To
show this, we can use the same argument used in step 1 to argue that, for any ¢ > 0, {|\I/H(F’§,F)Ig) —
\I/H(F)’},F)Ig)\ > ¢} does not depend on m and V. To achieve this result, we rely on the fact that y is
a function of &, (Assumption 2.b) and that X, is independent of Vy ,, and Zy (Assumption 5.c). As a
consequence, Wy (FE, FH) — Uy (FE FIY =0, (1), as (V,m,n) — (00, 00,00) if and only if W (Fk, F¥) -
Uy (F% FE) =0, (1), asn — oo. Thus, the step is complete if we show that g (F%, F{) — Wy (Fk, FH)

op (1), as n — co. We begin with the following derivation:

IMMﬁfﬂﬂmm::ﬂ&mwfﬂmmmmm

= [ [ lio) = Py (wlon)| |3 (OFy (218)/08:) o 60.)| di (2)

1=

< / | OFy w18)/00) B0 — b0.)ldn ()
R N 1/2
< 1o — 6ol {ggg [1@F w10y jowry@Fy (210 /08 <x>}

= 0,(n"Y?)0 (1) =0, (1), as n — 0.
where the first equality holds by definition, the second equality holds by the mean value theorem (é e RP

is between 6y and 0p), the first inequality holds because V (0, z) € © x RZ, Fy (z]0) € [0,1], the second
inequality holds by Holder’s inequality, and the final inequality holds by Assumptions 2.b and 3.
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Next, for a fixed function F', consider the following derivation:

1F = Fy (100)||, = /(F (x) = Py (x]6))*dp ()
= /(F () — Fy (x/60) + Fy (#(60) — Fy (x/60))*dps ()

<{ J(F (@) = Fy (l60))*dps () + [ (Fy (xl60) — Fy (x160))*dp (x) + }
= | 20 (F (@) = Py (2160))du (2))([ (Fy (2160) — Fy (2160))*d ()] /2
< IIF = By (1601l + 17y (160) = By (160) 1 + 211y (-100) = Fy (160 I1}/2,

where we have used Hélder’s inequality and the fact that V (0, 2) € © x RZ, F (z), Fy (z]6y) € [0,1]. Taking
supremum on both sides of the inequality with respect to F € {G : Fk(z) < G(z) < F¥(z),Vz € RT}, and
using that [|Fy (-{6o) — Fy (:|60) ||, = 0p (1), as n — oo, it then follows that Wy (Fk, FY) — Uy (Fk, FH) <
op (1), as n — oo. By reversing the roles of Fy (1|8p) and Fy (-]6o) and repeating the argument, it follows
that Uy (Fk, FE) — Uy (FL FH) <o, (1), as n — .

Step 3: We show that Uy (F%, FH) — Uy (FE FH) = 0,(1), as V — 0o, m — oo, and n — co. We
first use an argument similar to the one used in step 1 to argue that, for any € > 0, {|\1'H(F)%,F§I) —
\PH(F)L(, F)I({)\ > ¢} does not depend on V. To achieve this result, we rely on the fact that 0o is a function
of X, (Assumption 2.b), which implies that \i/H(ls’)L(, F)Ig) — @H(ﬁ'}%, Fg) is only a function of X, and Yy y,
and that X,, and Yy ,,, are independent of Zy (Assumption 5.c). Thus, the step is complete if we show that
Uy (FE FE) - Uy(Fk FE) =0, (1), as m — oo and n — oo.

We condition on &), and consider the following argument. By Assumption 1.b, 0y is only a function of A,
and, consequently, it is conditioned upon. Consider now the stochastic behavior of ||Fy (-|6o) — Fy (-|60)]| 10
where z € RZ:

Fy(zlfo) = m™"Y 1Y, (t) <z (t),Vt€ ),
Fy(zlf) = P(Y, (w,t) <z(t),VteT)),
By Assumption 5.a and the arguments used in the proof of Theorem 3.1 in BHHN, m!/2(Fy (-|60) — Fy (-|fo)) :

Q — Ly (Z) is a stochastic process that converges weakly to a Gaussian process in Ly (Z) and, thus,
{1Fy (160) — Fy (-160)|1,] %} = 0, (1) as m — oco. Therefore, for any & > 0:

lim lim P(||Fy(.|é0)ny(.|é0)||ﬂ>5) = lim lim P(\|ﬁy(.|é0)ny(-|é0)||# >5|Xn) dP (X,,)

n—o0 Mm—o0 n—o0 Mm—o0

= tim [ Tim P (1B (160) = Fy (o)l > £l%, ) dP (X,) =

n—oo m—r o0

where we have used the previous finding and the dominated convergence theorem. As a consequence,
[|Fy (:]60) — Fy (:|00)||x = 0p (1) as m — oo and n — oo.
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Next, consider the following derivation for a fixed distribution F:
L. . N2
|~ By tidn)]| = [ (F@) - Briatin)) dutz)
. . . . N2
— [ (F @)~ B (aldo) + By (alfo) - Fi(aldo)) " dp (o)

J (P @)~ By (i) du (@) + f (B (eld) — By (alfo)) " dp () +

(e i) ww) (5 (5w - ) )]
< HF - FY('WO)Hﬂ + HFY('|éo) - FY('WO)HM +2 HFY('WO) - FY('|éO)”l/2 ;

where we have used Holder’s inequality and the fact that V (0, z) € © x R, F (z), Fy (z|6) € [0,1]. Taking
supremum on both sides of the inequality with respect to F € {G : F&(z) < G(z) < F¥(z) Vo € R%},
and using that ||Fy (-|60) — Fy (-160)||, = 0, (1) as m — oo and n — oo it follows that Wy (Fk, FH) —
Uy(FE FE) < 0,(1), as m — oo and n — oo. By reversing the roles of Fy(-|6y) and Fy (-|6y) and
repeating the argument, it follows that Wy (F%, FE) — Uy (FL FH) <o, (1), as m — oo and n — oco.

Step 4: In this step, we show that @H(F)L(,F)Ig) - \TJH(F)L(,F)?) = 0,(1), as V — o0, m — oo, and
n — oco. We condition on &,, and Yy ,,, and consider the following argument. By Assumption 1.b, éo is only

a function of &), and, consequently, it is conditioned upon. In this setting, consider:
Uy (F, FY) = Wu(Fg FY)
SUP pe (G PL (2) <Gla)<FH (a), VaeRT} V 1Zj (F(Z) — Fy(Z]00))*
T SUPpe(G:FL (2)<G(zx)<FH (z), VacRT} J(F () - Py (x]60))2dp. ()

_ { ¥ i max{(F§ (Z)) = Py (Z)100)%, (F{ (Z)) = Fy (Z1160))%) }
— [ max{((E§ (2) - Fy (2100)%, (F¥ (2) - Fy («lf0))*}dpu (2) |

Assumption 5.b implies that, conditional on X, and Yp,,, {max{(F¥(Z;) — Fy(Zj|§0))2,(F§ (Z;) —
Fy(Zj|é0))2}}}/zl is an i.i.d. sample and, thus, the weak law of large numbers implies that {5 (F%, FH) —
@H(F)%,Fg)\xn,ygym} =0, (1) as V — oco. Therefore, for any ¢ > 0:

lim lim lim P(|Uy(FE FE) - Ug(FL FE)| > ¢)

n—oo m—oo V—oo

= lim lim lim [ POy (FL FEY - Uu(FE FE)| > elX,, Yom)dP (Xn, Vo.m)

n—oo m—oo V—o00

= lim lim lim P(|Ug(FL FE) - Uy (FE FI)| > e|X,, Yo.m)dP (X, Yom) =0,

n—00 M—00 V —o0
where we have used the previous finding and the dominated convergence theorem. O

Proof of Theorem 4.2. By Theorem 3.2 in BHHN, #7 (1—-a) = tg, (1 — @) + 7y, where 7, = 0, (1), as
V — 00, m — oo, and n — oo, and g, (1 — «) is the (1 —a) quantile of a non-degenerate and non-
negative distribution (of a random variable denoted by V; in BHHN). From this, if follows that Vo € (0, 1),
to, (1 —a) € (0,00). By definition, D = T; (X,Yp,) € (0,1]. Fix ¢ = D/2 and consider the following
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derivation:

P(nTy(X,Y,,) < t5 (1-a))
= P(nTy(X,Yy,) < tgy (1 — @) + 7 N || > &) + P(nT5(X,Y5) < to, (1 — )+ N |7a| <)
< P (lyal > €) + P(T(X,Y;) < (to, (1 — a) +€) /n).

Since (tg, (1—a)4+¢€) < oo, 3N € N such that Vn > N: (tg, 1—a)+¢e)/n — T (X,Yy) <
—T4 (X,Yy,) /2 = —e. Thus, ¥n > N:

P(nTy(X,Y) < t; (1—a)) < Pyl > ) + P(T(X,Yy) = Ty (X, Ye,) | > 2).

By v =0, (1), a8 V — 00, m — o0, and n — oo and by Lemma A.6, the right hand side of the previous
equation is o0 (1), as V — oo, m — oo, and n — co. Thus, the required result follows from taking limits as

V — o0, m — 00, and n — o0 in the previous equation. O]

Proof of Theorem 4.3. The proof follows from arguments similar to those used in the proof of Theorem
4.2. O

Lemma A.7. Assume Assumptions 1-5. Consider the following particularly simple setup. Suppose that
Z={to}, © ={0o}, X (to) ~ N (0,1), and Yy, (to) ~ N (0n, 1), where {05} is a non-stochastic sequence
that depends on the sample size. Suppose that there are only two missing data patterns: O = T (i.e. the
function is completely observed), or O = & (i.e. the function is completely unobserved). Consider the

following cases:

1. Suppose that 6, = § # 0, P(O = @) = 0.5, and the data are missing at random. To simplify our
computations, also assume that p (x) is degenerate at x (tg) = 0. In this case, T (X,Yy,) = D > 0 and
T} (X,Ys,) =0 (i.e. case 3 occurs), and

lim lim lim P (t;go (1-a) < nT}(X,Y,,) < nTh(X, Yéo)) > 0. (A.8)
2. Suppose that 6, = 6 # 0 and P (O = @) = 1. In this case, T (X,Yy,) =D > 0 and T} (X,Yy,) =0

(i.e. case 3 occurs), and
lim lim im P (tgo (1 - a) <nTy(X,Y; ) < nTy(X, Yéo)) ~0. (A.9)

3. Suppose that 6,, # 0, 6,, = 0 and P(O = @) = 1. In this case, T (X,Yy,) = D,, > 0 and D,, — 0
(i.e., we are considering local alternative hypotheses), T} (X,Yy,) =0, and Eq. (A.9) occurs.

Proof. Part 1: Since p (x) is degenerate at z (tp) = 0 and P (O = @) = 0.5, then Fp(z9) = Fy(z9|6p) =
0.25 and Fg(xg) = 0.75, which implies that 77 (X,Yy,) = 0. On the other hand: T (X,Yy) =
[(®(x—38) —®(x))*du(z) =D > 0.

We now consider the performance of the test. We begin by deriving the asymptotic distribution of
nT} (X, Yj,)- Since p(z) is degenerate at z (to) = 0, then there is no Monte Carlo integration error and,
thus, V' does not affect the behavior of the test statistic. By considering m — oo, the error in approximating
the distribution of Yy, (to) vanishes and, consequently, we can consider the value of Fy (z9|fy) to be known.

Finally, we consider the behavior as n — oo. By our assumptions, {(X/, 0;)}; is i.i.d. and since the data
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are missing at random, 1(X/ < 0)1(0; =) ~ Be(0.25), {1(X] <0)1(0; =7) +1(0; = &)} ~ Be(0.75),
and

Fr(zo)=n"'Y0  1(X/<0)1(0; =T

)
Fra(wo) =~ Y0, {L(X] < 0)1(0; = T) +1(0; = 2)}.

By the strong law of large numbers if follows that, for any & > 0, P(lim inf{| 5 (o) — Fr ()| < €}) = 1 (see,
e.g., page 70 in Billingsley (1995)), which implies that liminf{1(Ey(z0) > Fy(z0|60)) = 0}, a.s. By the
Central Limit Theorem /n(FL(z0) — Fy (x0]60)) = v/n(Fr(z0) — Fr(z0)) 4 ¢, where ¢ ~ N(0,0.1875). It

then follows that:

nT} (X,Y;,) = nT}(X,Yy,)
= (Vn(Fr(z0) — Fy (20]60))*1(F1(w0) > Fy (0|60)) + (vVn(Fr (x0) — Fy (20]60))*1(Fr(20) > Fy (x0/00))
= [Vn(Fp(zo) — Fy (20]60))]% + 0, (1) 4 (3, as V — 0o, m — 0o, and n — oo.

We next consider the asymptotic distribution of ¢; (1 — ). Theorem 3.2 in BHHN implies that t; (1 —a) =
0 0

to, (1 — @) + v, where tg, (1 —a) € (0,00) and v, = 0, (1), as V — 00, m — o0, and n — oo0. Fix e > 0

arbitrarily. By combining the previous findings:

P(t; (1—a) <nTy(X,Y;) < nTy(X,Yp)
< Pltg,(1 — ) 4+ yn < nT} (X, Y5,) Ny > —€)
< P(tg,(1—a) —e <nT}(X,Y},))

— P(C} > (tg,(1 —a) —¢)), as V — 00, m — 0o, and n — oo.

where ¢ ~ N(0,0.1875) and tg,(1 — «) € (0,00). This provides an asymptotic upper bound for the object
of interest. By applying the same argument with P(tgo(l —a) >nT} (X, Yj,)), we obtain a lower bound for
the object of interest. By combining these bounds and by letting ¢ | 0:

Jim limJim Pty (1-a) <nTp(X,Y5) < nlj(X,YG)) = P(CE 2 tg,(1 - ) >0,
where the strict inequality follows from ¢ ~ N(0,0.1875) and ¢y, (1 — ) < co. This verifies Eq. (A.8).

Part 2: Since P (O = @) = 1, then Vo € R, F, () = 0 and Fy (z) = 1, and, so: T} (X,Yp,) = 0. On
the other hand: T (X, Yp,) = [ (® (z — 8) — @ (z))* dp (z) = D > 0.

We now consider the performance of the test. First, P (O = @) = 1 implies that the sample is composed
of completely missing observations (a.s.) and, hence, Ti (X, Yéo) =0 (a.s.). Second, by the same argument
as in part 1, t(’go (1—a) =tg, (1 — a) + ypn, where tg, (1 — @) € (0,00) and v, = 0, (1), as V — 00, m — oo,
and n — oo. Fix e =y, (1 — ) /2 > 0 and consider the following derivation:

6
> Pty (1—a) —tg, (1—a) > ¢~ tg, (1 - ) + P(T}(X,¥;) =0) - 1
> P(lty, (1= ) — ta, (1= )| < tg, (1~ ) /2) + P(TL(X, ;) =0) — 1

P(t; (1-a)>nl}(X,Y;)) > P(t; (1-a)>enT}(X,Y;)=0)

—lasV — oo, m — o0, and n — oo.

This result implies Eq. (A.9).

Part 3: All of the results in part 2 can also be used in this case. The only result that remains to be shown
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is that T (X,Yp,) = D,, — 0, which follows from §,, — 0 and the dominated convergence theorem.
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