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Abstract

We propose a theoretical framework for detecting and predicting forecast breakdowns, de-
fined as situations where the out-of-sample performance of a forecast method, judged by some
loss function, is systematically worse than its in-sample performance. Our framework can be
used to establish the robustness of a forecast method in the past, and to predict whether the fore-
cast method will break down at a future date. We show that main causes of forecast breakdowns
are overfitting and structural breaks in the data generating process that have some probability
of occurring again in the future ("recurring breaks”). Finally, we find evidence of a forecast
breakdown in the Phillips’ curve forecasts of U.S. inflation over the past three decades, and link
the breakdown to changes in the monetary policy reaction function of the Fed and in inflation
variability.
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1 Introduction

We define a forecast breakdown as a situation where the out-of-sample performance of a forecast
method, judged by some loss function, is systematically worse than its in-sample performance and
propose a theoretical framework for assessing the robustness of a given forecast method against
forecast breakdowns. We show how to: (1) detect whether a forecast method broke down in the
past, and (2) predict whether the forecast method will break down at a future date, the latter
prediction possibly conditioned on hypothetical future paths of the economy.

Our notion of forecast breakdown is related to what Clements and Hendry (1998, 1999) called
a “forecast failure”. These authors characterized a forecast failure as a “deterioration in forecast
performance relative to the anticipated outcome based on earlier fit” (Clements and Hendry, 1999,
p. 1) and concluded from an extensive number of Monte Carlo studies and empirical analyses
that forecast failures are primarily caused by structural breaks in the unconditional mean of the
variable of interest. While we build on Clements and Hendry’s important work, we depart from
their approach in several directions and contribute to the forecast evaluation literature in a num-
ber of ways. First, we make the criterion for defining a forecast breakdown more stringent by
requiring that the out-of-sample performance of a forecast method be systematically worse than
its in-sample performance. In practice, this amounts to comparing each out-of-sample loss to a
continuously updated estimate of the average in-sample loss that also uses recent observations. The
definition of Clements and Hendry, instead, would suggest comparing average out-of-sample loss to
average in-sample loss estimated only once. Second, we propose a formal testing framework that is
generally applicable (e.g., it allows for general estimation procedures and general loss functions).
In particular, we derive analytic results for constructing test statistic with the appropriate size in
a framework pioneered by West (1996), where we allow both the in-sample and the out-of-sample
sizes to be asymptotically a fixed fraction of the total sample size. We also take into account the
effects of parameter estimation uncertainty. A third novelty of our approach is the focus on predict-
ing future forecast breakdowns, rather than just detecting past ones. Finally, we formally analyze
the causes of forecast breakdowns both analytically in the context of an illustrative example and
by Monte Carlo simulations. In particular, we show that our tests can capture forecast breakdowns
caused by overfitting (loosely defined as a situation where the model describes the “noise” as well
as the “signal” in the sample) as well as recurring changes in the data-generating process (defined
as changes that have a non-zero probability of occurring again in the future).

The fact that our tests can capture a number of various possible causes of a forecast breakdown
at once makes distinguishes our approach from several strands of the literature, that address specific
causes individually. Examples are, structural break testing in model parameters (Elliott and Muller

(2003)); joint tests for model selection and parameter instability (Rossi, 2005); use of information



criteria for model selection to avoid overfitting. These approaches have several drawbacks when
used in a forecasting context. Structural break tests, for example, only focus on the past stability of
the parameters of the forecast model, and provide no information on the likelihood of future breaks.
Furthermore, Elliott (2005) analytically shows, in the context of a single break, that attempts to
forecast based on estimates of the break point are unlikely to improve forecasts. With regards to
overfitting, information criteria have been found not to be able to systematically improve forecasts.
A related class of tests, that, although not specifically designed to detect breaks and overfitting,
may nonetheless indirectly capture such effects are forecast optimality tests. We shed some light
on the power properties of our forecast breakdown test relative to those of structural break and
forecast optimality tests in a Monte Carlo study.

With regards to changes in the data-generating process as a cause of forecast breakdowns,
an important feature of our test is that it has power against breaks that have some probability of
occurring again in the future. The existing structural break tests, instead, are unable to distinguish
between breaks that are an accidental feature of the sample - and thus are irrelevant for forecasting
- and recurring breaks, which are of greater interest to forecasters (see Pesaran, Pettenuzzo and
Timmermann (2004)). We also discuss the finite-sample implication of this asymptotic result,
namely that the choice of the sample split between estimation and evaluation windows in practice
affects the test’s ability to capture forecast breakdowns due to different causes. We offer some
insight into the effects of different choices of sample split on the power of the forecast breakdown
test in Monte Carlo simulations.

An innovation of our approach that has useful practical implications is the possibility of making
predictions about the likelihood that a forecast method will break down at a future date. In practice,
we propose to do so by looking for explanatory variables in the forecaster’s information set that
can predict the difference between out-of-sample and in-sample performance. If such predictive
relationships are found, they can then be used to make probabilistic statements about how much
future losses will differ from their current expectations.

To illustrate the methods proposed in this paper, we investigate whether there is evidence of
forecast breakdown in the Phillips curve’s forecast of inflation in the United States. The Phillips
curve relationship has been a useful guide for monetary policy in the U.S. in the past few decades.
However, its in-sample stability has recently been challenged by Staiger, Stock and Watson (1997),
and its forecasting ability further investigated by Stock and Watson (1999) and Fisher et al. (2002).
By using both real-time and revised data, we find that there is striking empirical evidence in favor
of a breakdown in the Phillips curve forecasts. We further investigate whether either monetary
policy parameters or inflation variability would have been useful to predict the forecast breakdown.
We find that changes in the monetary policy behavior of the Fed as well as the degree of inflation

variability played a key role in explaining the forecast breakdown. We also offer a truly out-of-



sample prediction of the likelihood that the forecasting ability of the Phillips curve will breakdown
within a year from the end of our sample.

The paper is organized as follows. Section 1 introduces the main theme of the paper, Sections
2 and 3, respectively, discuss the theoretical foundations of the forecast breakdown test and the
test for predicting future forecast breakdown. Section 4 presents a simple motivating example, and
Sections 5 provides Monte Carlo experiments to compare our test with various tests available in
the literature. Section 6 presents the empirical application to inflation forecasts in the past three

decades, and Section 7 concludes.

2 Theory

2.1 Description of the environment

We let W = {W; : Q — R**l s € N,;t = 1,..., T} be a stochastic process defined on a complete
probability space (€, F, P) and partition the observed vector W; as W; = (Y, X/)!, where Y} :
Q — R is the variable of interest and X; : © — R® is a vector of predictors. We define the
information set at time ¢ as F; = o(W7,...,W/)". The object of our evaluation is a particular
forecast method for forecasting the variable of interest 7 steps ahead, Y; .. We denote the forecast
by fi(B,) = f(Wy, Wy—1, ..., Wi—mas1; B;), where f is a measurable function and 3, is the k x 1
parameter estimate based on the sample (W, Wi_1, ..., Wi_m41).

Let T be the total sample size and m be the size of the first estimation window. We allow for
three forecasting schemes, that are the most popular in the literature. A rolling window forecast-
ing scheme computes the first 7—step ahead forecast at time m, using data indexed 1,...,m and
compares the forecast to the realization y,,1.. The second forecast is formulated at time m + 1,
using the previous m observations and it is compared to the realization ¥,,41,,. The procedure is
iterated and the last forecast is produced at time T — 7, by utilizing the m most recent observa-
tions, and compared to yr. This yields a sequence of n =T — 7 —m+ 1 out-of-sample forecasts and
corresponding forecast errors. To clarify, only a fixed window of the past m observations is used
for estimation, so that as t increases from m to T, older observations are discarded. For example,
in the linear model Y4, = X/8 4 €14, we have Bt = (Zi:t_mH Xng)il Zizt—m—l—l XY, In
the recursive scheme, at each time ¢ = m,m + 1,...T the parameter estimate Bt depends on all
observations from 1 to ¢t. For example, in the linear model above Et = (Zi:l XSX;,)_1 22:1 XYs.
In the split sample scheme the parameter vector is estimated only once, from observations 1 to m,
so that the estimates are never updated even if new observations become available. In the linear
model above, 3, = (X7, X, X1) ' 3™ X, Y,

For a given a forecasting scheme, each forecast corresponds to a sequence of in-sample fitted

values g)j(ﬁt), j=t—m+1,...,t. For example, for the linear model above and a rolling scheme,



the time-¢ forecast is ft(ﬁt) = X{Bt and the corresponding in-sample fitted values are 3;(8;) =
XBy, j=t—m+1,..,t—7.

We evaluate the sequence of out-of-sample forecasts by selecting a loss function L(Y;4r, fi), that
depends on the forecast and on the variable of interest. Notice that the parameter estimate Bt does
not necessarily minimize L, thus allowing for different loss functions for estimation and evaluation
(although, for comparability, the same loss function should be used for in-sample and out-of-sample

evaluation).

2.2 Definition of Forecast Breakdown

We define a forecast breakdown as a deterioration in the out-of-sample performance of the forecast
method relative to its in-sample performance. If the observed out-of-sample loss is much higher
than the in-sample average loss, then we suspect that the forecast method is failing to capture
important features of the data.

We formalize this idea by defining a ”surprise loss” at time ¢ + 7 as the difference between the
observed loss at time ¢ + 7 and the in-sample average loss:

i
SLt—i—'r(Bt) = L(Yi4r, ft(Bt)) - Z L(Yj»ﬁj(@t)) fort=m,. T —.
=t—m

+1

1
m
J

Throughout, we require the following set of assumptions which are standard in the literature — see
e.g. West (1996).! To simplify notation, let °° (Bt> denote L(Yiyr, f(3,)) and lj-s (Bt) denote
L(Yj,@j(ﬁt)), and [9°%, l;-s denote these quantities evaluated at 3, where 3* is defined in the

following Assumption 1.

Assumptions.

1. The estimate B3, satisfies B, — 3* = ByHy, where By is (k x q) and Hy is (k x 1), with:
(a) By = B, B a matriz of rank k; (b) Hy depends on the type of estimator used: H[®® =
t1 22:1 hs (%), Hyo! = m~1 Zi:t_m_H hs (8%), prlit =m LY he (B), for a (g x 1) orthog-
onality condition hs (3*); (¢) Ehs (8*) = 0.

2. Let Iy (B) = [1¢°% (B) ,1¢* (B)). In some open neighborhood N around [(3*, and with probability
one: (a) ly (B) is measurable and twice continuously differentiable with respect to 3. (b) there exists
a constant D < oo such that for all t, supgen|0%l; (B) /0BOB'| < My for a measurable My for which
EM; < D.

3. Let L =1, (%), g =0l (6%) /OB, F =F (ltogs - lig) (a) For some d > 1, sup.E||[vec(l3)’,
vec (Iy)", hy)'||* < oo, where ||.|| denotes Buclidean norm. (b) [vec(lig — F)', vec(ly — Ely)", h})'

is strong mizing with mizing coefficients of size —3d/(d—1). (c) [vec(liz)", h})' is covariance

'See also McCracken (2000) for weaker assumptions.



stationary, and cov (vec (Iy)",vec(ly—;)") depend on j but not on t. (d) 1§°° and Uj* (separately) have
a positive long run variance.?

4. m,n — o0 as T — oo, and limr_ (n/m) =7, 0 <7 < 0.

These assumptions allow a variety estimation of techniques (OLS, GMM, MLE), serial correla-
tion and conditional heteroskedasticity in both I, — El; and h;, and take into account the possibility

that parameter estimation uncertainty may affect the forecast errors.

2.3 Forecast Breakdown Test

From the discussion in the previous section, it follows that if a forecast method is reliable, one would
expect the out-of-sample surprise losses {S LHT}tT:_T; 41 to have mean zero. From the perspective
of a forecaster, decreases in expected out-of-sample losses may also be desirable. Based on this
intuition, we construct our forecast breakdown test as a test of the hypothesis that the surprise
losses are on average zero, against the alternative that they have a positive mean.

Formally, for a given loss function L, we test the null hypothesis of no forecast breakdown for

forecast method f at the target date t 4 7:3
Hy: E[SLiy, (B%)] =0 (1)

against the one-sided alternative
Ha 2 E[SLm.y (69)] >0 (2)

In this section, we will focus on the most common case in which the loss function used for in-sample
evaluation is the same as the loss function used for out-of-sample evaluation, [}¥ = [9° = [; (it is
not necessary, though, that the in-sample loss function used for evaluation be the same as the in
sample loss used for estimating the parameters ). In this case, F' (defined in Assumption 3) equals
zero. Interestingly, this implies that parameter estimation error does not affect the asymptotic
distribution of our test statistic, which turns out to be very straightforward to calculate.

Our test statistic, based on the average surprise loss: ﬁmm =n! Zth_n: SLiyr, is

SLin

tmnr = 5= 3
o 6m,n/\/ﬁ ( )

where 6,,2717,,1 is a heteroskedasticity and autocorrelation-consistent (HAC) estimator of the asymp-
totic variance O‘%nm = var[\/ﬁgmm] = NSy, where Sy = Y00 E(ly — Ely) (l_r — El), and

*We do not impose covariance stationarity on I; because otherwise our Hy would be trivially satisfied.
3Note that our null hypothesis could be re-expressed as the hypothesis that the losses are constant over time.



whose precise form depends on A;, which differs depending on the type of estimator used:

Scheme Al

Rec 1

Roll,m <1 [1—in?] (4)
Roll,m > 1 [1 — %77'_1]

Split (1+m)

The long-run variance Sy can be consistently estimated by a HAC estimator along the lines of
Newey and West, 1987 and Andrews, 1991. A level « test rejects the null hypothesis of no forecast
breakdown whenever tp, ,r > zo, Where z, is the (1 — a) — th quantile of a standard normal
distribution.

The following theorem formalizes the test.*

Theorem 1 (Forecast Breakdown Test) For the given forecast horizon T = 1 and a first esti-
mation window of size m, under Assumptions 2-4 and when the loss function used for in-sample

evaluation is the same as the loss used for out-of-sample evaluation, then under Hy in (1),

d
tmvan - N(O’ 1) (5)

2

where m, n — oo and - — 7 as T'— oo, and where 64, ,,
K

and A\ is as in (4).

is a consistent estimator of U?n’n = \Sy

Even if the asymptotic distribution is very simple and independent of parameter estimation
error, still note that, unless the forecasting procedure is recursive, the researcher needs to include
a correction factor A\; in the estimation of the asymptotic variance. Failing to do so will result in

size distortions, which will be more carefully examined in the Monte Carlo section.

2.4 The Forecast Breakdown test when the losses differ

In the more general case where the loss function used for in-sample evaluation is different from
the loss function used for out-of-sample evaluation, i # [9°%, parameter estimation error will be

important and we have the following result:

Theorem 2 (Forecast Breakdown Test when [** # [°°°) For the given forecast horizon T = 1

and a first estimation window of size m, under Assumptions 1-4, then under Hy in (1),

tmﬂ”L,T i) N(O7 1) (6)

4While we use the theoretical framework of West (1996), however his results cannot be directly applied to our

case, as the long-run covariance matrix S (in West’s (1996) notation) is singular.



2

m,n

2

where m, n — oo and 7= — w as T — oo, and where & o
)

is a consistent estimator of o, ..

is as follows:

Ugn,n = )\oossoos + )\issis + )\thBSth,F/ + )\oos,is (Soos,is + ;os,is) +
)\oos,h (Soos,hB/Fl + FBSéos,h) + Az's,h (Sis,hBlFl + FBSZ{S,}L)

where
Scheme Ais Aoos An Ais,00s Nish Xoos.h
Recursive 211 1 211 —II —2I1 II
Rolling, 7 <1 m— 3n? 1 m—in? —ir —m+ 1n? -
Rolling, m>1 1— %77*1 1 1— %7*1 1+ %Wfl 14 %ﬂq 1— %Wq
Split 7'(' 1 a1 0 -1 0

and 1l = [1 — 7 n (14 7T)] s Soos = Y ope oo B (175 — EI9°%) (19°5, — EI%) , Sis = > oo B (1if — EU®) (

1= SR B S = S0 B (9% — By Sioge = X500 B (1~ B
Soonis = Y50 oo B (17— BI™) (1, — BIf).

As before, the long-run variances in the theorem above can be consistently estimated by HAC
estimators along the lines of Newey and West, 1987 and Andrews, 1991. Again, a level « test rejects
the null hypothesis of no forecast breakdown whenever t,, , » > 2o, Where z, is the (1 —a) — th

quantile of a standard normal distribution.

3 Predicting Future Forecast Breakdowns

The previous section proposed a test for detecting whether a forecast method broke down in the
past. A question that may be of greater interest to real-time forecasters is whether the forecast
method will break down in the future. This is of course related to finding past breakdowns: if
the breakdown was caused by overfitting or by structural changes that - as discussed in Remark 1
above - have some probability of occurring again in the future, we may expect the forecast method
to break down at some point in the future. In other words, if the surprise losses had non-zero mean
in the past, we expect them to continue to be positive in the future. However, it is possible that one
could find additional information available at the time of the prediction - besides a positive mean
- that the forecaster could exploit in order to predict whether there will be a forecast breakdown
at a specific date in the future. For example, the surprise losses may be persistent (this is easy
to see for a quadratic loss function, where the presence of GARCH in the data will induce serial
correlation in the surprise losses) or they may be correlated with leading indicators of the state of

the economy.
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We propose the following method to predict whether a forecast method will break down at the
target date T+ 7.

1. Select a ¢ x 1 information vector h; from the information set at time t and estimate the
predictive regression
SLt—H‘ = ht(sT + €47, (7)

over the out-of-sample period t = m,...,T — 7. Let ZS\M_ denote the OLS coefficient. The
information vector h; can include a constant; lagged surprise losses; economically meaningful
variables such as business cycle leading indicators, measures of stock market volatility, interest

rates etc.

2. Test whether ¢ is significantly different from zero by a Wald test

Wynns = 18y V38 (8)

n,t " n,T

where Vn,T is a HAC estimator of the asymptotic variance of ZS\TM with truncation lag 7 — 1.
Reject the null hypothesis that 6, = 0 if Wy, 5 » > Xil_a, where Xﬁ,l_a is the (1 — a) — th

quantile of a xﬁ distribution.

3. In case of rejection, use (7) to construct a (1—p)% prediction interval for SLry,. A prediction
interval can be computed in a number of ways, using parametric, nonparametric or bootstrap
techniques (see e.g. Chatfield, 1993). For example, a simple, approximate prediction interval

(assuming normality and ignoring estimation uncertainty in 6, ) can be constructed as

2

E,T?

Wpbnr £ 2,021/ 6

2

where 67
K

- is a HAC estimator of the variance of the errors 44, from regression (7). To obtain
a prediction interval that accounts for parameter uncertainty, one could further utilize the
correction recently proposed by Hansen (2004). If the prediction interval contains 0, conclude

that the forecast method will break down at time 7"+ 7 with probability (1 — p)%.

4 An illustrative example

The following simple example will allow us to gain insight into the nature of the surprise losses
as well as discuss the possible causes of forecast breakdowns and illustrate the motivation for our

asymptotic framework.?

’The asymptotic distribution of our test statistic in Theorem 1 has been obtained under the assumption of
covariance stationarity, which holds only under the null hypothesis. We explore in this section its power in the

presence of deviations from this hypothesis.



Let 7 = 1 and suppose that Y; is generated by Y; = X, u, +¢¢, & independent, zero-mean process
with variance a . Here we abstract for simplicity from conditional mean and variance dynamics, but
we allow for heterogenelty in the form of possibly time-varying unconditional mean y, and uncondi-

tional variance oZ,. Consider the forecasting model Y; = X34y, and let L(e) = €, so that the fore-

t
cast is the mean calculated over the rolling window: Bm = % Z X;X J’ Z X;Y;.
j=t—m+1 Jj=t—m+1
In this case we have, for each t = m,...,T — 1,

t

[SLt+1 }/tJrl X ﬁm) (Y X ﬁm) ]?

1
m .

Jj=t— m+1
so that the expectation of the surprise loss captures the difference between out-of-sample and

in-sample mean squared error. The expected surprise loss can be decomposed as follows.

Proposition 3 (a) If X; = 1 (so that the true DGP includes only a constant) then E[SLiy1] =
A1+ Big1 + Ciqq, where

¢
1
Apr = Var(€t+1)—E Z Var(ej);

j=t—m+1
1 < SR
Biy1 = (Mt+1—ﬂm,t)2_a Z (Mj_:am,t)Qv where /_ﬁm,t:E Z His
Jj=t—m+1 i=t—m-+1
5 ¢
Cri = =
t+1 m Z COU(Ey,,@m)
j=t—m-+1

(b) If X¢ is a (k x 1) vector but p, = p and o2, = o2 Vt, and the researcher uses a split sample
forecasting scheme then E (ﬁmm) = A+ B+C, where

Ql @ el
[ T
o

3=
a N

4.1 Causes of forecast breakdowns

The decomposition in Proposition 3 allows us to group the possible causes of a forecast breakdown

(i.e., situations where the null hypothesis is not satisfied) in three categories:

1. Changes in variance. Component A captures changes in the variance of the disturbances
between in-sample and out-of-sample. An increase in the variance of the disturbances at
time t + 1 relative to the average variances of the in-sample disturbances will result in a
positive expected surprise loss. Note that changes in variance of opposite signs will cancel

out, and thus need not cause a forecast breakdown.
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2. Changes in mean. Component B captures differences between the mean of the variable at
time t 4+ 1 and the means of the in-sample observations. If the mean is constant in-sample,
Bi+1 equals the square of the forecast bias, and thus it is positive if any mean changes occur
at time ¢+ 1. Alternatively, if the mean is not constant in-sample, a positive surprise loss can
result if the time ¢ + 1 mean differs more from the means of the in-sample observations than
the in-sample means differ from each other. Note that, unlike the case for the variance, both

positive and negative changes in mean will result in a positive expected surprise loss.

3. Overfitting. Component C can be interpreted as a measure of “overfitting”, loosely defined
as a situation where a model has good in-sample fit because it captures the in-sample “noise”
more than it captures the “signal”. C measures the covariance between the in-sample dis-
turbances and the fitted values from the forecast model, and it is thus an indication of how
much the forecast depends on the particular set of in-sample disturbances. Part (b) shows
that if there are no changes in the data-generating process, C' = %Ug, and thus the amount

of overfitting increases as k, the number of parameters, increases.

4.2 Motivation of asymptotic framework

The decomposition in Proposition 3 helps us to further discuss the motivation for our test.

4.2.1 Overfitting

Suppose that there are no changes in the data-generating process, so that overfitting is the only
possible source of a forecast breakdown. In this case, from (a) we have E[SLi1] = 202, which
implies that E[SLy, ] = 202, Thus, the null hypothesis is satisfied in (a) when m — co. In fact,
overfitting is a small sample phenomenon, and when there is only one parameter to estimate with
an infinite amount of data (m — oo) then there is no overfitting. However, part (b) shows that
when there is either a large number of parameters to estimate or a small sample, i.e. % ~ ., then

our test has power against forecast breakdowns due to overfitting.

4.2.2 Structural breaks

Let us separately consider one-time and recurrent breaks in part (a) of Proposition 3.
(1) One-time break. Suppose there is a one-time break in the mean at date m + 7:

0 t=1,....m+7-1

Y=+, gy = { , €~ i..d.(0,02).

7 t=m-+r,...

Proposition 3 implies that E[SLy, ] = % ZZ:WIL(BHI +C441) = B+C, where B is the contribution

of the break in mean and C' the contribution of overfitting. We can show the following result.

11



Proposition 4

_ 1 /m?+3m+2\ ,
B = =

(@ L ()
- 2

b)) C = EJ?

The Proposition shows that, if - — =, a finite number, B — %71'_1[L2 and C — 0 as m,n —
00. In other words, the null hypothesis is not satisfied in the case of one time breaks, while the
contribution of overfitting dies out as the sample size increases. Our test is thus consistent against
alternatives for which there is a one-time break. If instead we let 7 — oo, we would have that
B — 0and C — 0 as n — oo, and thus the test would not capture the one-time break.

(2) Recurring breaks. Consider the case where the mean of the process switches between 0 and

W every T periods:

0 t=1,...,m32r+1,...,37;...

, &~ i.0.d.(0,02).
pw o t=7+1,....21;37r+1,...,47;...

E—m+%m—{

Suppose that there are § breaks in the sample, and for convenience assume that the total sample
size T is divisible by 7, so that T' = (§+1)7. From Proposition 3, we have as before that E[S Ly, ] =

B + C, but the expression for B is now different, as shown in the following proposition.

Proposition 5

8 m2+43m+2 2 :
@B - e ymsr
- _ _a2.2_3_ 4.3 2 3_ 2 2 .
%47’ 2m+4-6mT 3gnm2m A7°4+6mT /1,2—0—%27 3r;zn7; +m TMZ lfT <m <27
- 2
b C = —oi
m

If mn — oo, & — m, and 6 grows with n (and thus 7 is finite), result (a) implies that

B ~ %57r*1u2 is O(1), and our test is consistent against forecast breakdowns due to recurring
breaks. Also note that the average surprise loss is in expectation higher the larger the size p of the
break and the higher the number of breaks. From (b), we also see that the break in mean does not
alter the contribution of overfitting.

Proposition 5 implies that the severity of the forecast breakdown (i.e., the magnitude of the
expected surprise loss) induced by a forecast method that assumes a constant mean whereas the
mean is affected by recurring breaks (e.g., the data are generated by a Markov-switching process)
depends on the values of m and n. Figure 1 below plots the value of E[SLy,,] = B+ C as a
function of m when T'= 300, u = 1, 02 = 1 and when there are either 5 or 2 breaks (corresponding
to 7= 50 and 7 = 100).

INSERT FIGURE 1
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The figure shows that, if the data-generating process is affected by recurring breaks (e.g., the
data are generated by a Markov-switching process), the forecast method more likely to induce a
breakdown is one that assumes a constant mean and uses an estimation window equal to the length
of the stable period or smaller (in which case the effect of overfitting also comes into play). In other
words, if the estimation window is large enough to include the first break, the forecast method is

less likely to undergo a breakdown.

5 Monte Carlo evidence

In this section we investigate the power of our test against a variety of possible causes of forecast
breakdown, as well as the relationship between our test and other tests proposed in the literature.
As discussed in the previous sections, our test can capture changes in the data-generating process
over time and overfitting. That is, it has power in various dimensions, although, for the same
reasons, its power will be diluted relative to the most powerful in-sample test designed to capture
a specific alternative. Here we provide a simple Monte Carlo experiment to show that our forecast
breakdown test has power in all the aforementioned directions, and compare the power of our test
with the optimal tests for each alternative (when available) to evaluate the power loss. Through-
out, we consider the following tests: our forecast breakdown test, t,, » r; a representative test for
a structural breaks, the test proposed by Elliott and Muller (2003); and a forecast unbiasedness
regression test. The Elliott and Muller’s (2003) test is robust to the presence of multiple structural
breaks, and still has remarkably high power even in the case of a single break; it therefore provides
a natural benchmark for our analysis, where recurrent breaks are important.® Forecast unbiased-
ness regression tests regress the forecast error onto a constant; a zero constant implies that the
forecast is unbiased.” In the context of this Monte Carlo with a Mean Squared Error Loss function,
unbiasedness is one of the properties of an optimal forecast (cfr. Patton and Timmermann (2003)).
Unless otherwise specified, in what follows the number of Monte Carlo simulations is 5,000, and
the total sample size is T" = 300.
We analyze the following designs.

Design 1: A single structural break in the conditional mean. The DGP is the following:

ye=04-1(>T/2) + e (9)
5 Andrews’ (1991) and Andrews and Ploberger’s (1995) test results were qualitatively similar to those obtained by

using the Elliott and Muller’s (2003) test in the case of a single break, and are therefore not reported.
"We chose to implement a forecast unbiasedness test rather than a Mincer and Zarnowitz regression because the

comparison is between unconditional, rather than conditional, tests. The forecast unbiasedness test is based on the
same rolling forecasting scheme as that used for the ¢, n -~ rolling test, and utilizes the same correction proposed in

Corollary 2 of this paper to ensure good size properties.
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where ¢, ~ N (0,1). Note that in this design the conditional mean of the process changes in the

middle of the sample.
Design 2: A single structural break in the variance. The DGP is the following:
w=e a~NO1+8,1(t>T/2) (10)
In this case, the variance of the process changes over time.
Design 3: Model changing over time (misspecification). The DGP is the following:

Y = ﬁA‘1<t§T/2)+.Z't-1(t>T/2)+€t, (11)

Tt = PTe—1+ Ny

where €;,m, ~ N (0,1) are independent random variables, and p = 0.6. In this case, the model
changes over time; however, the two models are not nested so that the tests developed for structural
breaks are not optimal in this context. Nevertheless, tests for structural breaks might still be

powerful.
Design 4: Overfitting. The DGP is the following:
y =10+ e (12)

where ¢, ~ N (0,1), 8 = Ogx1), 7t is a (k x 1) vector of candidate explanatory variables, x; ~
Ny, (O(kxl), Ik), where 01y is a (k x 1) vector of zeros and Iy is a k-dimensional identity matrix.
Here, as k increases, the model used by the researcher progressively contains an increasing number

of insignificant parameters, which may deteriorate its forecasting ability.

In addition, we will consider the following designs for the case of multiple structural breaks:

Design 5: Two offsetting structural breaks. The DGP is the following:
y=0-1t<T/3)+P84-1(T/3<t<2T/3)+0-1(t>2T/3)+ ¢

where ¢, ~ N (0,1). This design has two offsetting breaks that may cause forecast breakdowns but,
at the same time, they are difficult to detect by using a simple forecast unbiasedness test as the

location of the breaks is such that the average forecast error bias is close to zero.

Design 6: Multiple structural breaks in the variance. The DGP is the following:
yr =€, e~N(0,14+06,4-1(60<t<120)+ [, -1(180 <t < 240)) (13)

In this case, the variance of the process experiences 4 breaks at regular intervals.
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INSERT FIGURES 2 AND 3, AND TABLES 1(a) AND 1(b)

For designs 1 to 4, Figure 2 compares the power functions of the following tests: Elliott and
Muller’s (1991) test, labeled “Flliott-Muller”;® our unconditional test tmn,r, labeled “t, , ;7; and
a forecast unbiasedness regression test, labeled “UNB”. Our Forecast Breakdown test, ¢y, n r, is
implemented with a rolling window with m = 100, and the forecast horizon is 7 = 1. Ideally, a
forecaster with a quadratic loss function would like to detect a deviation from the null hypothesis
of no forecast failure in all four cases. As Figure 2 shows, the Elliott and Muller’s test is powerful
against a single break in mean and model changing over time, but not a single break in the variance,
nor overfitting. Similar results are valid for forecast unbiasedness test regressions. Our test is
instead powerful in all cases. Table 1(a) shows that our t,,, - test has good size properties for
various values of m and n.

Table 1(b) reports instead the empirical sizes of our unconditional test ¢, r implemented with
a split sample (“tp, pr-split”) scheme and a forecast unbiasedness regression test (“UNB”) both
when the test statistic has been corrected by the value of \; as in Theorem (1), labeled “\;”, or
when there is no correction, that is A; = 1, labeled “not corrected”. The “not corrected” FFsplit
test is the same as Clements and Hendry’s (1998) forecast failure test, whereas the “not corrected”
unbiasedness test is the one usually used in the literature. The table shows that, unless 7 is really
small, there are big size distortions in the non-corrected test statistic, which can lead to either
under-rejections (for the unbiasedness test) or over-rejections (for the ¢, ,, r-split test) relative to
the nominal level. This conforms from our intuition from Theorem 1, as the correction factor \;
should be, in this case, (1 + 7), so that when 7 ~ 0 the corrected and the uncorrected test statistic
should be the same.

Figure 3 shows instead the results for designs 5 and 6. Again, a forecaster with a quadratic
loss function would like to detect a deviation from the null hypothesis of no forecast failure in both
cases. As Figure 3 shows, the Elliott and Muller’s test is powerful against multiple breaks in the
mean, but not breaks in the variance. Interestingly, unlike in the single break case, the forecast
unbiasedness test regressions have now no power against two offsetting breaks in the mean. They
also have no power against multiple breaks in the variance. Note that, instead, our #,, ,  test is
again powerful against all deviations from the null hypothesis.

We therefore conclude that our test is robust to all the causes of forecast breakdown listed
above, whereas the other tests are not, in particular they may lack power against overfitting and
a change in the variance. Elsewhere, we investigate an optimal test that combines power against

these different alternatives in an optimal way.

8Note that in this preliminary version of the paper, Elliott and Muller’s (2003) test is implemented with only up

to 10 regressors in design 4, as their critical values are provided only for those cases.
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6 Application: The Phillips curve and inflation forecast break-

downs

The Phillips curve inflation forecasting model has traditionally been a useful guide for monetary
policy in the United States, and its forecasting ability is thus of practical relevance. The model
relates changes in inflation to past values of the unemployment gap (the difference between the
unemployment rate and the NAIRU) and past values of inflation. However, the in-sample stability
of the Phillips curve relationship has been challenged by Staiger, Stock and Watson (1997), and its
forecasting ability further investigated by Stock and Watson (1999) and, more recently, by Fisher
et al. (2002). The latter show that the forecasting ability of the Phillips curve depends upon the
period. In particular, it appears to forecast well one year ahead during the 1977-1984 period, but
its predictive power breaks down in the 1993-2000 period. Thus, as an empirical application of the
methods proposed in this paper, we investigate the usefulness of the Phillips curve in forecasting
inflation at various horizons. We put a particular emphasis on the 12 months horizon considered by
Stock and Watson (1999), and consider whether the Phillips curve experienced forecast breakdowns
over that horizon over the past three decades.

Following Stock and Watson (1999), let 7} = (1200/h) In (P;/P;_1,) denote the h-period inflation
in the price level P; reported at an annual rate, m; denote monthly inflation at an annual rate at
time ¢ (m; = 7} = (1200)In (P;/P;—1)), and u; denote the unemployment rate. Then the Phillips

curve can be expressed as:
7 — =00+ 01 (L) ug + 02 (L) (1 — m—1) + epyn (14)

where 6 is a constant parameter that implicitly embodies a time-invariant NAIRU, and 6; (L) and
02 (L) are polynomials in the lag operator L with ¢, and g, lags, respectively.

When analyzing in retrospect whether unemployment was a useful predictor for inflation, it
is important to assess its actual predictive ability at the historic point in time, that is by using
only data that were actually available to the policymakers at that time. For example, Orphanides
(2001) and Ghysels et al. (2002) analyze the performance of monetary policy rules in the presence of
real-time data, and note their relationship with changes in the Fed Chairmen. For that reason, we
use real-time monthly data for the U.S. unemployment rate from the real-time database provided
by the Federal Reserve Bank of Philadelphia database. The data are discussed in Croushore and
Stark (2001), and are available from January 1947 to April 2004 at quarterly vintages starting from
November 1965. While the Federal Reserve Bank of Philadelphia also contains a real-time series of
consumer prices, unfortunately that is available only from the 1994 vintage, and is thus not useful
for our purposes of investigating the Phillips curve forecasting performance over the past three

decades. We use instead the real-time monthly database for consumer prices from the Swanson,
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van Dijk, and Callan dataset (available at http://econweb.rutgers.edu/nswanson/realtime.htm).
We focus on seasonally adjusted inflation, as in Stock and Watson (1999).° The data span from
January 1961 (with a first vintage in February 1978) until December 2001, and the time series for
inflation is depicted in Figure 4. Due to the data limitations, we restrict estimation from January
1978 (with a first vintage equal to the first available vintage, February 1978) until December 2001
using quarterly vintages.!?

The first four columns in Table 2 show the results. We report p-values for both the unconditional
(tm,n,r) and the conditional (W, y, - ) tests, where the latter includes a constant and one lagged value
of the surprise loss, SL;_1. m = 60, n = 95, and the forecast horizons are 7 = 3 and 12 months
(i.e. 1 and 4 quarters). ¢, and g, are, respectively, the number of lags used for unemployment
and inflation; the row labeled “BIC” reports instead results for the case in which the lag length
is determined at every time t by the Bayesian Information Criterion (since there are multiple
regressors, for computational reasons we followed the common practice to require all the regressors
to have the same number of lags). The one-step ahead forecasts begin in 1993:1 (the date has
been chosen to correspond to the change in monetary policy identified in Fisher et al. (2002)). As
the table shows, all the p-values are close to zero at a one year ahead horizon. In some cases, the
unconditional test instead does not reject the null of no forecast breakdown at the three month
horizon. Thus, the empirical results reported in Table 2 show that there is striking empirical
evidence in favor of a break in the predictive ability of the Phillips curve to predict inflation at the

12 months horizon in the last decade.

INSERT TABLE 2 AND FIGURE 4

Because of small sample concerns associated with the data available for the real-time forecasting
exercise, we also examine the forecasting performance of the Phillips curve by using finally revised
monthly data. That is, we consider the most recent observations collected by the Philadelphia
Fed (August 2004) for both seasonally unadjusted CPI and unemployment. The largest available
sample for both variables is from January 1948 until June 2004. The last two columns in Table 2

show the results. The first estimated regression is from 1959:1 to 1985:1 (similar results hold if the

’Note that Stock and Watson (1999) did not examine real-time data but, on the other hand, investigate many

other predictors that could help forecasting inflation beyond unemployment, not only unemployment, as we do.
'"The sample used in Fisher et al. (2002) begins in January 1977 and that used in Stock and Watson (1999)

begins in January 1959. Note that while in the real-time database unemployment is revised at a quarterly frequency,
data are still available at a monthly frequency. However, there will be many missing data if one tried to extend the
quarterly data to a monthly frequency. For this reason, we calculated the annualized inflation rate at a monthly
frequency, then used observations only for February, May, August and November, which correspond to the available

vintage quarters.
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first estimated regression is from 1959:1 to 1993:1). Both the unconditional and the conditional
tests signal a forecast breakdown at the one month horizon, and, in addition, the conditional test
signals a forecast breakdown at both the one quarter and the one year horizons. These results
confirm our previous findings with real time data, and point in the direction of the existence of a
forecast breakdown in the Phillips curve.

Given that our tests detected a forecast breakdown, we next proceed to empirically investigate
its possible economic causes. Fisher et al. (2002) argue that periods of low inflation volatility
and periods after regime shifts in monetary policy appear to be associated with the break in the
forecasting ability of the standard Phillips curve. Thus, we next analyze whether the forecast
breakdown of the Phillips curve could have been detected or predicted by using inflation volatility
and a measure of changes in the monetary policy behavior of the Fed. Inflation volatility is simply
estimated as the sample variance of inflation (using a rolling window estimator). As a measure of
changes in the monetary policy behavior of the Fed, we use rolling estimates of the coefficients of
the reaction of the Fed Fund Rate (FFR) on the deviation of inflation from its target level and
the unemployment gap in the New-Keynesian forward looking monetary policy reaction function
analyzed by Clarida et al. (2000). We recursively estimate by GMM the following moment condition

(which describes the Fed’s monetary policy reaction function):!!

E(ri—Q=p)[rr" = (8= 1) 7" + B +v20q] + p (L) 1e-1[Se) = 0 (15)

where 7y is the nominal FFR; 7, is the percentage change in the price level between periods ¢ and
t+ k (expressed in annual rates); x4 is a measure of the average output gap between period ¢ and
t+q, with the output gap defined as minus the percentage deviation between actual unemployment
rate and the corresponding target (in practice, the target is defined as a fitted quadratic function of
time); and 3y is the information set at time ¢. As in Clarida et al. (2000), p (L) = p; + pyL contains
two lags, rr* is the average FFR over the period, p = p (1), and the instrument set comprises a
constant and four lags of each of the following variables: inflation, the gap, the FFR, the commodity
price inflation, the spread between long-term bond rate and the three-month Treasury Bill rate.!?
The target horizon for both the inflation and the unemployment gaps is 1 quarter.

Since we recursively estimate the monetary policy reaction function to analyze whether forecast

"' The first estimation period starts in 1959:1 and ends in 1985:1.
2Unlike in Clarida et al. (2000), the long-term bond rate used here is not FYGL because that series has been

discontinued. Our proxy for the long-term bond rate is instead the ten-year monthly rate of interest on government
securities provided by the Fed (we checked that in the overlapping portion with FYGL the data look similar). Similar
problems lead us to choose the 3-month U.S. Treasury Bills quoted on the secondary market as a proxy for the
3-month Treasury Bill rate. Finally, for commodity prices we used n.s.a. CPI for all items all urban consumers
(U.S. city average) and we collected data for M2 from the Federal Reserve Board database. To make our notation
consistent with that in Clarida et al. (2000), we denote the degree of inflation aversion by 8. Thus, while in the

previous sections § denoted a generic coefficient, in this section § will denote the Fed’s inflation aversion.
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breakdowns can be linked to changes in monetary policy behavior, we need a long sample. In fact,
historically, the Chairmen of the Fed were Burns and Miller from 1960:1 to 1979:2, Volker from
1979:3 to 1987:7 and Greenspan from 1987:7 onwards. Also, as argued in Clarida et al. (2000),
“...the sample must be sufficiently long in order to identify the slope coefficients in the policy
reaction function as well as the target inflation rate. In fact, estimating the rule over a short
sample with little variability in inflation can yield highly misleading results” (cfr. p. 154). Thus,

we will address this issue by using finally revised data only.'?
INSERT FIGURE 5

Figure 5 shows rolling estimates of the structural parameters in the monetary policy reaction
function of the Fed. We use an estimation window m = 132 (which is the number of observations
for the first regression, from 1959:1 to 1979:1, which corresponds to the Burns-Miller period).
Even though our database is different from Clarida et al. (2000), our estimates of the structural
parameters are similar to theirs, and are also in line with those in Orphanides (2001). In fact, g3
changes from being approximately 1 in the 1959:1-1979:1 to being approximately 2 in the second
part of the sample, and similar considerations hold for the other parameters except p, which we
find is slightly higher than in Clarida and Gali (2001) in both sub-samples.

We next proceed to use these estimates as explanatory variables and investigate whether they
are useful to predict the inflation forecast breakdown. Table 3 shows estimates of the following
equations:

SLitr =060, + 610 +€rp (16)

where hy is either 3;, 5, Py, or ﬁfm (the rolling estimates of the parameters in (15) and of the
inflation volatility, Ei’t), and 7 = 1, 3, 12 months. The table reports estimates of the coefficient
61, as well as (in parentheses) the p-values associated with testing whether &3, equals zero.!* For
comparison purposes, the table also reports the values of the ¢, , » test (which correspond to the
case in which eq. (16) contains only the constant, 8 ). It is clear that the degree of inflation

targeting smoothing operated by the central bank (p,) and the degree of inflation volatility (Efr’t)

3Note the different treatement of inflation in the forecasting exercise and in the estimation part: in the forecasting
exercise, we impose a unit root, whereas in the estimation of the monetary policy reaction function we use inflation
in levels. The reason is that imposing a unit root can help in forecasting (see Rossi (2005)), but in the estimation
we follow Clarida et al. (2000) and let GMM estimate the degree of serial correlation in inflation. These authors
provide a variety of reasons why this is sensible (mainly the fact that stationarity of the inflation rate is a property
of many of the theoretical models that rationalize the use of the kind of monetary policy reaction function analyzed

by Clarida et al. These authors do not provide robustness checks when the inflation rate is constrained to be I(1)).
"The test statistic is implemented with a Newey and West (1987) HAC estimator with a bandwidth equal to

(r—=1).
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have a significant impact in explaining the out of sample forecast breakdown at the 12 month
horizon, whereas inflation volatility and the degree of the Fed’s risk aversion to the unemployment
gap (7,) are significant at the one month horizon. To conclude, we also consider estimating eq.
(16) with a constant and all the rolling estimates of the parameters of the monetary policy reaction
function of the Fed and jointly test their significance. The column labeled “Joint” reports the
values of the Wy, ,, » test statistic (p-values in parentheses). It is clear that these variables were

jointly significant at conventional significance levels for all horizons.
INSERT TABLE 2

Since we found significant economic predictors of future surprise losses, we next proceed to use
this information to predict future surprise losses under different scenarios for horizons up to 12
months starting from the last estimation period (July 2004). Results are shown in Figure 6. The
figure plots estimates of the forecast losses together with 95% standard error bands under various
scenarios: one in which the Fed’s aversion to inflation (measured by ) is higher than the one
estimated in June 2004, one in which the Fed’s reaction to the output gap is lower (measured by
v), and finally one in which the degree of interest rate smoothness decreases (the smoothness is

measured by p). This exercise is performed as follows. First, we estimate the following regression:

SLtJrT — 50,7’ + {atvﬁtvabﬁt},&lﬂ' (17)

where a; is the rolling estimate of the constant term in eq. (15). We consider the estimated values
of these parameters in 2004:6, which are, respectively: {0.04, 0.77, 2.86, 0.98}. Then we fix all of
them at their estimated values except one, which we modify according to the chosen scenario. We
finally forecast the future losses by substituting these values back into eq. (17).!5 The exercise is
plausible because the estimated parameters in the Fed’s reaction function are structural parameters
(cfr. Clarida et al. (2000)).

In the first scenario, we consider a path in which 5 becomes 0.83 (Figure 6, panel (a)) or 2.15
(Figure 6, panel (b)), which are, respectively, the average values estimated by Clarida et al. (2000)
for their Pre-Volker (1960:1-1979:2) and their Volker-Greenspan (1979:3-1996:4) sub-samples (see
also Figure 5). This scenario corresponds to an increase in inflation aversion in the Fed’s preferences,
which could cause a Fed’s tighter monetary policy that would not simply be the Fed’s reaction to
a higher future expected inflation rate. The increase is mild in the first case and large in the
second case, as the most recent estimate is 0.77. Figure 6 shows that the forecasted surprise losses

are significantly different from zero at horizons of six months and beyond in the first case, and

> The 95% standard error bands are calculated by using a HAC (with (h — 1) bandwidth) estimate of the variance

of the residuals of eq. (17) and then using a normal approximation, as discussed in Section 3.
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after one month in the second case. This result confirms our intuition, as we would expect more
evidence of forecast breakdown for larger changes in the monetary policy behavior. In a second
scenario, depicted in Figure 6, panel (c), we consider a situation in which v decreases from 2.86 to
0.93, the value estimate by Clarida et al. (2000) for the (1979:3-1996:4) period, and corresponds to
lower sensitivity to the output gap. In this case, there is no evidence of forecast breakdown at any
horizon. Similar results hold if we let 7 be equal to the value estimated by Clarida et al. (2000)
during the Pre-Volker period. Finally, in Figure 6, panel (d), we show a scenario corresponding
to a lower interest rate smoothing (p decreases from 0.98 to 0.79). In this case, there is striking

evidence of forecast breakdown at most horizons.

INSERT FIGURE 6

7 Conclusions

This paper proposed a new method to both detect and predict forecast breakdowns. Regarding the
detection of forecast breakdowns, we showed that our test can capture recurrent changes in the
data generating process and overfitting. Regarding the prediction of future forecast breakdowns,
our test has the potential to uncover significant predictors that provide signals of future forecast
breakdowns.

Among the advantages of our test, we note that the framework is very general and allows for
very general estimation and forecasting procedures, as well as forecasters’ loss functions; it is very
easy to implement; and it captures a variety of causes of forecast breakdowns. At the same time,
while the test has power against many possible causes of forecast breakdown, it is not necessarily the
most powerful test against each of them. Also, in relation to this issue, while our test provides a first
step in detecting and predicting forecast breakdowns, an important question that arises when the
researcher finds predictive breakdown is: “what are the causes of predictive breakdown, and what
to do next?”. Deriving such optimal tests and providing insights on the causes of the predictive
breakdown is an interesting avenue for future research, and is currently under investigation by the
authors.

We applied the test to detect and predict forecast breakdowns in the U.S. Phillips curve in the
past three decades. Our results substantiate the finding by Fisher et al. (2002) that the monetary
policy conduct of the Fed as well as inflation variability were significant predictors of the inflation

forecast breakdown.
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Appendix. Proofs

Notation and definitions. Let

T
=012 N SL,=FTn
j=m+1

T
and Ay, =n~Y/? Z Hy,
j=m+1

and let superscripts rec, roll or split denote the method used, so that:

sz (B) = i (B) - ZL“ (5:).
st (B) = £ (B )—%‘ Z ) (B.), and
s (3) = e (3) - %i":w ().

j=1
where we allow the possibility that the in-sample loss may be different from the out-of-sample loss,
and that the in-sample loss used for evaluation may be different from the loss function used in the
estimation of the parameters (.

Direct calculations show that

Al = Ais+A0057

—1/2 7
A’is = n / a; 1i87
—1 2./
Apos = / aOOSIOOSa
A = nil/Qa;Lh,

where 1%, 1°°¢ and h are vectors that contain the time series observations of the in-sample loss, the
out-of-sample loss, and the hj}s
lis = [lls ésa ceey '7;;917 '7;;91-‘,-17 77}1,—1—2 lis]/;

_ 00S 00S8 00S8 00Ss 00s 00s
[19°%, 19 1995,

loos sy bm 9y 419 Y425 -

h = [hl,hg,...,hm,hm+1,hm+2,...,h’]‘];

Instead, the exact expressions for a’

Lo Abos, Ay depend on the type of estimator used and are given

below:

Recursive case:

rec __
a, ;- = [_am,Oa —Qm,0; -+ — Om,0, —Qm,1, —Am2; .-+ — am,n]a
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a™ =[0,0,...,0,1,1,..1]’;

008

azec = [am,Oy Am,05 +--Am,0, Am,1, Am,2, -‘-am,n]Q
- 1 1 1
where @, ; = <m+j T et T>

Rolling case, m < 1:

roll 1 2 non n m+n—(m+1) m+n—(m+n-—1)
ais = [__7__7 T Ty T Ty ey T Ty T eee T ]7
m m m m m m m
n terms m—n terms n—1 terms
roll
aoos - [9707 70707 707 17 71 ]7
m terms n—1 terms
roll 1 2 n n n (n—1) 1
ah = [_7_7"’7_7_7”'7_7 ) _]7
m m m m m m m
N e’ N N ——
n terms m—n terms n—1 terms
Rolling case, m > 1:
g s
roll 1 2 (m—1) m m m-—1 1
ais = [__7__7"'7_—7__7 _17"'7_1 7__7_—7"'7__];
m m m TN, N — e’ m m T)’lj
n—m—1 terms
m terms m terms
roll __ .
ar! =0,0,...,0,1,...,1,1,...,1];
m terms n—1 terms
roll 1 2 m m (m—1) 1
arl = — = 21 E e—];
m' m  m —— m m m
v n—m—1 terms
) m terms m terms
Split sample case:
lit n n n
alPlit — [ _—  —— 0,0.0 ;
m  m M, N——
R (n—1) terms
m terms

asPlt —10,0,..0,1,1,..1];

a? = [1,1,...1,0,0,..0].

Note that under Hy we are in a covariance stationary framework. As in West (1996), we take a
mean value expansion of SL; (Bt) around % (the proof is similar to that provided in West (1996),
eq. (4.1), and is therefore omitted):

n2[SLy(B,) — E (SLy)]

T T
n~ V2N [SLy(B7) — E(SL))+ FBn ™2 Y~ Hy + 0, (1)
t=m+1 t=m+1

Aoos + Ais + FBAh

which shows that n*/2[SL,(3,) — E (SL;)] is ultimately a function of Iy = I, (%) and hy = hy (3%).
Let Ty, (k) = E(w; — E (wy)) (2e—1 — E (2:_1)) where w; and z; can be either 1i", 19°° or hy,
and let Sy, =3 70 Tws (k).
In what follows, we will use the following Lemma 1, whose proof follows from the fact that the
covariances are absolutely summable, and the particular structure of the problem:

Lemma 1. ﬁ Yoo (A% = Aipz) Tz (k) — 0 as m,n — 00, where Ay, = Z;F:,Hl Ay (5) Az (9).
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Lemma 2.

T T T
23T e - B VY (L - E (L)) 2 Y B AN©O,V),
t=m-+1 t=m-+1 t=m+1

where L is the average in-sample loss at time t evaluated at 3*, the X's have been defined in

Theorem 1, and
AoosSoos Aoos,isSoos,is  Moos,hS00s,h
V= Noosis (Soos,is)’ NisSis Nis,hSis,h
Noos.h (Soosh) Nish (Sisn) AunShn

Proof. By definition, Cov (Ay, A,) = n1 Z;‘:;i(T_l) L. (k) di, where d}’* = Z;‘szﬂ Ay (5) Az (J — k).
It follows from Lemma 1 that Cov (Ay, A,) = )\wz% Z;i(Tfl) Lz (k) +0p (1) = Az Swz. We pro-
ceed by analytically calculating \,,, for each type of estimator and for w, z = [**,1°°% h. Note that
in the special case where the loss function used for in-sample and out-of-sample evaluation is the
same, we need only Cov (Ajs + Apos) = Var (Ais) +Var (Aoes) + 2Cov (Ais, Avos) = NiSi, where S
is the long run variance of the losses, [ = [** = [°°°, and this case will be separately calculated as
well.

(i) Recursive case:

rec _

ais - [_am,Oa _am,07 -+ = am,0, _am,la _am,27 e T am,n]a
rec __ /.

arec = [0,0,...,0,1,1, ..1];
rec __

" = [am,Oy am, 0y ---Am,0, Am,1, Am,2, -‘-am,n]

. o —1larectyrec . —1 2 n 2
)"LS =N "a; is TV <ma’m,0 + Zj:l am,j)

a’
ages =n"" (n)

__ —1lgrecs
)‘008 =n aoos

A =n~taledale = nl (mafmo +>0 afn’j)

)\is,oos = n—la;’seclaggg =n"! (_ Z;}:I am,j)

Nish = nila;ﬂsec’azec =n1 (—mam,o — Z?:l afn’j> = —Couv (Ajs, Ais)
)\oos,h = n—lazec/aggg - nil (Z;}:I am,j) = —Cov (Ai87 AOOS)

Direct calculations show that:'6

n~! D1 my =1 — a7 In (1 +7),

n-1 Z?:l a72n7j ~ 92 [1 —7 1 In(1+ 77)] —71n? (1 + ),

Am,0 >~ In (1 + )

Thus:

' These approximations follow from the same calculations as in West (1996):
n~t Dy Gm = n 'Yl ~ 7 (n—1) —mIn(m+n—1) + mlnm] = n"'[(n — 1) — mIn (2E2=L)] ~

j=1 m+j
1—7tn(1+m)

2
D DA :nflzyzl( ol m%k) ~n [P n? (ﬁ;) ~2[1—7'In(1+m)] -7 *In* (14 )
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s =n"t (ma?n,o +> a?n,j) =2[1—7'In(1+m)]

Aisoos = — [1 =7 1In (1 + )]

Nig,h = —2 [1 — 7 In(1+ 77)]

Xoos,h = [1 —7 1 In(1+ 77)}

In the special case where the loss function used for in-sample and out-of-sample evaluation is
the same: N =2[1 -7 tln(14+m)]+1-2[1-7a'In(1+7)] =1

(ii) Rolling case, 7 < 1:

Note that: ZJ-Z:W j2 o~ % (23 —W?3) and ZJ-Z:Wj ~ % (22 — W?) . Therefore:

Nis =n ! [2 Z?:_ll (;%)2 + 1+ (m—n) (%)2} ~ o — ir?

Moos =N H(n—1)~1

An = Var (Ajs) = 7 — 3

Ais,o0s = —1 ! 2?2—11 <;%> ~ 1

Xisy = —Var (Ais) =~ —m + 272

Aoos,h = —Cov (Ais, Agos) =

In the special case where the loss function used for in-sample and out-of-sample evaluation is
the same: \; ~ 1 — %772

(iii) Rolling case, 7™ > 1:

Nis =n~1 [2 Py (;%)2 +(n—m-— 1)} ~1—gn !

Moos =1 H(n—1)~1

A =Var(Ais) =1— %ﬂfl

Nis,o0s = N1 [— (n—m-—1)— Z;n:l (;%)} ~ -1+ %77_1

Aish = —Var (Ais) = — (1 — 3771

Aoos,h = —Cov (Ajs, Agos) =1 — 2771

In the special case where the loss function used for in-sample and out-of-sample evaluation is
the same: \; ~ %ﬂfl

(iv) Split sample case:

Nis =n"im (%)2 ~

Aoos = 1
A\, =71
Nis,00s = 0
Ais,h = —1
Aoos,h = 0
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In the special case where the loss function used for in-sample and out-of-sample evaluation is

the same: \; ~1+7 m
Proof of Theorem 2. From Lemma 2, we have

nY/2 ST (B) - B (SL(5)]

T T
_ [17 —1,FB] [n71/2 Z [ltoos _ E(ltoos)] ’n71/2 Z [L;S _ (Lzs n~ Y2 Z Ht /
t=m+1 t=m+1 t=m+1
SN0, 0%,
where
Uzn,n = /\oosSoos + )\isSis + )\thBSth,F, + /\oos,is (Soos,is + S(/)os,is) +

Aoos,h (Soos,hB,F/ + FBS(/)os,h) + Ais,h (SisvhB/F/ + FBSZ{SJZ) ’

and the asymptotic normality follows from McLeish (1975) and Wooldridge and White (1988), as

in West (1996). m

Proof of Theorem 1. It follows directly as a special case of Theorem 2. m
t

Proof of Proposition 3. (a) E[SL;41] = + Z [E(Yir1 — Bp)? —E(Y; — B,)?) =

j=t—m+1
t
> [MSE®s — MSE]. We have
j=t—m-+1
2
R 1 <
MSE™ = Var | Y- — Y Y|+ [E Yipr = — DORY =
Jj=t—m-+1 j=t—m+1
2
- 1
Var(eg1) + Var — Z g |+ o1 = — Z I
j=t—m+1 j=t—-m+1
: 1 < 1 < ’
MSE" = Vm‘(Yj—— > Y;)+<E<Yj—— > Y)) =
m i=t—m-+1 m i=t—m-+1

t

. 2
Var(ej) + Var (l Z a) — ZCov(sj,Bm) + (uj - % Z ui> ,

(-] i=t—m+1
from which the proposition is easily verified.
(b) That A;+1 = Biy1 = 0 immediately follows from above. Collect €; and X; into the vector
and matrices € and X. Note that:
MSE" = 8% = Le'e — 2L/ X (3x'X) " LX'e + (B, - u), (£X'X) (B — 1) = &e'e -
€

1 1 -11 1 1 11 1 1 (1 !
2LleX (Lx/X) ' Lxe 4 Lox (Lx/X) N Lxre = Lefe - L (WX'5> (+x'X) 7" (FpXe)
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E(MSEZS) =0’-0o E(Xk) (1—%) o2,
E (MSE®$) = o2
k 2

E (MSE® — MSE™) = £52 m

Proof of Proposition 4. (a) From Proposition 3

1=t 1=t 1 t
=2 =2
" Z By = n (g1 = Tim,)” — m Z (K5 = Pam)”| (18)
t=m t=m j=t—m+1

where fi,, ; = L

i=t—m+1
.
0 t<m+4+T1-1
t
Tt 1 Z p=mrtlly b r <t <2m47-2
j=m+T1
I t>2m+1-—1
0 t<m+7-1
(Mj_ﬂm,t)g (p— 2t )? m4 7T <t <2m+7-2 ;
0 t>2m+717—1
(
0 t<m+7-1
i zt: (H . )2 2m+:n—t—l<t—m;'r+lu)2+
. P o "o
\ 0 t>2m+71-—1
.
0 t<m-+71-—-2
2
_ i t=m+71—-1
(/"Lt+1_/"bm,t)2 - t—m—7+1, \2
(u ) mAT <t <2mA4T1—2
0 t>2m+717—1
We therefore have
( 0 t<m471—2
2 t=m+71—-1
Bt+1 — (N t—m— T+1M)2( t— mmT+1) ,
2m+7—t1(tm-r+lu) m+7§t§2m+7'—2
0

t>2m—+717—1

2m—+1—2
_ 1 t—m—-7+1 t—m-—1+1 2m+71—-t—-1t-m—-7+1
n {M + t_Zﬂ‘H—T [(,u m m( m ) m ( m " }}’
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which simplifies to (a).
¢

t
(b) Coy1=2 Z Cov(ej, By) = 2 Z Var(e;) = 202 and thus C = 202, =
j=t—m+1 j=t—m+1
Proof of Proposition 5. (a) From Proposition 3,
= 1 t
_ B ~
B = n Z (1 — :U’m,t) T m Z (M] - Mm,t) )
t=m j=t—m+1
t
where fi,, ; = % Z ;- We have that
i=t—m-+1
0 t=m
¢
% Zu:t_—mu m+1<t<2m-—1
j=m+1
I t=2m
2m
i =4 & >, p=3tu 2m+1<t<3m—1
j=t—m-+1
0 t=3m
t
% u:%u Im+1<t<4m-—1
j=3m+1
\
and thus
0 t=m
m ) t
w2 EE Y e-EEw mtl<t<am-d
j=t—m+1 j=m+1
0 t=2m
1 t [ om t , i
_ _ 3m—t
— 3 )= R | D (e Y Cm2) om 1<t <dm-1
j=t—m+1 | j=t—m+1 j=2m+1 |
0 t=3m
I 3m ) t i
LSy BBy N (- EEm)?| 3m+ 1<t <dm—1
| j=t—m+1 j=3m+1 |
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Further,

u2 t=m

(n—E2u)? m+1<t<2m-—1
w2 t=12m

(Mt+1_ﬁm,t)2: (37:;7_;)2,&2 2m+1<t<3m—1
I t=3m

(p—53mp)2 3m+1<t<dm-—1

which implies
M2 t=m
GOm0 2 oyl <t <2m—1

2 t=2m

By = W,ﬁ 2m+1<t<3m -1
,u2 t=3m
AmO(m=20),2 3 41 <t < 4m -1
We thus have
(k+1)m—1
_ 1 [(k+ 1)m — t][(2k + 1)m — 2t]
Bo ey s - .
k=1 t=km+1
1) Ak 43 (k4+1)m—1 (k+1)m—1
= - S +Z m—1)(k + 1)(2k + 1) — — poy t+mu2 > £21@9)
=1 t=km+1 t=km+1

Using the fact that Z t= b+1) (a—bja 1) and that Z 2 = b+1)(2b+1) (“_1)“6(2'1_1) and simplifying

t=a
terms gives the results in (a).

(b) Same as Proposition 4 (b).
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Figure 1. Expected surprise loss in the presence of recurring breaks
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Notes to Figure 1. The figure plots the expression for E[SL,, ] derived in Proposition 5 as a function of

m when T'= 300, u =1, 0’? and 7 = 50, 100 (corresponding respectively to 5 and 2 breaks). The vertical

line in each panel is the first break date.
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Figure 2. Monte Carlo comparison of power functions (single break)
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Notes to Figure 2. The figure shows power functions of the following tests: Elliott and Muller’s (2003)

test, labeled “Elliott — Muller”

i

our unconditional test ¢, n - (implemented with a rolling window with

m = 100, n = 300, 7 = 1), labeled “t,,  +”; and a forecast unbiasedness regression test, labeled “UN B”.
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Figure 3. Monte Carlo comparison of power functions (multiple breaks)
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Notes to Figure 3. The figure shows power functions of the following tests: Elliott and Muller’s (2003)
test, labeled “Elliott — Mwuller”; our unconditional test ¢, n » (implemented with a rolling window with

m = 100, n = 300, 7 = 1), labeled “t,, +"; and a forecast unbiasedness regression test, labeled “UN B”.
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Figure 4. Inflation with real-time data
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Time

Notes to Figure 4. The figure shows seasonally adjusted inflation at the monthly frequency.

Figure 5. Rolling estimates of the structural

parameters of the Fed’s reaction function

constant

0
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Notes to Figure 5. The figure shows rolling estimates of the structural parameters in the monetary policy

reaction function of the Fed, eq. (15).
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Figure 6. Forecasted surprise losses under different scenarios.

Figure 6(a). The Fed’s higher inflation Figure 6(b). The Fed’s higher inflation
aversion scenario (5 = 0.83) aversion scenario (8 = 2.15)
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Figure 6(c). The Fed’s lower sensitivity Figure 6(d). The Fed’s lower interest
to the output gap scenario (y = 0.93) rate smoothing scenario (p = 0.79)
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Notes to Figure 6. The figure shows forecasted surprise losses for the out-of-sample period at various
forecast horizons, from one to twelve months (corresponding to the period 2004:7-2005:6) under: the Fed’s
higher inflation aversion scenario (3 = 0.83 — i.e. Pre-Volker — panel (a), and 8 = 2.15 — i.e. (1979:3-
1996:4) — panel (b); our most recent rolling estimate is § = 0.77), the lower sensitivity to the output gap
scenario (v = 0.93, panel (c) — the current estimated value is 2.86), and the lower interest rate smoothing
(p = 0.79, panel (d) — the current estimated value is 0.98) together with 95% standard error bands. For

visual comparison purposes, we also plot a horizontal line at zero. Here, we used q, = ¢ = 3.
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Table 1(a). Size of Forecast Breakdown test

Elliott-Muller tmn,r UNB
m n T seq. split roll roll
100 33 0.330 0.055 0.095 0.094 0.093 0.058
100 50 0.500 0.052 0.073 0.073 0.070 0.059
100 100 1.000 0.047 0.060 0.056 0.054 0.051
100 150 1.500 0.054 0.056 0.056 0.059 0.051
100 200 2.000 0.050 0.048 0.047 0.062 0.051
100 300 3.000 0.049 0.049 0.0563 0.072 0.050
150 50  0.33 0.048 0.081 0.081 0.077 0.059
150 75 0.5 0.049 0.065 0.065 0.063 0.055
150 150 1 0.055 0.055 0.055 0.054 0.049
150 225 1.5 0.048 0.053 0.052 0.059 0.051
150 300 2 0.050 0.0563 0.051 0.063 0.054
150 450 3 0.054 0.057 0.050 0.076 0.057
200 67 0.34 0.046 0.066 0.064 0.063 0.051
200 100 0.5 0.046 0.061 0.059 0.056 0.051
200 200 1 0.041 0.055 0.057 0.063 0.054
200 300 1.5 0.053 0.055 0.056 0.055 0.046
200 400 2 0.050 0.051 0.052 0.052 0.043
200 600 3 0.053 0.052 0.046 0.063 0.053
300 100 0.33 0.054 0.068 0.067 0.068 0.054
300 150 0.5 0.050 0.054 0.054 0.055 0.050
300 300 1 0.049 0.054 0.053 0.058 0.051
300 450 1.5 0.049 0.055 0.054 0.056 0.047
300 600 2 0.048 0.047 0.048 0.057 0.048
300 900 3 0.049 0.057 0.056 0.063 0.053

Note to Table 1(a). The table reports empirical size of the following tests: Elliott and Muller’s (2003) test,
labeled “Elliott — Muller”; our unconditional test ¢, n  implemented with either a sequential (“seq”),

a split sample (“split”) or a rolling (“roll”) scheme; and a forecast unbiasedness regression test, labeled

“UNB” .
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Table 1(b). Size of Forecast Breakdown test

tm,n,r-split UNB

m n 7 Al not corrected il not corrected
100 100 1 0.058 0.173 0.054 0.019
100 150 1.5  0.052 0.210 0.055 0.004
100 200 2 0.054 0.268 0.05 0.001
100 300 3 0.052 0.325 0.053 0
150 150 1 0.056 0.168 0.051 0.016
150 225 1.5  0.049 0.217 0.053 0.002
150 300 2 0.052 0.261 0.051 0.001
150 450 3 0.050 0.328 0.049 0
200 67 0.335 0.076 0.114 0.056 0.054
200 100 0.5  0.060 0.119 0.058 0.047
200 200 1 0.055 0.176 0.056 0.018
200 300 1.5 0.053 0.217 0.049 0.004
200 400 2 0.051 0.269 0.046 0.001
200 600 3 0.050 0.329 0.054 0
300 100 0.333 0.063 0.100 0.056 0.050
300 150 0.5 0.055 0.117 0.052 0.040
300 300 1 0.053 0.172 0.050 0.016
300 450 1.5  0.056 0.220 0.050 0.005
300 600 2 0.056 0.260 0.045 0.001
300 900 3 0.050 0.330 0.049 0
500 167 0.334 0.055 0.090 0.052 0.048
500 250 0.5 0.058 0.113 0.052 0.038

Note to Table 1(b). The table reports empirical size of our unconditional test ¢, » - implemented with
a split sample (“tp, pn,--split”) scheme and a forecast unbiasedness regression test (“UNB”) both when the
test statistic has been corrected by the value of A; as in Theorem (1), labeled “A\;”, or when there is no

correction, that is A\; = 1, labeled “not corrected”.
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Table 2. P-values of Forecast Breakdown tests

Real-time data Revised data
Qu  Gr tmnr Wmnr tmns Wmnr
T= 1 month horizon
1 1 - - - - 0.037  0.004
1 3 - - - - 0.093  0.016
3 1 - - - - 0.061  0.007
3 3 - - - - 0.134  0.026
BIC - - - - 0.102 0.0121
T=3 1 quarter horizon
1 1 0 0 0.408  0.000
1 3 0.585  0.000 0.474  0.000
3 1 0.477  0.440 0.568  0.000
3 3 0.595  0.011 0.643  0.001

BIC 0.882  0.088 0.621  0.000

T=12 1 year horizon

1 1 0.001  0.004 0.238  0.001
1 3 0 0 0.454  0.006
3 1 0.002  0.008 0.818 0.001
3 3 0.001 0 0.962  0.009
BIC 0.001 0 0.644  0.002

Notes to Table 2. The table reports p-values for both the unconditional (¢, ) and the conditional
(Winn,r) tests. The Wy, p, » test is implemented with a constant and one lagged value of the surprise loss,
SLi_1. We used m = 60, n = 95 in the real-time data case, and m = 241 and n = 546 in the revised
data case. The forecast horizons are 7 = 1, 3 and 12 months (note that real-time data are available only
at a quarterly frequency, so in that case only results for 7 = 3 months (1 quarter) and 7 = 12 months
(4 quarters) are reported). ¢, and g, are, respectively, the number of lags used for unemployment and for
inflation; the row labeled “BIC” reports results for the case in which the lag length is determined at every ¢
by the BIC with a maximum of three lags. The one-step ahead forecasts begin in 1993:1 (the date has been

chosen to correspond to a change in monetary policy according to Fisher et al. (2002)).
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Table 3. The conditional Forecast Breakdown test with monetary policy

and inflation variance explanatory variables, eq. (16).

tmn,r Winnr
T Qu (qr Bt Vi Pt Joint 83r,t
1 1 1 2090 228 -1.828 -19.770 16.88 0.991
(0.04) (0.17) (0.01) (0.60) (0.00) (0.00)
13 1678 2348 -1.612 -6.484 14.09 0.860
(0.09) (0.16) (0.02) (0.86) (0.00) (0.02)
3 1 1875 2306 -1.712 -13.957 14.97 0.947
(0.06) (0.17) (0.01) (0.71)  (0.00) (0.01)
3 3 1500 2354 -1.513 -1.977 12.68 0.830
(0.13) (0.16) (0.03) (0.96) (0.00) (0.02)
BIC  1.633 2186 -1.654 -6.272 14.15 0.830
(0.10) (0.19) (0.02) (0.87) (0.00) (0.02)
3 1 1 0828 1806 0.404 114.281 4.64 1.478
(0.41) (0.57) (0.76) (0.11) (0.03) (0.01)
13 0716 1837 0.267 1224 5.68  1.482
(0.47) (0.55) (0.84) (0.08) (0.02) (0.01)
3 1 0570 1.651 0.568  128.8 481  1.464
(0.57) (0.61) (0.67) (0.08) (0.03) (0.02)
3 3 0464 1.657 0415 136.1 5.93  1.467
(0.64) (0.60) (0.75) (0.06) (0.01) (0.01)
BIC 0494 1.608 0.642 1414 5.72  1.363
(0.62) (0.62) (0.63) (0.05) (0.02) (0.02)
12 1 1 1180 1304 0.105 199.5 10.84 1.389
(0.24) (0.76) (0.95) (0.03) (0.00) (0.01)
13 0749 1639 0417 192.0 9.03 1.143
(0.45) (0.69) (0.81) (0.03) (0.00) (0.04)
3 1 0230 0.679 0863 2565 12.03 1.328
(0.82) (0.88) (0.66) (0.01) (0.00) (0.04)
3 3 -0.048 0.960 1.108 2509 11.78 1.117
(0.96) (0.83) (0.55) (0.01) (0.00) (0.07)
BIC 0462 0903 0.789  246.5 11.61 1.261
(0.64) (0.84) (0.68) (0.01) (0.00) (0.04)
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Notes to Table 3. The table reports the empirical results for the estimation of equation (16). The first
regression dates have been selected according to the findings in Fisher et al. (2002). The regressions for the
Forecast Breakdown test Wy, , r contain a constant and each of the following regressors: SL; (the lagged
value of the surprise loss), Bt, V¢, Py (the rollingly estimated structural parameters in the monetary policy
reaction function of the Fed), and a‘fr’t,l (the inflation volatility). The column labeled “Joint” reports
instead the joint test on a constant and all the parameters Bt, ¢, Pg- P-values of the Wi, p, - test statistic
(with a HAC bandwidth equal to (7 — 1)) for testing whether the explanatory variable is insignificant are
reported in parentheses. For comparison purposes, we also report results for the unconditional ¢, n - test.
qy and g are, respectively, the number of lags used for unemployment and for inflation; rows labeled “BIC”
report results for the case in which the lag length is determined at every ¢ by the BIC with a maximum of

three lags. The horizons are one month (7 = 1), one quarter (7 = 3), and one year (7 = 12).
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