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Abstract

This paper demonstrates how high-frequency data may be used in more effectively measuring

and modeling the systematic risk(s) in factor pricing models. Based on a 7-year sample of

continuously recorded US equity transactions, we find that simple and easy-to-implement time

series forecast for the high-frequency-based factor loadings in the three-factor Fama–French

model gives rise to more accurate factor representations and improved asset pricing predictions

when compared to the conventional monthly rolling regression-based estimates traditionally

employed in the literature, in turn resulting in more efficient ex post mean-variance portfolios.

As such, the methodology proposed in the paper holds the promise for important new insights

concerning actual real-world investment decisions and practical situations involving risk

management.
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1. Introduction

The advent of high-frequency transactions, or tick-by-tick, prices for a host of

different financial instruments have spurred a renewed interest into improved measure-
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ments of financial market volatility.2 The basic intuition is straightforward. By

summing high-frequency squared returns, it is possible to more accurately measure

the ex post realized volatility over a fixed time interval.3 Doing so, a number of new

and interesting empirical regularities have emerged. In particular, consistent with

earlier results related to the foreign exchange market in Andersen et al. (2001a),

the study by Andersen et al. (2001b) finds that the realized daily volatilities for the 30

stocks in the Dow Jones Industrial Average are approximately log-normally distributed

with apparent long-memory dependencies, while the returns standardized by their

realized volatilities are close to Gaussian.

Meanwhile, from a pricing perspective only the systematic, or the nondiversifiable,

portion of the volatility should be priced. Asset pricing models allowing for time-

varying CAPM betas or multi-factor loadings based on ARCH type formulations that

explicitly incorporate conditional information variables have previously been estimated

by Bollerslev et al. (1988), Ball and Kothari (1989), and Braun et al. (1995) among

others. These studies generally find that explicitly allowing for temporal variation in

the factor loading results in statistically significant and economically important

improvements in the performance of the models.

Building on these ideas, the present paper demonstrates how the systematic risk in

standard multi-factor asset pricing models may be assessed more accurately through

the use of high-frequency data and realized volatility measures.4 For concreteness, we

focus on the Fama and French (1993) three-factor model, but the methodology is

general and could be applied in the measurement of standard CAPM betas, or factor

loadings in other ICAPM or APT type models based on factor replicating portfolios.

The three-factor Fama–French model was originally motivated by the empirical

findings in Fama and French (1992, 1993) of anomalous high historical returns for small

firms with high book-to-market values. In addition to the excess return on the market

portfolio, MKT, the systematic risks in the model are captured by the two additional

SML and HML zero-cost factor mimicking portfolio returns. As such, the model

represents a generalization of the standard CAPM model. The SMB portfolio returns

are defined by a zero net investment long in small and short in big capitalization stocks,

while the HML factor is given by a portfolio long in high book-to-market, or value

stocks, and short in low book-to-market, or growth stocks. The empirical validity of the

Fama–French model, and the economic justification behind the three factors, have been
3 This is distinctly different from the earlier contributions by Merton (1980) and Nelson (1990), establishing

that the point-in-time, or spot, volatility in continuous time diffusions may be estimated arbitrarily well by

appropriately filtering sufficiently high-frequency returns. The practical implementation of such filters is severely

hampered by market microstructure frictions.
4 The idea of utilizing high-frequency based realized volatility measures in calculating realized CAPM betas

and loadings in multi-factor pricing models was initially suggested in the concluding remarks by Andersen et al.

(2001b). However, the actual empirical analysis in that paper does not explore such measures, let alone any

pricing implications.

2 An incomplete list of these studies include Andersen et al. (2001a, 2003b), Andreou and Ghysels (2002),

Bai et al. (2000), Barndorff-Nielson and Shephard (2001, 2002a,b), Dacorogna et al. (2001), Meddahi (2002), and

Taylor and Xu (1997); see also Andersen et al. (2003a) for a recent survey of the literature.
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the subject of an intensive debate in the asset pricing literature over the past decade.5

However, due to the limited 7-year time-span of high-frequency data available for our

empirical analysis, the present paper should not be viewed as a direct contribution to

that literature per se. Rather, the paper simply illustrates the feasibility of using the high-

frequency data in more effectively measuring and modeling the temporal variation in the

factor loadings in a realistic empirical setting.

In this regard, the recent empirical evidence in Ferson and Harvey (1999) based on

various economy-wide variables intended to capture changes in the investment

opportunity set, strongly suggest that the factor loadings in the Fama–French model

are indeed time-varying. Similarly, Lettau and Ludvigson (2001) report strong

evidence in favor of time-varying factor loadings when conditioning on the aggregate

consumption–wealth ratio. However, exactly which conditioning variables to include

when implementing a particular model are not clear.6 Meanwhile, as long as the

factors fully characterize the investment opportunity set, the use of higher frequency

data and corresponding realized factor loadings provide a simple way to more

effectively deal with this conundrum.

To facilitate comparisons with the extant empirical literature, we focus on a 1-

month return horizon and the pricing of the 25 size and book-to-market sorted

portfolios first analyzed by Fama and French (1993). The pricing of these same 25

portfolios has been the subject of numerous subsequent empirical studies (e.g., Daniel

and Titman, 1997; Fama and French, 1996; Ferson and Harvey, 1999; Harvey and

Siddique, 2000; Hodrick and Zhang, 2001; Lettau and Ludvigson, 2001, among many

others), and as such they form a natural test case for assessing the usefulness of the

high-frequency data within a common framework. Although direct comparisons with

other existing methods is limited by our relatively short 7-year time span of high-

frequency data, we find that the return predictions utilizing the high-frequency realized

loadings systematically outperform the conventional monthly rolling regression esti-

mates traditionally employed in the literature in terms of a series of ex post statistical

tests and implied mean-variance portfolio decisions.

The plan for the rest of the paper is as follows. Section 2 starts with a brief

discussion of a general factor pricing model and the theory used in formally justifying

our notion of realized factor loadings. Section 3 contains a discussion of the high-

frequency data and procedures employed in the construction of the portfolio returns

and realized factor loadings, including a simple adjustment procedure to account for
6 As discussed by Hansen and Richard (1987) in the context of a general dynamic asset pricing model, the

use of too coarse an information set may formally invalidate the model. The results in Ghysels (1998) also call

into question the usefulness of poorly estimated time-varying factor loadings when empirically implementing

factor pricing models.

5 For instance, in a series of subsequent papers Fama and French (1995, 1996, 1998) and Davis et al. (2000)

have argued that by including the additional two risk factors the size and value premium largely disappears. Direct

criticism of these empirical findings centering on survivorship and data-snooping biases include Berk (2000),

Daniel and Titman (1997), Kothari et al. (1995), and Wang (2000). Possible theoretical linkages between the

Fama–French factors and the underlying economic state variables have been pursued by Brennan et al. (2002),

Gomes et al. (in press), and Liew and Vassalou (2000); see also Cochrane (2001) for a recent textbook discussion.
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nonsynchronous trading effects. This section also presents standard summary statistic

for the monthly realized portfolio returns and factor loadings for the 25 test portfolios

and the three-factor Fama–French model over the 7-year (1993–1999) sample period.

Section 4 details the accuracy of several different procedures for forecasting the

monthly factor loadings, followed by a comparison of the resulting asset prices and

mean-variance efficient portfolios. Section 5 concludes with some suggestions for

future research.
2. Theory

The true exposure of a particular financial asset to a specific source of systematic

risk is generally latent. However, under suitable assumptions about the underlying

return generating process, the corresponding factor loading(s) may in theory be

estimated arbitrarily well through the use of sufficiently finely sampled high-frequency

data. This section briefly formalizes this idea and also discusses the setup employed in

the actual empirical implementation.

2.1. Factor pricing models and realized loadings

Let rt + 1u p(t + 1)� p(t) denote an N� 1 vector of discretely sampled continuously

compounded one-period returns from time t to t + 1. Following common practice in the

empirical asset pricing literature, assume that the underlying discrete-time return generat-

ing process takes the form of a k-factor model,

rtþ1 ¼ ltþ1jt þ btþ1jtVftþ1 þ�
1=2
tþ1jtetþ1; t ¼ 0; 1; . . . ; T � 1; ð1Þ

where the k� 1 vector of excess factor returns or systematic risks, ft + 1u v(t+ 1)� v(t),

and the N� 1 vector of idiosyncratic risks, et + 1, are conditionally uncorrelated, and

otherwise satisfy Et(et + 1) = 0, and Et(et + 1et + 1V) = I. Note that the N�N conditional

covariance matrix, 6t + 1jt, is allowed to depend nontrivially on the time t information

set. The factor loadings are then formally defined by,

btþ1jt u Covtðftþ1; ftþ1Þ�1 � Covtðftþ1; rtþ1Þ; t ¼ 0; 1; . . . ; T � 1: ð2Þ

Also, the absence of arbitrage implies that (see, e.g., Cochrane, 2001; Hodrick and Zhang,

2001),

Etðrtþ1Þ ¼ i� rft þ btþ1jtVKtþ1jt; t ¼ 0; 1; . . . ; T � 1; ð3Þ

where Kt + 1jtuEt( ft + 1), i denotes an N� 1 vector of ones, and rft refers to the one-period

risk-free rate.
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Now suppose that finer sampled h-period returns, rt + ih,hu p(t + ih)� p(t+(i� 1)h),

i = 1, 2, . . ., 1/h, are available, where for notational simplicity we assume that 1/h is

an integer. Moreover, assume that the intraperiod returns adhere to the same factor

structure as in Eq. (1) with constant intraperiod drift, factor loadings, and covariance

matrix. That is,

rtþih;h ¼ ltþ1jt � hþ btþ1jtVftþih;h þ�
1=2
tþ1jtetþih;h; t ¼ 0; 1; . . . ; T � 1;

i ¼ 1; 2; . . . ; 1=h; ð4Þ

where ft + ih,hu v(t+ ih)� v(t+(i� 1)h), et + 1u et + h,h + et + 2h,h. . . + et + 1,h, and Et+(i� 1)h

(et + ih,h) = 0.
7 The temporally aggregated one-period returns defined by Eq. (4), rt + h,h +

rt + 2h,h. . .rt + 1,h, is obviously identically equal to rt + 1 defined by Eq. (1). As previously

noted, the most popular discrete-time asset pricing models employed in the literature

may be represented in this form. In particular, the standard CAPM model obtains for

k = 1 and ft + 1 equal to the instantaneous return on the market portfolio, while the Fama–

French model underlying the empirical analysis below corresponds to k = 3 with the

addition of the returns on the size and book-to-market factor representing portfolios.

The conditional betas, or factor loadings, in Eqs. (1) and (4), are, of course, not directly

observable. However, the elements in bt + 1jt may in theory be estimated arbitrarily well

through the use of increasingly finer sampled high-frequency returns. Specifically, let

½v; v	tþ1 ¼
X

i¼1;...;1=h

ftþih;h ftþih;hV; t ¼ 0; 1; . . . ; T � 1; ð5Þ

and

½v; p	tþ1 ¼
X

i¼1;...;1=h

ftþih;hrtþih;hV; t ¼ 0; 1; . . . ; T � 1: ð6Þ

The OLS estimate obtain from the multiple regression of rt + ih,h on ft + ih,h,

b̂tþ1 ¼ ð½v; v	tþ1Þ
�1½v; p	tþ1; t ¼ 0; 1; . . . ; T � 1; ð7Þ

then converges in probability to the k�N bt + 1jt matrix of conditional factor loadings for

h! 0 under standard assumptions. Note, the jth column in b̂t + 1 is simply equal to the

coefficients in the standard univariate regression of the intraperiod returns for the jth asset

on the corresponding intraperiod returns for the k factor representing portfolios. Following

the recent literature on quadratic variation and related volatility measures (e.g., Andersen
7 The general continuous time analogue of the factor representation in Eq. (1) would have lt, bt and Xt

continuously varying within the period. The assumption of constant within period factor loadings directly

parallels the (implicit) assumption underlying the monthly rolling regression-based estimates for beta traditionally

employed in the empirical asset pricing literature (e.g., Fama and MacBeth, 1973).
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et al., 2002a, 2001a, in press; Barndorff-Nielson and Shephard, 2002a,b; Comte and

Renault, 1998; Meddahi, 2002), we will refer to these one-period estimates constructed

from the high-frequency intraperiod returns as realized factor loadings.8

Although the regression estimates in Eq. (7) converges to the true (latent) factor

loadings for infinitesimally small h, data limitations invariably put an upper bound on

the highest empirically feasible sampling frequency. The next section discusses these

issues as they relate to the actual stock return data employed in the empirical

analysis.
3. Data and measurements

We begin this section by a brief discussion of the data sources and pertinent

market microstructure issues involved in the construction of the high-frequency-based

factor loadings. We then turn to a discussion of the resulting monthly realized factor

loadings and monthly returns for the three-factor Fama–French model and the 25

select size and book-to-market sorted portfolios.

3.1. High-frequency data and nonsynchronous trading

The data sources include the Trade And Quote (TAQ), Center for Research in

Security Prices (CRSP), Compustat, and CRSP/Compustat merged datasets. All of the

databases are maintained by the Wharton Research and Data Services (WRDS). The

TAQ database is issued by the New York Stock Exchange, and contains intraday

trades and quotes for all securities listed on the NYSE, AMEX, and NASDAQ stock

markets. We rely on the consolidated trade database in extracting individual stock

prices. The availability of the TAQ database limits our empirical analysis to the

January 1993 through December 1999 time period.

The consistency results in the previous section dictates that the returns be measures over

infinitesimally small time periods. Of course, in actuality financial prices are only available

at irregularly spaced discrete time intervals. Moreover, there is a clear tendency for the

observed prices to cluster at discrete price points (see, e.g., Bollerslev and Melvin, 1994;

Hasbrouck, 1999; Hausman et al., 1992). Such market microstructure ‘‘frictions’’ impor-

tantly limit the efficiency of any realized volatility and related factor loadings constructed

from the actual high-frequency data. A large and rapidly growing literature has sought to

better characterize the general impact of these effects along with practical ways in which best

to deal with the complications that arise in specific applications for different markets (see

e.g., Andersen et al., 2000; Andreou and Ghysels, 2002; Bai et al., 2000; Barucci and Reno,

2002; Corsi et al., 2001; Epps, 1979; Lundin et al., 1999; Zhou, 1986; Zumbach et al., 2002).

We will not pursue a thorough comparison of these alternative high-frequency-based

realized volatility measures here.
8 The estimate for bt + 1jt defined by Eqs. (5)– (7) may alternatively be justified by the theory of quadratic

variation along with an auxiliary assumption about the intraperiod continuous time dynamics underlying the

discretely sample one-period returns in Eq. (1); see Zhang (2002) for further details.
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Instead, following the analysis in Andersen et al. (2001b) of realized volatilities for

individual stocks constructed from the TAQ database, we simply rely on interpolated

5-min equally spaced returns for all of our calculations.9 Specifically, we record

transaction prices for each of the individual stocks at each 5-min interval starting from

09:30 AM EST until 16:00 PM EST, by using the price of the trade at or immediately

proceeding each 5-min mark.10 With 79 5-min return observations per day, this results

in more than 20,000 time series observations per stock per year over the 7-year

sample. As in earlier studies in the literature, we only include firms with positive book

values and at least 2 years of Compustat history.11 On average, this leaves us with

about 6400 stocks per year, for a total of close to one billion (7� 20,000� 6,400) 5-

min return observations.

The 5-min continuously compounded returns on the market portfolio, MKT, are

constructed as the logarithmic transform of the value-weighted percentage returns

across all of the stocks. Following the approach in Fama and French (1993), the

excess returns for the HML and SMB factor representing portfolios are defined by the

return differential between the six portfolios grouped according to the individual stocks

book-to-market ratios and their market capitalization. The returns on the 25 book-to-

market and size-sorted test portfolios are calculated similarly.

Although the most liquid stocks in our sample generally trade multiple times within

each 5-min interval, some of the less liquid stocks may not trade for up to an hour or

longer. As such, the 5-min portfolio returns are clearly susceptible to nonsynchronous

trading effects. It is well known that such effects may systematically bias the estimates

of the factor loadings from traditional time series regressions like Eq. (7) above.

Several different adjustment procedures have been proposed in the empirical asset

pricing literature for dealing with this phenomenon over coarser daily and monthly

frequencies (see, e.g., Andersen, 1991; Campbell et al., 1997, for a review of some of

the classical studies in this literature). In particular, under the simplifying assumption

that the trading intensity and the true latent process for the returns are independent,

the one-factor CAPM adjustment procedure first proposed by Scholes and Williams

(1977) works by accumulating additional leads and lags of the sample autocovariances

between the returns and the market portfolio.12 Adapting the Scholes–Williams

procedure to a multi-factor framework, our empirical variation and covariation
11 The book-to-market calculations are based on the Compustat and CRSP merged datasets. Stock splits and

mergers are accounted for in the overnight returns, but dividends are excluded.
12 The independence assumption is obviously a simplification. It would be interesting, but also

computationally much more demanding, to explore more complicated adjustment procedures which break this

link.

9 We also experimented with the use of coarser 10-, 15- and 30-min raw returns in calculating the realized

volatilities and factor loadings. However, we found the results based on the 5-min returns coupled with the

Scholes–Williams adjustment procedure discussed below to be preferable. Details of these results are available in

Zhang (2002).
10 Alternatively, we could have used the mid-point of the actual bid-ask quotes prevailing at each 5-min

mark. However, the quotes are clearly not updated continuously, and will often be quite stale. Moreover, the

quotes are also subject to strategic positioning by the dealer(s). Nonetheless, it is certainly possible that further

experimentation along these lines may result in even better empirical results than the ones reported in Section 4.
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measures for the factors and the returns are based on the following generalizations of

Eqs. (5) and (6),

hv; vitþ1 ¼
X

j¼�L;...;L

X
i¼1;...;1=h

ftþih;h ftþð1�jÞh;hV� 2Lh
X

i¼1;...;1=h

ftþih;h

0
@

1
A

�
X

i¼1;...;1=h

ftþði�jÞh;h

0
@

1
AV t ¼ 0; 1; . . . ; T � 1; ð8Þ

and,

hv; pitþ1 ¼
X

j¼�L;...;L

X
i¼1;...;1=h

ftþih;hrtþð1�jÞh;hV� 2Lh
X

i¼1;...;1=h

ftþih;h

0
@

1
A

�
X

i¼1;...;1=h

rtþði�jÞh;h

0
@

1
AV t ¼ 0; 1; . . . ; T � 1; ð9Þ

respectively, where L denotes the maximum lag length included in the adjustment, and

h = 1/(22� 79)c 5.75� 10� 4 corresponds to our choice of intraday 5-min returns and

a 1-month return horizon. The realized factor loadings are then simply obtained by

direct substitution of h,it + 1 in place of [,]t + 1 in Eq. (7). Note that for L= 0 the

expressions in Eqs. (8) and (9) reduces to the standard expressions in Eqs. (5) and (6)

underlying the conventional unadjusted OLS regression estimates.

In the empirical results reported on below we chose a lag window of L= 12, or

1-h. This particular choice of L was motivated by visual inspection of the adjusted

factor loadings, which showed little sensitivity to the choice of L beyond that lag. To

illustrate, Fig. 1 plots the average factor loadings across the full sample associated

with the MKT, SML and HML factor representing portfolios for the test portfolio

termed 11 as a function of the lag length, L. Portfolio 11 (discussed in more detail in

the next section) consists of the stocks in the smallest size and lowest book-to-market

quintiles, and as such is among the test portfolios most prone to nonsynchronous

trading effects. Nonetheless, it is evident from the figure that the average loadings for

all three factors stabilize fairly quickly, and is very close to the average full-day lag

79 adjusted loadings for L around 12. A similar picture emerges for all of the other

portfolios with the convergence to the full-day average occurring even faster (smaller

values of L) in most other cases. We next turn to a discussion of the realized factor

loadings for the three-factor Fama–French model and the 25 portfolios obtained by

implementing this procedure.

3.2. Fama–French realized portfolio returns and factor loadings

The gains associated with the use of the high-frequency data in more accurately

measuring and forecasting the realized factor loadings invariably depend upon the quality



Fig. 1. The figure plots the average Scholes–Williams adjusted factor loadings for portfolio 11 as a function of

the lag adjustment, L= 0, 1, 2, . . ., 40, 79, as formally defined in Eqs. (7)– (9) in the main text. The sample consist

of 5-min returns spanning the period from January 1993 through December 1999.
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of the corresponding asset pricing model. The empirical results in the extant literature

discussed above suggest that the asset pricing anomalies related to size and book-to-market

largely disappear within the context of the three-factor Fama–French model. As such, this

particular model and the 25 test portfolios sorted on the basis of firm size and book-to-market

ratios provide a natural setting for evaluating the improvements afforded by the high-

frequency-based factor loadings.

Following standard convention in the literature, we number the 25 portfolios from 11 to

55, with the first and second index referring to the size and book-to-market quintiles,

respectively. The average monthly percentage returns and realized volatilities, or monthly

standard deviations, over the 7-year (1993–1999) sample period are given in Table 1. All of

the average returns are positive, and except for the highest book-to-market portfolios,



Table 1

Monthly portfolio returns

Low 2 3 4 High

Mean returns

Small 0.765 1.654 1.527 1.826 1.853

2 1.308 1.202 1.223 1.082 1.208

3 1.243 1.171 1.169 1.005 1.333

4 1.564 1.010 1.030 0.988 0.890

Big 1.630 1.284 1.323 1.287 1.075

Realized volatility

Small 4.407 3.779 3.104 2.750 2.773

2 5.152 3.758 2.951 2.769 3.144

3 5.201 3.674 3.167 3.010 3.170

4 5.248 3.565 3.294 2.933 2.824

Big 4.179 3.794 3.841 3.697 3.484

The table reports the average monthly percentage returns and realized volatility for the 25 size and book-to-

market sorted portfolios over the January 1993 through December 1999 sample period. The realized monthly

volatilities are reported in standard deviation format, and constructed from the summation of the squared 5-min

returns and the 1-day lead-lag autocovariances.
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slightly higher than the returns over the longer 1963–1991 time period analyzed in Fama

and French (1993). In contrast to the earlier results, the cross sectionally averages no longer

show a clear-cut pattern in regards to the size and book-to-market characteristics. As noted

by Cochrane (2001), among others, small company stocks with low book-to-market ratios

did relatively poorly during most of the 1990s, in effect reversing the size premium. Also, in

a reversal of the value premium, growth stocks (low book-to-market value) in the largest size

quantile did better than value stocks (high book-to-market value) of the same size.

Meanwhile, the average realized volatilities over the recent 7-year period are generally in

line with the long-run historical sample standard deviations, with the portfolios in the lowest

book-to-market quintile exhibiting the highest average return volatility.

The reversal of the size and value premiums is also evident from the average monthly

returns on the HML and SMB zero investment portfolios. Whereas both exhibit positive

average returns over the longer historical sample, the average monthly percentage returns

over the 7-year time period analyzed here are � 0.107 and � 0.122, respectively. Of

course, this does not invalidate the explanatory power of the three-factor Fama–French

model. Indeed, as noted below, the model still yields an average R2 in excess of 50% for

explaining the cross-sectional differences in the monthly returns across the 25 portfolios—

more than twice the average R2 for the standard one-factor CAPM over the same time

period. Also, the average R2 for the 25 time series regressions of the portfolio returns on

the three factors exceeds 85%. These results are directly in line with the results reported in

the existing literature based on longer historical samples.

Turning to Table 2, Panel A reports the monthly sample means for each of the 25

realized portfolio loadings. The average loadings for the SMB factor systematically

decrease with the size of the portfolio, while the average realized loadings for the HML

factor increase with the book-to-market ratio. No apparent pattern is evident in the

loadings association with the return on the market portfolio, MKT.



Table 2

Realized factor loadings

Panel A: sample means

Low 2 3 4 High

MKT

Small 0.869 1.099 0.990 1.063 1.099

2 1.093 0.973 0.932 0.875 1.020

3 1.074 0.936 0.933 0.887 1.039

4 1.115 0.874 0.894 0.853 0.816

Big 0.959 0.956 1.027 1.058 1.000

SMB

Small 1.001 1.133 1.000 1.042 1.072

2 1.065 0.923 0.848 0.801 0.899

3 0.834 0.743 0.716 0.656 0.715

4 0.520 0.362 0.385 0.332 0.213

Big � 0.202 � 0.192 � 0.209 � 0.140 � 0.204

HML

Small � 0.187 0.243 0.378 0.600 0.727

2 � 0.388 0.047 0.358 0.424 0.608

3 � 0.439 0.082 0.316 0.425 0.656

4 � 0.471 0.075 0.293 0.412 0.502

Big � 0.439 0.024 0.367 0.585 0.782

Panel B: sample standard deviations

MKT

Small 0.181 0.105 0.102 0.120 0.125

2 0.109 0.090 0.080 0.075 0.095

3 0.135 0.114 0.102 0.136 0.125

4 0.115 0.107 0.114 0.116 0.105

Big 0.068 0.103 0.134 0.113 0.132

SMB

Small 0.278 0.177 0.140 0.179 0.188

2 0.201 0.162 0.143 0.126 0.152

3 0.247 0.205 0.176 0.201 0.225

4 0.253 0.173 0.177 0.175 0.178

Big 0.113 0.137 0.165 0.149 0.219

HML

Small 0.288 0.233 0.231 0.198 0.217

2 0.192 0.209 0.173 0.164 0.205

3 0.335 0.218 0.171 0.244 0.349

4 0.281 0.239 0.246 0.250 0.289

Big 0.182 0.247 0.269 0.272 0.279

(continued on next page)
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Panel C: first-order autocorrelations

Low 2 3 4 High

MKT

Small 0.294 0.065 0.317 0.477 0.302

2 0.199 0.172 0.244 0.453 0.434

3 0.360 0.492 0.617 0.512 0.208

4 0.310 0.237 0.368 0.360 0.287

Big 0.359 0.553 0.301 0.329 0.320

SMB

Small 0.312 0.101 0.109 0.170 0.026

2 0.345 0.115 0.365 0.288 0.130

3 0.654 0.541 0.420 0.302 0.115

4 0.300 0.217 0.200 0.227 0.279

Big 0.409 0.136 0.125 0.167 0.429

HML

Small 0.306 0.134 0.252 0.232 0.128

2 0.379 0.367 0.203 0.352 0.172

3 0.470 0.298 0.166 0.378 0.086

4 0.279 0.551 0.520 0.483 0.222

Big 0.567 0.691 0.255 0.597 0.246

Panel A reports the average realized factor loadings for the three-factor Fama–French model for each of the 25

size and book-to-market sorted portfolios over the January 1993 through December 1999 sample period. Panel B

gives the corresponding sample standard deviations, while Panel C reports the first-order sample autocorrelations.

The realized factor loadings are constructed from high-frequency 5-min returns as discussed in the main text of

the paper.

Table 2 (continued)
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The monthly sample standard deviations reported in Panel B suggest that the

realized factor loadings also vary importantly through time, with the loadings for the

largest low book-to-market portfolios generally being the least variable. The existence

of important temporal variation in the factor loadings is further underscored by the

first-order sample autocorrelations reported in Panel C.13 In spite of the limited 84-

month sample, the vast majority of the autocorrelations are statistically significant

when judged by the usual asymptotic Bartlett standard error band. Similarly, Ljung–

Box portmanteau tests for up to 10th order serial correlation (available upon request)

are significant for the vast majority of the portfolios. The positive own serial

correlation is also manifest in the time series plots for the realized factor loadings

for portfolio 55 given in Fig. 2. Even though the inherent measurement errors result in

somewhat erratic month-to-month realized factor loadings, an underlying systematic
13 As discussed in Section 3.1, the 5-min realized factor loadings are invariably subject to measurement

errors. This will inflate the reported standard deviations in Panel B, and result in a downward bias in the sample

autocorrelations in Panel C. It would be interesting, but beyond the scope of the present paper, to formally assess

the magnitude of the measurement errors in the present context (Bai et al., 2000; Barndorff-Nielson and Shephard,

2002a,b; Meddahi, 2002, all provide important theoretical results for the case of scalar realized volatility

measures).



Fig. 2. The figure plots the realized Scholes–Williams adjusted factor loadings (based on the inclusion of 12 leads

and lags) for portfolio 55. The sample spans the 84-month time period from January 1993 through December

1999.
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temporal pattern is evident for all three risk factors. Similar results hold true for the

other portfolios.

The realized factor loadings are, of course, only observable ex post. The results in

the next section demonstrate that a simple AR(1) time series model for the high-

frequency factor loadings effectively smoothes out the measurement error, and gives

rise to more accurate forecasts and statistically significant lower pricing errors when

compared to the conventional monthly rolling regression-based estimates traditionally

employed in the literature.
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4. High-frequency factor loadings and asset pricing

The discussion in the previous section illustrated how high-frequency data may be used

in an actual empirical setting for more accurately measuring systematic factor risk

exposures. This section goes one step further and asks the question: do the high-

frequency-based measures give rise to more accurate predictions of the future factor

loadings and statistically significant improvements in terms of asset pricing predictions

and corresponding better economic decisions? We begin by a discussion of our four

different return-based forecast procedures for the factor loadings—two based on monthly

return observations only, two directly utilizing the high-frequency measures.

4.1. Predicted factor loadings

Our first procedure takes the factor loadings to be constant and equal to the conven-

tional regression estimates based on 5 years of monthly observations at the beginning of

the out-of-sample forecast comparison period.14 We will refer to these constant factor

loadings by the acronym CON. We also experimented with the loadings estimates based

on the monthly return observations over the full sample. Of course, from a forecasting

perspective these are formally in-sample estimates, and would not actually be available

until the end of the sample period. Nonetheless, very similar results to the ones reported

below for the CON procedure were obtained using these estimates. Details of these results

are available upon request.

The 5-year rolling regression-based estimates advocated by Fama and MacBeth (1973),

and adopted in numerous subsequent studies, allows the betas to change every month as

new return observations replace the return observations at the start of the sample. In the

discussion below, we will refer to these conventional rolling regression-based estimates by

the acronym RR (for a more formal analysis of this procedure, see also Foster and Nelson,

1996). As previously noted, on utilizing this procedure along with the actual realized

factor returns, the time series average of the 84 monthly cross-sectional R2’s for explaining

the variation in the returns across the 25 portfolios equals 0.529, whereas the average R2

from the 25 time series regressions equals 0.856.

As a simple benchmark, our first high-frequency-based procedure takes the forecast for

the next month to be equal to the current month’s realized loadings. These forecasts would,

of course, be optimal in a mean-square-error sense if the time series of realized factor

loadings followed a Random Walk (RW), or martingale, model. We consequently refer to

this procedure as the HF-RW-based forecasts.

Our second, and final, high-frequency procedure is based on the one-step-ahead

forecasts from a set of AR(1) models for each of the different loadings and portfolios.

The estimates of the models are based on a rolling 24-month sample, leaving us with an
14 In order to implement these regressions, and the rolling regressions discussed below, we augmented the

January 1993 through December 1999 high-frequency data, with 5 years of monthly returns on the 25 portfolios

and three factors from January 1988 through December 1992. These portfolio and factor returns are available

from Kenneth French’s website, http://web.mit.edu/kfrench/www/data_library.html.

 http:\\web.mit.edu\kfrench\www\data_library.html 
 http:\\web.mit.edu\kfrench\www\data_library.html 


Table 3

Factor loading forecasts

CON RR HF-RW HF-AR

MKT

Bias � 0.071 � 0.039 0.001 0.007

MSE 0.039 0.026 0.017 0.012

MAE 0.157 0.125 0.100 0.086

SMB

Bias 0.065 0.009 0.003 0.025

MSE 0.066 0.046 0.049 0.033

MAE 0.201 0.165 0.170 0.140

HML

Bias 0.095 0.059 0.004 0.035

MSE 0.072 0.067 0.061 0.045

MAE 0.211 0.202 0.186 0.161

The table reports the average forecast errors for forecasting the monthly realized factor loadings across the 25

portfolios and the 5-year out-of-sample period from January 1995 through December 1999. The predictions

labeled CON takes the factor loadings to be constant and equal to the conventional 5-year monthly regression-

based estimates at the beginning of the sample. RR refers to the 5-year rolling regression estimates. HF-RW

assumes that the high-frequency-based realized factor loadings follow a random walk, or martingale, model. The

HF-AR predictions are based on a set of rolling AR(1) models estimated over the previous 24 months. The rows

labeled Bias, MSE, and MAE give the average errors, the average squared errors, and the average absolute errors,

respectively.
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out-of-sample forecast comparison period covering the 60 months from January 1995

through December 1999. Consistent with the significant autocorrelations reported in Table

3, the vast majority of the parameter estimates for the 3� 25� 60 = 4500 different AR(1)

models are statistically significant at standard levels.15 In addition to these rolling AR(1)

models, we also experimented with the forecasts based on a set of ARMA(1,1) models

estimated over the full in-sample period.16 The basic findings, available upon request,

were very similar to the ones reported below for the AR(1) models. Meanwhile, more

complicated dynamic time series models, possibly allowing for asymmetries in the

relationship between the past returns and the future factor loadings, may give rise to

even better predictions (Ball and Kothari, 1989; Braun et al., 1995; Cho and Engle, 1999,

have previously documented statistically significant temporal variation and important

asymmetries in CAPM betas, while Zhang, 2002, provide complementary evidence for

asymmetric market risk exposure based on the same type of high-frequency measures

utilized here). To keep the comparisons simple, we purposely do not pursue any of these
15 In order to account for the small sample biases in the estimated AR(1) coefficients, we follow the classical

procedure of Orcutt and Winokur (1969) in basing our model predictions on the adjusted coefficients

(Nu
ˆ
+ 1)(N� 3)� 1, where N= 24, and u

ˆ
denotes the OLS estimate. Details of the estimates are available upon

request.
16 The ARMA(1,1) formulation is consistent with the assumption that the true latent loadings follow an

AR(1) model, but that the (observed) realized loadings are equal to the true loadings plus an independent

measurement error.
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more complicated model specifications here. Of course, the relatively short 7-year time

span of high-frequency data also limits the scope of such investigations.

Turning to the results, Table 3 reports the average bias (Bias), average squared error

(MSE), and average absolute error (MAE), using each of the four procedures for

forecasting the monthly realized loadings. The errors are averaged across the 25 size

and book-to-market sorted portfolios and the 60-month out-of-sample period. The loadings

associated with the market return, MKT, are generally the most accurate. Not surprisingly,

the constant factor loadings (CON) result in the largest average Biases, MSEs and MAEs

of all the procedures. The MSEs and MAEs for the RR and HF-RW procedures are fairly

close. The one-step-ahead AR(1) forecasts systematically result in the lowest MSEs and

MAEs for all of the factor loadings. Intuitively, the HF-AR-based procedure more swiftly

adjusts to changes in the underlying market conditions.

This is further illustrated in Fig. 3, which plots the RR- and HF-AR-based loadings for

each of the three factors with respect to portfolio 55. As seen from the figure, the

sensitivity to the MKT factor measured by the RR procedure starts out at a relatively high

value of 1.3, but eventually adjusts to a value around unity, consistent with the predictions

by the HF-AR procedure. Similarly, the two SML loadings start out at very different

values, only to converge at the end of the sample. Meanwhile, the ordering of the RR- and

HF-AR-based loadings for the HML factor is reversed halfway through the sample. These

particular results are, of course, specific to portfolio 55. However, equally pronounced

(albeit qualitatively different) orderings obtain for the other portfolios.

It would be interesting to relate the documented temporal dependencies in the high-

frequency return-based factor loadings to specific macroeconomic influences. However, as

previously noted, the scope of such investigations is invariably limited by the short time

span of the data. Thus, following Ferson and Harvey (1999), we simply focus on the same

five explanatory variables found to play an important role in their construction of scaled

factor loadings over a much longer 30-year monthly sample, namely, the spread between

1- and 3-month T-bill returns (hb3), the S&P500 dividend yield (div), Moody’s Aaa and

Baa corporate bond yield spread (junk), the spread between 1- and 10-year T-bonds (term),

and the return on a 30-day T-bill (Tbill). Consistent with the earlier empirical results in

Ferson and Harvey (1999), these five instrumental variables explain between 5% and 10%

of the monthly return variability in the 25 test portfolios for the 1993–1999 sample. More

interesting from the present perspective, however, regressing the high-frequency-based

realized monthly loadings on the five instrumental variables result in their joint signifi-

cance for 14, 11 and 6 of the 25 regressions for the MKT, SMB, and HML factor loadings,

respectively. Also, the average R2’s for the three different factor loadings equal 0.124,

0.134, and 0.206, respectively. These R2’s are comparable to the average values from the

AR(1) models of 0.135, 0.091, and 0.140, respectively, and somewhat lower than the

0.215, 0.161, and 0.232, respectively, obtained by including both the own lagged loadings

and the instrumental variables in the regressions.17 As such, these results suggest that the

information in the five instrumental variables (in part) complements the information

contained in the own lagged loadings. We will not pursue this approach any further here,
17 Further details concerning these results are available in Zhang (2002).



Fig. 3. The figure plots the RR- and HF-AR-based predictions, as described in the main text, for the factor loadings

for portfolio 55. The forecasting period consists of the 60 months from January 1995 through December 1999.
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however. Instead, we next turn to a discussion of the asset pricing improvements afforded

by the simple purely return-based high-frequency factor loadings.

4.2. Asset pricing

The prediction of asset prices is notoriously difficult, and any temporal variation in the

factor loadings are invariable of second order importance relative to the temporal variation

in the associated factor risk premiums (see, for instance, Cochrane, 2001). Hence, in order
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to focus directly on the potential benefits of using the high-frequency data in measuring

and modeling the realized factor loadings, we rely on the actual realized excess factor

returns when calculating the asset prices.18

The three-factor Fama–French model has been the subject of numerous empirical

studies and, as discussed above, has been found to perform very well in pricing the 25 size

and book-to-market portfolios analyzed here. Indeed, for none of the different factor

loading forecast procedures is the hypothesis of a zero ‘‘alpha’’ in the three-factor model

rejected by a simple t-test. Specifically, let the forecast error for the returns on portfolio i for

month t based on the loadings from procedure m, be denoted by ei,t(m). The four t-statistics

for testing the hypotheses that the average pricing errors across the 25 portfolios and the 60-

month out-of-sample period are equal to zero (i.e.,
P

i

P
t ei;tðmÞ ¼ 0, then take the values

� 0.144, � 0.092, 0.002, and � 0.006 for the CON-, RR-, HF-RW- and HF-AR-based

loadings, respectively. The failure to reject the three-factor model for any of the different

procedures by this test over such a limited 5-year period is, of course, not surprising.

Meanwhile, the superiority of the high-frequency-based loadings is underscored by the

results in Table 4, and the average absolute pricing errors, Aei,t(m)A, reported in the first

panel. Of course, the most appropriate statistical loss function for assessing the superiority

of the competing forecasts will ultimately depend upon the application at hand (see e.g.,

Christoffersen and Diebold, 1997 for a discussion of different loss functions in the

comparison of nonlinear forecasting models). Hence, following Andersen et al. (1999),

Table 4 also reports the heteroskedasticity adjusted average absolute standardized errors,

Aei,t(m)/ri,tA, and the pseudo R2 defined by 1� (ei,t(m)/ri,t)
2 , where and ri,t refers to the

realized volatility for portfolio i for month t constructed by the summation of the 5-min

squared returns within the month augmented by the 1-day lead-lag autocovariances to

account for the nonsynchronous trading effects. In order to conserve space, we only report

the average loss across the 25 portfolios. From the results, reported in the first rows in each

of the three panels, it is evident that the HF-AR-based forecasts systematically yield the

lowest absolute errors and the highest pseudo R2’s among the four different procedures.19

To formally test for the statistical significance of these apparent differences, Table 4

complements the average loss with the values of the three relatively simple pair-wise

forecast comparison tests discussed by Diebold and Mariano (1995). In particular, let

di,t(m,n) denote the loss differential between the forecasts based on method m and n for

portfolio i and month t. The Z1m,n statistic then refers to the standard t-test for the

hypothesis that the mean differential is equal to zero. Alternatively, the null hypothesis of

equal forecast accuracy, may also be tested by the nonparametric sign-test,

Z2m;n ¼
X
i

X
t

Iþðdi;tðm; nÞÞ � 0:5T

" #
½0:25T 	1=2; ð10Þ
18 Since the errors associated with the forecasts of the factor loadings and the risk premiums are likely to be

correlated, a rigorous true out-of-sample forecast comparison would also necessitate the joint modeling of the

loadings and the factor risk premiums.
19 Although the improvements may seem numerically small, the increase in the R2 for the HF-AR procedure

is actually somewhat higher than the improvements reported in the aforementioned study by Ferson and Harvey

(1999) based on explicitly modeling the temporal variation in the monthly factor loadings using exogenous

explanatory variables.
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where I+() denotes the indicator function and T= 60� 25 refers to the sample size. Lastly,

the related studentized version of the Wilcoxon’s signed-rank test is formally defined by,

Z3m;n ¼
X
i

X
t

Iþðdi;tðm; nÞÞrankðAdi;tðm; nÞA� 0:25TðT þ 1Þ
" #

� ½TðT þ 1Þð2T þ 1Þ=24	�1=2: ð11Þ

Under the null hypothesis that models m and n have the same predictive ability, all three

test statistics should be asymptotically standard normally distributed. The values reported

in the three lower panels in the table soundly reject the hypothesis of no superior predictive

ability in favor of the high-frequency-based HF-AR procedure.20

In order to further explore the performance of the HF-AR procedure, Table 5 reports the

average pseudo R2’s for each of the 25 portfolios. Not surprisingly, the R2’s are generally

higher for the big stock portfolios, with the largest stock and lowest book-to-market

portfolio having the highest overall R2 of 0.949. Comparing the results to the R2’s

associated with the conventional monthly rolling regression-based estimates, it follows

from the second panel in the table, that the HF-AR procedure does better in an absolute

sense for 17 out of the 25 portfolios. Interestingly however, for none of the portfolios

where the RR procedure does better, is the difference statistically significant at the usual

5% level, whereas the HF-AR-based loadings result in statistically significant improve-

ments for four of the portfolios.21 Thus, in spite of the relatively short 5-year out-of-

sample forecast comparison period, our various statistically tests systematically favor the

asset pricing predictions based on the high-frequency factor loadings.

4.3. Economic significance of high-frequency loadings

To highlight the economic value of the high-frequency-based loadings and correspond-

ing asset pricing predictions, this section compares the ex post performance of the mean-

variance efficient portfolios constructed from the 25 size and book-to-market sorted

portfolios and the same four forecasting procedures discussed above. In order to focus the

comparisons directly on the impact of the forecasts for the factor loadings, we assume that

the covariance matrix for the 25 test portfolios underlying the mean-variance optimizations

is the same across the different procedures, and equal to the realized covariance matrix for

the 24-month pre-sample period from January 1993 through December 1994.22 Also, we

explicitly exclude the risk-free asset from the portfolio optimizations.
20 The results reported in Table 4 are based on the 60-month out-of-sample forecast comparison period and the

simple AR(1)model. Qualitatively very similar results obtain for the full 84month sample and themore complicated

ARMA(1,1) model. For instance, the Z1, Z2, and Z3 statistics for comparing the pseudo R2 for the RR and HF-

ARMA(1,1) procedure based on the full in-sample parameter estimates equal 3.304, 2.138 and 2.491, respectively.
21 The results for the two nonparametric Z2 and Z3 tests are very similar. For instance, 4 of the 25 Z2RR,HF-AR

test statistics exceed 1.96 while none are less than � 1.96.
22 Comparable results for other covariance matrix estimators are available in Zhang (2002). The results based

on a constant covariance matrix provides a lower bound on the benefits from using the high-frequency data, as

further improvements are likely to obtained by also modeling the temporal variation in the realized covariance

matrix (e.g., Fleming et al., in press). However, doing so in the context of a 25-dimensional covariance matrix

presents a number of difficult empirical challenges.
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The first panel in Table 6 reports the resulting average monthly realized returns over the

ex post January 1995 through December 1999 sample period for the optimized portfolios

with the monthly expected standard deviations indicated in the first column. For all of the
Table 4

Average pricing errors

Panel A: absolute errors

CON RR HF-RW HF-AR

1.360 1.259 1.307 1.243

Z1CON,j 5.689 1.778 4.852

Z2CON,j 4.803 4.028 6.094

Z3CON,j 6.367 3.457 6.362

Z1RR,j � 1.885 0.875

Z2RR,j 0.465 2.685

Z3RR,j � 0.098 2.405

Z1HF-RW,j 3.682

Z2HF-RW,j 2.272

Z3HF-RW,j 3.042

Panel B: absolute standardized errors

0.433 0.394 0.396 0.377

Z1CON,j 7.407 3.974 7.030

Z2CON,j 4.803 4.028 6.094

Z3CON,j 6.777 4.047 6.907

Z1RR,j � 0.241 2.851

Z2RR,j 0.465 2.685

Z3RR,j 0.223 3.144

Z1HF-RW,j 3.401

Z2HF-RW,j 2.272

Z3HF-RW,j 2.897

Panel C: pseudo R2

0.646 0.715 0.711 0.743

Z1CON,j 7.477 3.834 7.044

Z2CON,j 6.094 4.028 6.094

Z3CON,j 7.309 4.269 7.448

Z1RR,j � 0.349 3.183

Z2RR,j 0.465 2.685

Z3RR,j � 0.155 3.322

Z1HF-RW,j 3.410

Z2HF-RW,j 2.272

Z3HF-RW,j 3.162



Table 5

Pseudo R2

Low 2 3 4 High

Sample means

Small 0.550 0.619 0.626 0.586 0.480

2 0.836 0.888 0.815 0.753 0.710

3 0.833 0.772 0.654 0.664 0.713

4 0.846 0.824 0.736 0.743 0.689

Big 0.949 0.890 0.860 0.874 0.656

Z1RR,HF-AR
Small � 0.843 � 1.378 1.432 2.724 1.567

2 � 1.625 0.890 1.440 � 0.981 1.966

3 1.278 2.043 � 1.675 1.326 0.601

4 � 0.267 1.025 � 0.208 � 0.437 2.932

Big 1.900 1.265 1.876 0.594 1.227

The first panel reports the pseudo R2 for each of the 25 portfolios defined by one minus the squared standardized

error for the HF-AR predictions averaged across the 5-year out-of-sample period from January 1995 through

December 1999. The HF-AR predictions are based on a set of rolling AR(1) models estimated over the previous

24 months. The second panel reports the t-statistic for testing identical mean R2’s between the 5-year rolling

regression estimates, RR-, and HF-AR based predictions. Under the null hypothesis of no superior predictive

ability by either of the models, the test statistics should be standard normally distributed. See the main text for

further details.
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monthly standard deviations ranging from 0.02 to 0.06, or 0.07 to 0.21 at an annual level,

the ex post returns are the highest for the HF-AR-based factor loadings. With the exception

of the low-risk portfolio with a monthly expected standard deviation of 0.02, all of the

Sharpe ratios for the monthly ex post returns and standard deviations, reported in the

second panel in Table 6, also favor the HF-AR procedure by a fairly large margin. The

very high ex post Sharpe ratios reflect the unprecedented bull-run during the 5-year out-of-

sample period. Although it would be unrealistic to expect these same high values to obtain

over other time periods, the ordering among the different procedures are nonetheless

suggestive.
Notes to Table 4:

Panel A reports the average absolute errors. The entries in the first row have been multiplied by � 102. Panel B

gives the average absolute standardized errors obtained by standardizing each error by realized volatility for that

particular portfolio and month. Panel C reports the average pseudo R2 defined by one minus the squared

standardized error. All of the averages are calculated over the 25 portfolios and the 5-year out-of-sample period

from January 1995 through December 1999. The procedure labeled CON takes the factor loadings to be constant

and equal to the conventional monthly regression estimates at the beginning of the sample. RR refers to the 5-year

rolling regression estimates. HF-RW assumes that the high-frequency-based realized factor loadings follow a

random walk, or martingale, model. The HF-AR predictions are based on a set of rolling AR(1) models estimated

over the previous 24 months. Z1i,j refers to the t-test for a difference in the means across the 25� 60 = 1500

monthly predictions for models i and j. Z2i,j gives the sign test while Z3i,j refers to the Wilcoxon’s signed rank test

for the same hypothesis. Under the null hypothesis of no superior predictive ability by either of the two models,

all of the test statistics should be standard normally distributed. See the main text for further details.



Table 6

Mean-variance efficient portfolios

SD CON RR HF-RW HF-AR

Ex post returns

0.02 0.037 0.042 0.040 0.043

0.03 0.063 0.073 0.069 0.075

0.04 0.085 0.099 0.094 0.102

0.05 0.105 0.124 0.117 0.128

0.06 0.125 0.148 0.140 0.153

Sharpe ratios

0.02 0.925 1.095 0.984 1.071

0.03 1.081 1.323 1.241 1.431

0.04 1.091 1.337 1.306 1.546

0.05 1.081 1.323 1.326 1.594

0.06 1.069 1.306 1.332 1.616

The table reports the average monthly ex post percentage returns and corresponding Sharpe ratios for the mean-

variance efficient portfolios constructed from the 25 size and book-to-market sorted test portfolios over the 5-year

out-of-sample period from January 1995 through December 1999. The expected monthly standard deviations

reported in the first column are based on the pre-sample realized variance–covariance matrix constructed from 5-

min returns from January 1993 through December 1994. The expected return calculations labeled CON takes the

factor loadings to be constant and equal to the conventional 5-year monthly regression-based estimates at the

beginning of the sample. RR refers to the 5-year rolling regression estimates. HF-RW assumes that the high-

frequency-based realized factor loadings follow a random walk, or martingale, model. The HF-AR predictions are

based on a set of rolling AR(1) models estimated over the previous 24 months.
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Our final illustration of the economic significance of the high-frequency-based

loadings is provided in Table 7. Following the recent analysis in Fleming et al. (2001,

2003), the table reports the monthly fees that an investor with a quadratic utility

function and constant relative risk aversion equal to c would be willing to pay to

switch from the traditional RR 5-year monthly rolling regression-based forecasts to the

high-frequency-based HF-AR forecasts for the 25 portfolio returns. The fees in the
Table 7

Willingness to pay

SD c = 1 c= 10

0.02 0.10 0.09

0.03 0.22 0.23

0.04 0.34 0.37

0.05 0.46 0.52

0.06 0.60 0.69

The table reports the monthly fee (in percentage points) that an investor with a quadratic utility function and

constant relative risk aversion of c would be willing to pay to switch from the 5-year rolling regression-based

return forecasts (RR) to the high-frequency-based AR(1) forecasts for the realized factor loadings (HF-AR) for the

25 size and book-to-market sorted test portfolios. The fees are based on the monthly returns for the 5-year out-of-

sample period from January 1995 through December 1999, with the monthly expected standard deviations for

both methods determined by the pre-sample realized covariance matrix from January 1993 through December

1994.
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table are expressed in monthly percentage points and determined empirically as the

value which equalizes the ex post utility for the two different procedures when

evaluated on the basis of the monthly returns from January 1995 through December

1999.23 To facilitate comparisons, we again fix the expected covariance matrix for

both procedures at the realized covariance matrix for the January 1993 through

December 1994 pre-sample period. The numbers are telling. For instance, fixing the

expected standard deviation at 0.04, or 14% at an annual level, an investor with c = 10
would be willing to pay 0.37, or almost 4.5% per year, to switch from the RR to the

HF-AR monthly return-based forecasts.
5. Conclusion

The implementation of multi-factor pricing models has traditionally been plagued

by an errors-in-variables problem stemming from the use of estimated factor loadings.

Focusing on the three-factor Fama–French model and a set of size and book-to-market

sorted portfolios, this paper demonstrates how high-frequency intraday transactions

prices for the different portfolios and the underlying factor returns may be used in

more effectively measuring and modeling the realized factor loadings.

Several interesting directions for future research remain. First, in order to facilitate

comparisons with the existing academic finance literature, we have purposely focused

our empirical analysis on a 1-month return horizon and the Fama–French test

portfolios. It would be interesting to explore the robustness of the results with respect

to other portfolios and return horizons. In this regard, the use of daily or weekly

realized factor loadings may result in important improvements over shorter return

horizons of immediate interest to finance practitioners concerned with the practical

implementation of competing hedging and/or trading strategies. Similarly, it would also

be interesting to see how the results carry over to other markets. Second, the

forecasting results reported here were based on very simple time series models.

Presumably, even better results may be obtained through the implementation of more

refined models for the temporal variation in the individual realized factor loadings,

possibly allowing for asymmetries in the relationship between the loadings and the

past returns. Along these lines, it would also be interesting to further investigate how

the temporal variation in the factor loadings relates to the underlying macroeconomic

influences. Of course, the lack of reliable high-frequency data over long time spans

invariably limits the scope of such investigations. Third, the development of new and

improved methods for dealing with the market microstructure complications inherent

in the data are likely to further enhance the benefits of all high-frequency-based risk

measures. We leave all of these issues for future research.
23 The fee, D, is formally determined by solving
P

t¼1;...;Tfðrt;HF�AR � DÞ � ½c=2ð1þ cÞ	ðrt;HF�AR � DÞ2g ¼P
t¼1;...;Tfrt;RR � ½c=2ð1þ cÞ	r2t;RRg, where rt,HF-AR and rt,RR refer to the ex post monthly returns for the mean-

variance efficient portfolio with the same benchmark expected standard deviations and expected returns de-

termined by the HF-AR and RR loading forecasts, respectively.
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