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ABSTRACT

Properties of Optimal Forecasts*

Evaluation of forecast optimality in economics and finance has almost
exclusively been conducted under the assumption of mean squared error loss.
Under this loss function optimal forecasts should be unbiased and forecast
errors serially uncorrelated at the single period horizon with increasing
variance as the forecast horizon grows. Using analytical results we show in
this Paper that all the standard properties of optimal forecasts can be invalid
under asymmetric loss and non-linear data-generating processes and thus
may be very misleading as a benchmark for an optimal forecast. Our
theoretical results suggest that many of the conclusions in the empirical
literature concerning sub-optimality of forecasts could be premature. We
extend the properties that an optimal forecast should have to a more general
setting than previously considered in the literature. We also present new
results on forecast error properties that may be tested when the forecaster’'s
loss function is unknown but restrictions can be imposed on the data-
generating process, and introduce a change of measure, following which the
optimum forecast errors for general loss functions have the same properties
as optimum errors under MSE loss.
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1 Introduction

Knowledge of the properties possessed by an optimal forecast is crucial in many areas of economics
and finance and is used, inter alia, in tests of the efficient market hypothesis in foreign exchange,
bond and stock markets, and tests of the rationality of decision makers in a variety of macroeconomic
applications. Almost without exception empirical work has relied on testing properties that optimal
forecasts have under mean squared error (MSE) loss.! These properties include unbiasedness of the
forecast, lack of serial correlation in one-step-ahead forecast errors, serial correlation of order h — 1
at the h-period horizon and non-decreasing forecast error variance as the forecast horizon grows.
Although such properties seem sensible, they are in fact established under a set of very restrictive
assumptions on the decision maker’s loss function.

Increasingly the assumption of symmetric loss has been questioned in the literature. Christof-
fersen and Diebold (1997), Diebold (2001), Granger and Newbold (1986), Granger and Pesaran
(2000), Pesaran and Skouras (2001), Skouras (2001) and West, Edison and Cho (1993) call for a
more decision theoretic approach to forecasting that considers the losses derived from over- and
underpredictions. There is often no reason why losses should be symmetric around a zero fore-
cast error (the perfect prediction). For instance, financial analysts’ forecasts have been found to
be strongly biased? and it is easy to understand why, as underprediction of corporate earnings
is likely to lead to a worsened relationship between the analyst and the firm in question, while
overpredictions are unlikely to generate similar pressures.

In this paper we demonstrate that none of the properties traditionally associated with tests of
optimal forecasts carry over to a more general setting with asymmetric loss and possible nonlinear
dynamics in the data generating process. While bias of the optimal forecast has been established
by Granger (1969, 1999) and characterized analytically for certain classes of loss functions and

forecast error distributions by Christoffersen and Diebold (1997), failure of the remaining optimality

!See, e.g., Brown and Maital (1981), Cargill and Meyer (1980), De Bondt and Bange (1992), Dokko and Edelstein
(1989), Figlewski and Wachtel (1981), Keane and Runkle (1990, 1998), Lakonishok (1980), Mishkin (1981), Muth

(1961), Pesando (1975) and Schroeter and Smith (1986) and Zarnowitz (1985).
?See De Bondt and Thaler (1990), Abarbanell and Bernard (1992) and Michaely and Womack (1999) for example.



properties has not previously been shown.?:*

As a precursor to our general results, we first derive closed-form results in the context of a com-
monly used asymmetric loss function (linear-exponential, or “linex”) and a widely used nonlinear
data generating process, namely the regime switching model suggested by Hamilton (1989). We
find that not only can the optimal forecast be biased, but the forecast errors can be serially corre-
lated of arbitrarily high order and both the unconditional and conditional forecast error variance
may be decreasing functions of the forecast horizon.

We next extend the properties that an optimal forecast should have to a more general setting
than that previously considered in the literature. Our results suggest that conclusions in the
empirical literature concerning suboptimality of forecasts may have been premature. We prove
that the expected loss, rather than the forecast error variance, is a non-decreasing function of the
forecast horizon and that a “generalized forecast error” has mean zero, limited serial correlation
and is a martingale difference sequence at the single-period horizon.

We also introduce a transformation from the usual probability measure to an “MSE-loss prob-
ability measure”, under which the optimal forecasts are unbiased and forecast errors are serially
uncorrelated, in spite of the fact that these properties generally fail to hold under the physical
measure. These results are analogous to the change of measure from the physical measure to the
risk-neutral measure, under which assets may be priced as though investors are risk-neutral.

Finally, we establish some surprising new results that trade off restrictions on the loss function
against restrictions on the data generating process. In situations where the conditional higher order
moments of the forecast variable are constant, we show that although the optimal forecast may well
be biased, the one-step optimal forecast errors are not serially correlated while the h-step forecast

errors are at most MA(h-1). This holds irrespective of the shape of the loss function. This offers

3Under asymmetric loss functions such as lin-lin and linex and assuming a conditionally Gaussian process, Christof-
fersen and Diebold (1997) establish that the optimal forecast is biased and characterize the optimal bias analytically.
Their study does not, however, consider the other properties of optimal forecast errors such as lack of serial correlation

and non-decreasing variance.
"Hoque, et al. (1988), and Magnus and Pesaran (1987 and 1989) discuss violations of the standard properties of

optimal forecasts caused by estimation error, rather than by a choice of loss function different from MSE. In this
paper we consider the case of zero estimation error, to rule this out as a cause of apparent violations. Violations
caused by forecasters behaving strategically are discussed in Ehrbeck and Waldmann (1996), Laster, et al. (1999),
Prendergast and Stole (1996) and Scharfstein and Stein (1990), among others.



a new way to test optimality of forecast errors that is robust to the loss function, but requires
restrictions on the underlying data generating process. This result will be useful in the common
situation where the shape of the loss function is unknown, whereas the restrictions on the data
generating process can be tested empirically. We also establish conditions on the data generating
process such that the optimal forecast error variance is non-decreasing in the forecast horizon.
The outline of the paper is as follows. Section 2 first summarizes the properties of optimal
linear predictions under squared error loss and next demonstrates how each of these properties can
be violated under asymmetric loss in the context of a nonlinear data generating process. Section
3 establishes properties of optimal forecasts under general loss and verifies that these are satisfied
for the model considered in Section 2. This section also contains the change of measure results.
Section 4 derives testable properties of the forecast errors when restrictions are imposed on the
data generating process while Section 5 concludes. An appendix contains the list of assumptions

employed in various places, technical details and proofs.

2 Standard Optimality Properties and their Violation under Asym-

metric Loss

Suppose that a decision maker is interested in forecasting some univariate time series, ¥ =
{Y;;t=1,2,...}, h steps ahead given information at time ¢, F;.. We assume that ¥ =
{Y;: Q—=R,t=1,2,...} is a stochastic process on a complete probability space (2, F, P), where
Q= R"° = x2,R™ and F = B = B(R™), the Borel o-field generated by R™*®. Y; is
thus adapted to the information set available at time ¢, denoted F;. At a minimum J; includes the
filtration generated by {Y;_x;k > 0}, but it may also be expanded to include other information.’
We denote the conditional distribution of Y;,, given F; as Fiypy, ie. Yiin|Fe ~ Fyiphy, and the
conditional density as f;;5¢. Point forecasts conditional on F; are denoted by }A/;Jrh,t.

Under well-known conditions decision makers can be assumed to maximize their expected utility.

Realized utility depends on the value of some outcome variable(s) and the decision maker’s actions.

®The assumption that Y; is adapted to F; rules out the direct application of the results in this paper to, for example,
volatility forecast evaluation. In such a scenario the object of interest, conditional variance, is not measurable with
respect to F;. Using imperfect proxies for the object of interest can cause difficulties, as pointed out by Hansen and

Lunde (2003).



Forecasts matter to realized utility in as far as they determine actions. Assuming that the decision
maker’s optimal action is a strictly monotonic function of the forecast, Machina and Granger (2003)
show that expected utility maximization is equivalent to minimizing expected loss as a function of
the outcome, Y; 1, and the prediction, }A’Hh’t. Under a set of further restrictions on the decision

maker’s optimization problem the loss function simply depends on the h-step-ahead forecast error
€t+ht = Yiin — f/t+h,t- (1)

Machina and Granger derive the exact relationship between utility and loss representations of the
decision maker’s optimization problem including the restrictions required for the loss function only

to depend on the forecast error.

2.1 Optimality Properties under Mean Squared Error Loss
The vast majority of work on optimal forecasts assumes a squared error loss function:
Llerini) = aejypy, a>0. (2)

The focus is usually on the mean squared error (MSE) across observations. Under this loss function,

optimal forecasts have the following standard properties:

Proposition 1 Let the loss function be
. . 2
L (Yt+h - Yt+h,t> = <Yt+h - Yt+h,t> )

and assume that Y is covariance stationary with |Ey [Yyip]| < 0o and Ey [Y2,] < oo for all t and

h. Then

1. The optimal forecast of Yiyp, is Ey [Yiin] for all forecast horizons h;
2. The optimal forecast error is conditionally (and unconditionally) unbiased;

3. The optimal h-step forecast error exhibits zero serial correlation beyond the (h — 1) th lag;

and if we further assume that'Y is covariance stationary, then we obtain:

4. The unconditional variance of the optimal forecast error is mon-decreasing as a function of

the forecast horizon.



The proof is listed in the appendix. FE[.| is shorthand notation for E[.|F;], the conditional
expectation given F;. Properties such as these have been extensively tested in empirical studies
of optimality of predictions or rationality of forecasts. The proposition shows that the standard
properties of optimal forecasts are generated by the assumption of mean squared error loss alone;
in particular, assumptions on the data generating process (DGP) (beyond covariance stationarity

and finite first and second moments) are not required.

2.2 Asymmetric loss and a nonlinear process

Using a specific example with reasonable assumptions about the forecaster’s loss function and the
DGP we next show that the above properties cease to be valid when the assumption of MSE loss
is relaxed. Our example is an idealized case, where in addition to knowing the form of the DGP,
the forecaster is assumed to also know the parameters of the DGP, removing estimation error from
the problem. Forecasts in this example are thus perfectly optimal.

We establish our results in the context of the linear-exponential (linex) loss function, which

allows for asymmetries:

L(etynt;a) = exp{aerynt} — aerone — 1, a # 0. (3)

This loss function has been used extensively to demonstrate the effect of asymmetric loss, c.f. Varian
(1974), Zellner (1986) and Christoffersen and Diebold (1997). An optimal forecast is defined by

minimizing the conditional expected loss:

Atih,t = arg mlHE |:L (Yi+h7ﬁ+h,t) ‘:Ft:|

Yoyt
= argmin / L (y,f@h,t) Jent (y) dy,
Yiin,t

where Y;1p,|F; has density fiypn¢. Under the assumption that we may interchange the expectation

and differentiation operators, the first order condition for the optimal forecast, y* takes the

t+h,t
form

e
oL (Yt+h — YHh’t, a)

E; =
) A

=a—ak [exp {a (YHh - At’;h,t) H =0.

We derive analytical expressions for the optimal forecast and the expected loss using a popular

nonlinear data generating process, namely a regime switching model of the type proposed by



Hamilton (1989).5 Thus suppose that {Y;} is generated by a simple Gaussian mixture model

driven by some underlying state process, S; :

}/t+1 = /~’L + 0—8t+1 /Ut+1
V1 ~ ddd. N(0,1) (4)
Str1 = 1.,k < o0

We assume that the state indicator function, S;y1, is independently distributed of all past, current

and future values of v;11, and that S; is observable at time t.” The state-specific means and

2

. . !/ .
variances can be collected in k x 1 vectors, p = pue, o = [0%,...,0%]", where ¢ is a k x 1 vector of

ones. Conditional on a given realization of the future state variable, S;11 = s¢11, Yi41 is Gaussian

2

with mean p and variance oy, |,

but future states are unknown at time t so Y41 can be strongly
non-Gaussian given current information, ;.

At each point in time the state variable, Sy; 1, takes an integer value between 1 and k. Following
Hamilton (1989), we assume that the states are generated by a first-order stationary and ergodic

Markov chain with transition probability matrix

P11 P12 D1k
P21 P22
P(St-&-l‘st) =P = ) (5)
Pk-1k
L Pk1 "+ Pkk-1 Pkk |

where each row of P sums to one. The vector comprising the probability of being in state sy, at
time t+h given F; is denoted by 75, , ¢, i.e. s, , ¢ = (Pr(Sipn = 1|F), ..., Pr(Sepn = k| 7)), while
=/

7 is the vector of unconditional or ergodic state probabilities that solve the equation ©#'P = 7.

Note that 7r,, ; will be a vector of ones and zeros, as the variable S; is F;-measurable.

b Christoffersen and Diebold (1997) characterize analytically the optimal bias under linex loss and a conditionally
Gaussian process with ARCH disturbances. They derive analytically the optimal time-varying bias as a function
of the conditional variance. For our purposes, however, this process is less well-suited to show violation of all four
properties forecast errors have in the standard setting since this requires characterizing the forecast error distribution
at many different horizons, h. The problem is that while the one-step-ahead forecast error distribution is Gaussian

for a GARCH(1,1) process, this typically does not hold at longer horizons, c.f. Drost and Nijmann (1993).
"In most applications of regime switching models the state is assumed to be unobservable. To eliminate estimation

error from the forecaster’s problem in this example we assume that the state is directly observable.



Consider the h-step-ahead forecasting problem. Using the conditional normality of vy, the

expected loss is®

Ey [L (€t+h,t§ a)} = E [GXP {CL (Yt+h - ﬁJrh,t) H —aky D/t+h] + CLYHh,t -1

k
= Z ﬁst+h,tEt [GXP {a <Yt+h - Yt+h,t>} |St+h = St+h

St4n=1

k
—a Z Tspint Bt [Yern|Sten = St4n] +aYipns — 1

Seyn=1
2

. ~ a . .
= 7, P exp {au —aYiine + 7”2} —afy, PlutaYin, —1.  (6)

Differentiating with respect to YHh’t and setting the resulting expression equal to zero gives the

first order condition

2
~ - a
1=#, P"exp {au —aYlipe + 302} :

Solving for Ytiht we get an expression that is easier to interpret:

o 1 R
tHht = HF log (ﬂ’st,tPh«P) ; (7)

where ¢ = exp {“—220'2}. The h-step forecast error associated with the optimal forecast, denoted

* .
et—i—h,t’ 1S
* _ 1 1 ~/ Ph
et+h7t - O-St+hvt+h - a og Trst,t P -

This expression makes it easy for us to establish the violation of property 1 in our setup:

Proposition 2 The unconditional and conditional bias in the optimal forecast error arising under

linex loss (3) for the Markov switching process (4)-(5) is given by:

1 .
Ly [€I+h,t] - Ta log (Wgt,tPhSD) (8)
E [eah,t] = _% ' A — —% log (T_l"cp) as h — oo

where A\, = log (Phcp). Thus, generically, the optimal forecast is conditionally and unconditionally

biased at all forecast horizons, h, and the bias persists even as h goes to infinity.

SAll exp {-} and log (-) operators are applied element-by-element to vector and matrix arguments.



The proof of the proposition is given in the appendix. For purposes of exposition, we present

some results for a specific form of the loss function (a = 1) and regime switching process:

po= [0,0]

o = [05,2
0.95 0.05

P = SO
0.1 09

B 2 171

T = |=,=| -
373

The unconditional mean of Y; is zero, and the unconditional variance is @’e¢? = 1.5. This
parameterization is not dissimilar to the empirical results obtained when this model is estimated
on financial data. For this particular parameterization the optimal bias in €}, ; ; is —1.17, indicating
that it is optimal to over-predict. Figure 1 shows the density of e;, ¢ and also plots the linex loss
function. The density function has been re-scaled so as to match the range of the loss function.
This figure makes it clear why the optimal bias is negative: the linex loss function with a = 1
penalizes positive errors (under-predictions) more heavily than negative errors (over-predictions).
The optimal forecast is in the tail of the unconditional distribution of Y;: the probability mass to the
right of the optimal forecast is only 10%. Under symmetric loss the optimal forecast is the mean,
and so under symmetric distributions the amount of probability mass either side of the forecast
would be 50%. In Figure 2 we plot the optimal forecast bias as a function of the forecast horizon
(using the steady-state weights as initial probabilities). The bias for this case is an increasing (in
absolute value) function of h and asymptotes to —1.17.

We next demonstrate the violation of property 2. Let ® be the Hadamard (element-by-element)

product. The result is as follows:

Proposition 3 The variance of the forecast error arising under linex loss (3) for the Markov

switching process (4)-(5) associated with the optimum forecast is given by
x _ 1 _ _
Var (ef ;) = ®'o? + ﬁ)‘z (7)) I —77") Ay (9)

This variance need not be a decreasing function of the forecast horizon, h. In the limit as h goes

to infinity, the forecast error variance converges to the steady-state variance, T o?.



Rather than studying the variance of the forecast error, Var (e;k h t), it is more common to
consider the mean squared error of the forecast. These two measures are closely related but differ

by the squared bias. The corresponding result for the MSE is as follows:

Corollary 1 The mean-square forecast error arising under linex loss (3) for the Markov switching

process (4)-(5) associated with the optimum forecast is given by
1
MSE (e} ;) =7'o? + F\g () ©I) Ay

The MSE need not be a decreasing function of the forecast horizon, h. In the limit as h goes to

infinity, the MSE converges to ' + (% log (7?’4,0))2.

A surprising implication of Proposition 3 is that it is not always true that Var (e;‘ +h7t) will
converge to w'o? from below, that is, Var (e;‘ +h7t) need not be increasing in h. Depending on the
form of P and o2, it is possible that Var (e;‘ +h,t> actually decreases towards the unconditional
variance of Y;. Corollary 1 shows that a similar result is true for the mean-square forecast error.

Using the numerical example described above the unconditional variance of the optimal forecast
error as a function of the forecast horizon is shown in Figure 3. It is clearly possible that the
forecast error at the distant future has a lower variance than at the near future.” The reason for
this surprising result lies in the mismatch of the forecast objective function, L, and the variance of
the forecast error, Var(e;1p,), and thus does not occur when using quadratic loss (see next section).
A similar mismatch of the objective function and the performance metric has been discussed by
Christoffersen and Jacobs (2002), Corradi and Swanson (2002) and Sentana (1998).

Using the expression for Var (ezk +h’t> in Proposition 3, we can consider two interesting special
cases. First, suppose that 01 = g2 = ¢ so the variable of interest is ¢.i.d. normally distributed with

constant mean and variance. In this case we have:
1
Var (ef ;) = wo? + = log (')t ((7) ©I—77") Llog (7'e) = o2

And so the optimal forecast error variance is constant for all forecast horizons as we would expect.
The second special case arises when the transition matrix takes the form P = ¢7’. That is, the

probability of being in a particular state is independent of past information, so the density of the

9Using the same numerical example it can be shown that the MSE decreases when moving from h =1 to h = 2

but increases with h for h > 2. We do not report this figure in the interests of parsimony.

10



variable of interest is a constant mixture of two normal densities and thus is ¢.i.d but may exhibit

arbitrarily high kurtosis. In this case we have A, = tlog (7'¢) for all h, so:

1
Var (ef ;) = 7o? + ) log (7)) ¢/ ((w) © I —77') clog (%)

= 7o

Thus the optimal forecast error variance is constant for all forecast horizons. This special case
shows that it is not the fat tails of the mixture density that drives the curious result regarding
decreasing forecast error variance in our example. Rather, it is the combination of asymmetric loss
and persistence in the conditional variance.

Violation of properties 3 and 4: Now consider the autocorrelation function of the optimal
forecast errors. In the standard linear, quadratic loss framework an optimal hA-step forecast is an
M A process of order no greater than (h —1). This implies that all autocovariances beyond the

(h — 1) lag are zero. In our setting this need not hold:

Proposition 4 The h-step-ahead forecast error arising under linex loss (3) for the Markov switch-

ing process (4)-(5) is serially correlated with autocovariance
1 .
* * = 2 — — —
Cov (e} ppreiin i) =T o 10y + @)‘;l (7)) © PT = 77) Ap. (10)
Although this converges to zero as j goes to infinity, it can be non-zero at lags larger than h.

Using the same parameterization as in the earlier example, the autocorrelation function for
various forecast horizons is presented in Figure 4. Notice the strong autocorrelation even at lags
much longer than the forecast horizon, h. Thus the optimal forecast error in our set-up need not
follow an M A (h — 1) process and the one-step-ahead forecast error need not be serially uncorrelated
(property 3).10:11

In stark contrast, under MSE loss, all the results hold for the regime switching process previously

10Batchelor and Peel (1998) also noted that the optimal forecast errors obtained under linex loss may be serially

correlated.
1We can again consider the two special cases: iid Normal (o1 = 02 = 7), and iid mixture of normals (P = ¢7').

Following the same logic as for the analysis of forecast error variance, it can be shown that in both of these cases the

autocorrelation function equals zero for all lags greater than zero. We discuss this result more generally in Section 4.

11



considered. The verification of the first two properties is simple. The third property is verified by:

* _ 2 2
Var (et+h,t) = F |:0-8t+hyt+h:|
k

_ - 2 2 B
- Z ﬂ-(st-‘rh)o-st.t,.hE [Vt+h|8t+h - st—‘rh]
Strn=1

—/
= #o?,

which is constant for all horizons. The autocovariance of the optimal forecast errors under the

regime switching process is

* * _ i
Cov (et+h,t7 et—i—h—j,t—j) = FE [Ust+h_j(fst+h7/t+h—gl/t+h]

k k
- Z Z W(St.:,.h_j)W5h+t‘t+h—jo-5t+h—j08t+h X
St4h—j=1 St+r=1

Eviin Vel Seen—j = St1h—j> Stvh = Sty

= 0for j #0.

Thus the optimal forecast errors are conditionally and unconditionally unbiased, have constant
unconditional variance as a function of the forecast horizon, and are serially uncorrelated at all
lags. This is because under MSE loss the optimal forecast error in this example is simply the term

Os,inVt+h, Which is (heteroskedastic) white noise.

3 Properties of Optimal Forecasts under General Conditions

While quadratic loss is commonly used in empirical work, in a more general setting the optimal
forecast, Ytj_ht, is chosen to minimize the expected loss, where the loss function need not be a

function solely of the forecast error:

L =L (Yern Yiene) -

Under general loss the first order condition for the optimal forecast becomes!?,
oL <Y;f+h7YA:|-h t) - oL <y7YA:|—h t)
0=E LN / TINTTE) e () d. (11)
3Yt+h,t 8YtJrh,t

12This result relies on the ability to interchange the expectation and differentiation operators. We discuss the

conditions under which this is possible below.

12



This condition can be rewritten using what Granger (1999) refers to as the (optimal) generalized

forecast error,'® vy, ;!

OL (Yins Vi)

* = - 12
Vith Fron (12)

so that (11) simplifies to
EfUisnd = [ lanadione 0)dy =0. (13)

Under a broad set of conditions 1} th,t 1s therefore a martingale difference sequence with respect to
the information set used to compute the forecast, €2;. The generalized forecast error is closely related
to the “generalized residual” often used in the analysis of discrete, censored or grouped variables,
see Gourieroux, et al. (1987) and Chesher and Irish (1987) for example. Both the generalized
forecast error and the generalized residual are based on first-order (or ‘score’) conditions.

Often vy, ; can be derived explicitly. For the regime switching process /linex loss example the

generalized forecast error is

Uleng = a—aexp{aos,,,vien —log (7, P0) }. (14)

Under MSE loss, the h-step generalized forecast error is:

Viphe = —2 (Yt+h - tih,t) = =26} p1s (15)

and so the generalized forecast error is simply the negative of twice the standard forecast error.
It turns out that the close relation of the standard forecast error and the generalized forecast
error under mean squared error loss is the reason for the standard forecast error having such nice
properties in that case. As we showed in the previous section, the properties of the standard
forecast error do not hold for asymmetric loss and nonlinear processes; they do, however, hold for
the generalized forecast error. We now turn our attention to proving properties of the generalized

forecast error analogous to those for the standard case.

13Granger (1999) only considers loss functions that have the forecast error as an argument, and so defines the

generalised forecast error as ¢y, , = OL (etyn,t) /Oertn,t. Our definition is more general than this.
'YWhile this term is appropriate under prediction-error loss, more generally Y n, can be viewed as the marginal

loss associated with a particular prediction, Yiyn,:.
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3.1 Unbiasedness of the generalized forecast error

It is easy to establish that, although the forecast error, e;,; ,, need not be unbiased, the generalized

forecast error, ¢y, is unbiased:

Proposition 5 Let assumptions L1, L2* and L3 hold. Then the generalized forecast error has

conditional (and unconditional) mean zero.

Assumptions are listed in the appendix. For the regime switching process (4)-(5) the conditional

mean of the generalized forecast error is

-1
E; [¢?+h,t] = a—a (ﬁ;t,tPhSD) E; [exp {aﬁst+h7/t+h}]
-1 2
= a—a (fr’St’tPhcp> fr;htPh exp {%02}
= O’

and E [¢] +h,t] = 0 by the law of iterated expectations. Thus the generalized forecast error has

conditional and unconditional mean zero for all forecast horizons.

3.2 Non-decreasing expected loss as a function of the forecast horizon

In the standard framework the optimal forecast is unbiased and the loss function is quadratic. This
leads to the equality of the optimal forecast error variance and the expected loss from the optimal

forecast:

B L (Yern, Vins) | = B [ein] = Var (efn) - (16)
In general this equality will not hold, and indeed the optimal forecast error variance is not necessarily
of interest; rather, the quantity of interest is the expected loss from the forecast. For the regime
switching process we showed that the variance of the optimal forecast error need not be non-
decreasing with the forecast horizon, contrary to results in the standard framework. The reason
for this is a mismatch of the forecaster’s loss/objective function and variance. Under general loss
functions, if we instead look at the unconditional expected loss as a function of the forecast horizon

we obtain the following result:

Proposition 6 Let assumptions D1 and L2 hold. Then the unconditional expected loss of an
optimal forecast error is a non-decreasing function of the forecast horizon. The conditional expected

loss, however, need not be a non-decreasing function of the forecast horizon.
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The unconditional expected loss as a function of the forecast horizon behaves as follows in the

regime switching example.

Corollary 2 Under linex loss (3) and the regime switching process (4)-(5) the unconditional ex-

pected loss is
E {L (Yﬂhafft’;h,t; a)} =7'Ap — log (') as h — oco.

For the numerical example used above, Figure 5 shows the expected loss as a function of the

forecast horizon. As expected it is a non-decreasing function of h.

3.3 Serial correlation in the generalized forecast error

A property of optimal h-step ahead forecast errors under MSE loss is that they are M A processes
of order no greater than h — 1. In a non-linear framework an M A process need not completely
describe the dependence properties of the generalized forecast error. However the autocorrelation

function of the generalized forecast error will match some M A (h — 1) process:

Proposition 7 Let assumptions L1, L2* and L3 hold. Then the generalized forecast error from an
optimal h-step forecast made at time t exhibits zero correlation with any function of any element of
the time t information set, ;. In particular, the generalized forecast error will exhibit zero serial

correlation for lags greater than (h —1).

Typically the transformation from the forecast error to the generalized forecast error depends on
a finite set of parameters. If these are known or subject to estimation, the result implies restrictions
on the loss function that are easy to test. For an example of this, see Elliott et al. (2002).

For completeness, we derive the autocorrelation function for the optimal generalized forecast

error for our regime switching example.

Corollary 3 The generalized forecast error from an optimal h-step forecast made at time t under

the regime switching process (4)-(5) and assuming linex loss (3) has the following autocovariance
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function:

—a?® +a? 21;21 T(s,) (WghtPhgo) -2 (ﬂghtPhgo‘l) j=0

—1
2 2k = / h
—a*+a Zst_jzl T(si_y) (Wst,j,tfjp <,0> X

B ' ' O0<j<h
Sk s (7, PRO) T (¢ @ (), PP)) Pig

Cov W?Jrh,t: I/JZJrhfj,t*j] -

where p* = exp {2@202 } .

St+h

Using the numerical example above, Figure 6 presents the autocorrelation function for the
optimal generalized forecast error. As implied by Proposition 7, the autocorrelations are non-zero

for j < h and drop sharply to zero when j > h.

3.4 Properties of the optimal forecast error under a change of measure

So far we have shown that by changing our object of analysis from the usual forecast error to
the ‘generalized’ forecast error we can obtain the usual properties of unbiasedness and zero serial
correlation. We next consider changing the probability measure used to compute the properties
of the forecast error. This analysis is akin to the use of risk-neutral densities in asset pricing, c.f.
Harrison and Kreps (1979). In asset pricing one may scale the objective (or physical) probabilities
by the stochastic discount factor (or the discounted ratio of marginal utilities) to obtain a risk-
neutral probability measure and then apply risk-neutral pricing methods. Here we will scale the
objective probability measure by the ratio of the marginal loss, 9L/0y, to the forecast error, and
then show that under the new probability measure the standard properties hold. We call the new
measure the “MSE-loss probability measure”. The resulting method thus suggests an alternative

means of evaluating forecasts made using asymmetric loss functions.

3.4.1 Unbiasedness and zero serial correlation under a change of measure

The conditional distribution of the forecast error, fe,,, ,, given {} and a forecast Ywh,t, satisfies:

Jerine (e; Yt+h,t) = ft+ht (}A/Hh,t + 6) (17)
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for all (e, f/t+h,t> € R? where ft+n ¢ is the conditional distribution of Y3, given ().

Definition 1 Let assumptions L4 and L6 hold. Then the univariate “MSE-loss probability mea-

sure”, :Hh}t, 1s defined by
1 OL(Yiin,Yiin.t) X
e T oy X “Sevine (€ Yirnt
~ Y; =Y, +e
* t+h=Yt+h,t
f€t+h.t (e; Y;t+h,t> = N , e 75 0
: B 1 OL(Yyyn,Yign,)
Yirn—Yiqn,t oy
(1/’t+h,t (Yt+h,t> /e) - fetJrh,t (63 Yt+h,t> 40
= - ,e )
E 1 OL(Yegn Yigne)
Yiirn—Yitnt )4
for values of Yiip and e such that OL (YHh,YHh,t) /0Y 3 exists. If
Yirn=Yiinte
1 0L (Yern Vine) 1 L (Yern Yerna)
lim - - ~ = lim = - _
e—0t e oY . e—0~ € )4 Rk
Yirn=Ytrntte Yirn=Yiin,tte
and
1 OL (YHh,YHh,t)
lim - - — < 00
e—0t e oY A
Yirn=Yitn,tte
then
) A 1 0L (Yeen Verny) Fevine (05 Vo)
Fevone (05 Ve) = lim = : - —
) e—0e oY . B, 1 8L(E+hlyt+h,t)
Yirn=Yiynte Yiinh—Yeint oYy

By construction the MSE-loss probability measure f* is absolutely continuous with respect to

the usual probability measure, f, (that is, f* << f). The break in f* at e = 0 does not occur

€tth,t

for some common loss functions. For example,

1 OL <Yt+h, f/zs+h,t)
MSE : lim- - - = -2
e—=0e oY X
Yirn=Yiin,tte
' 1 OL <Yt+h, Yt+h,t) )
Linex : lim — - - = —a
e—0e oY R
Yirn=Yiinte
oL (Yt+h, f/zs+h,t) 9
PropMSE : lim — - - =—=
embe Y . YA
Yiin=Ytyn,tte ’
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where the PropMSE loss function is L (y,4) = (/4 — 1)?. For mean absolute error loss, the limits
from both directions diverge to —oo, making the MSE-loss density for MAE loss undefined at the
point e = 0.

We can show that under the MSE-loss probability measure the optimal hA-step ahead forecast

errors are unbiased and exhibit zero serial correlation for all lags greater than h — 1 :

Proposition 8 Let assumptions L1, Lj and L6 hold. Then (i) the univariate “MSE-loss prob-
ability measure”, fe*t+ht7 defined above is a proper probability density function. If we further let

A~

assumption LZ* hold, then (ii) the optimal forecast error, €int = Yith — Y,

. .
bt has conditional

(and unconditional) mean zero under the MSE-loss probability measure, and (iii) the optimal fore-
cast error is serially uncorrelated under the MSE-loss probability measure for all lags greater than
h—1. If we also assume that Yiip is covariance stationary under the new probability measure, then

(iv) V* [e;‘+h t} is non-decreasing as a function of the forecast horizon.

Note that the following equality follows directly from Proposition 8

Vs = argmin By (L (Vi §)] = argmin B | (Vi — )’ (18)
) )

i.e., the forecast that minimizes the expected loss, where the expectation is taken with respect to
the true error density is equal to the forecast that minimizes the expected squared error, where the
expectation is taken with respect to the MSE-loss probability density.

Figure 7 presents an example of how the MSE-loss error density differs from the objective error
density. In this figure we show the MSE-loss and objective error densities for the linex loss/regime
switching example considered above. We consider the one period horizon, and show how the

densities change with the state probability vector, 7, ;.

4 Results under restrictions on the data generating process

In this section we consider the combination of asymmetric loss functions with a restricted class of
DGPs, namely those with dynamics in the conditional mean but no dynamics in the remainder of
the conditional distribution. This class of DGPs is still quite broad, and includes ARMA processes
and non-linear regressions. A random variable within this class may be written as:

Yien = E[Yin|F] + erpn, where ey Fr ~ Dy, and

EYinlF] = 9(X),
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where ¢ is some function of X; € F;. The restriction of dynamics only in the conditional mean
implies that the innovation term, €4, is drawn from some distribution, Dy, which will generally
depend on the forecast horizon, but is independent of F; and so is not denoted with a subscript t.

Note that this restriction implies that

El¢ (errn) - Xo] = B¢ (er1n)] E[X4]

for all functions ¢ and any vector of elements X; € F;, and that E; [e415] = 0.

For simplicity we concentrate here on loss functions that depend only upon the forecast error,
ie., L (Y’Hh,f’t%’t) =L (YHh — }A’Hh’t) = L(et1n). Many common loss functions are of this
form, for example lin-lin, quad-quad and linex. However this restriction does rule out certain loss
functions, for example those that focus on proportional errors, such as L (y,3) = (y/§ — 1)%

As an example, suppose that Y; has zero mean and is covariance stationary with Gaussian
innovations. Wold’s representation theorem then establishes that it can be represented as a linear

combination of serially uncorrelated white noise terms:
oo
Y, = E Ojei—j,
§=0

where e = Y; — E(Y:|yt—1, Yt—2, ...) is white noise. The first order condition for the optimal forecast

under linex loss is

E; [GXP {a (Yt+h - Y/t:h,t) H =1,

CL20'2 h—1 00
exp {T (Z 9?) +a (Z 9h+z’€t¢> - aY:&-h,t} =1
i=0 i=0

and the optimal forecast and forecast error are given by

so that

o) aO_Q h—1
Ok 2
t+ht = E Ontici—i + T E 07,
i=0 =0

h—1 ao? Il
* 2
Ctiht = E 9i5t+h—z‘—T§ 07
i=0 i=0

This is consistent with the result of Christoffersen and Diebold (1997), who show that for this

combination of loss function and DGP the optimal forecast is of the form:

Y{lhﬂg = E; [Yiqn] + o,

19



where «4, is a bias term that depends only on the loss function and the forecast horizon. If the
conditional distribution of Y;;,|F; has dynamics beyond those in the conditional mean, the bias
term will depend not only on the forecast horizon and the loss function, but also on the higher-order
dynamics. This would correspond to a violation of our assumption that Dy, is independent of F;.
In the case without higher-order dynamics we obtain the following serial correlation properties

of the optimal forecast error:

Proposition 9 Let the loss function and DGP satisfy assumptions D2 and Lb. Then

Cov (eah’t,eahij’tij) =0 for all j > h and any h > 0.

The above proposition shows that under a somewhat restrictive assumption on the DGP, and
only one weak assumption on the loss function, the optimal forecast errors are serially uncorrelated
at lags greater than or equal to the forecast horizon, for any loss function. This implies that given

a sequence of realizations and forecasts, {(YHh, }A’Hh,t) }T , we may test for forecast optimality
without knowledge of the forecaster’s loss function by test_ing the serial correlation properties of
the forecast errors. For financial applications the assumption of constant higher-order conditional
moments may be too strong, but in some macroeconomic applications the assumption that all
dynamics are driven by the conditional mean may be palatable. In this case, tests of forecast
optimality need not rely on the assumption of MSE loss, as in the papers listed in footnote 1, or
on the assumption that the loss function is known up to an unknown parameter vector and that

the forecast model is linear, as in Elliott, et al. (2002). Instead forecast optimality can be tested

with a large degree of robustness to the loss function of the forecaster.

4.1 Forecast error variance and expected loss

We showed in Propositions 3 and 6 that although the unconditional expected loss is always a non-
decreasing function of the forecast horizon, the unconditional forecast error variance may or may
not be a non-decreasing function of the forecast horizon. We next establish conditions under which

the unconditional forecast error variance is non-decreasing.

Proposition 10 Let the loss function satisfy assumptions L2, L4 and L5, and the DGP satisfy

D2. Then V [e;“ +h t} is a weakly increasing function of h.

20



Like Proposition 9, the above proposition may be used to test forecast optimality in the absence
of information on the forecaster’s loss function under the assumption of mean-only dynamics in
the variable of interest. Given a time series of forecasts with a range of horizons, Proposition 10
suggests testing that the variance of the forecast error is weakly increasing in the forecast horizon.

The assumption of no dynamics beyond the conditional mean is quite restrictive, particularly
for financial applications. This suggests that the equivalence between unconditional expected loss
and unconditional error variance is peculiar to the MSE loss function, and will not generally be
true for other loss functions in financial applications.

These results demonstrate that it is the combination of asymmetric loss and dynamics in the
conditional distribution beyond those in the conditional mean that generate the violations reported
in Section 2.2. Under MSE loss and an arbitrary DGP we showed that the standard properties hold.
Under a weak assumption on the loss function and the restriction that the conditional density has
no dynamics beyond the conditional mean we showed that while the optimal forecast is in general
biased, the optimal forecast errors are serially uncorrelated for lags greater than (h — 1) and the

unconditional forecast error variance is weakly increasing in h.

5 Conclusion

This paper demonstrated that the properties of optimal forecasts that are almost always tested in
the empirical literature hold only under very restrictive assumptions. We demonstrated analytically
how they are violated under more general assumptions about the loss function, extending the work
of Granger (1969) and Christoffersen and Diebold (1997). The properties that optimal forecasts
must possess were generalized to consider situations where the loss function may be asymmetric
and the data generating process may be nonlinear but strictly stationary.

We introduced a change of measure, analogous to the change of measure from objective to risk-
neutral commonly employed in asset pricing. Under the new probability measure, which we call
the “MSE-loss probability measure”, the optimal h-step forecast error for any general loss function
has zero conditional mean and zero serial correlation for all lags greater than h — 1, i.e., the same
properties as an optimal forecast under MSE loss. This is a novel line of analysis, and one that
may lead to new ways of testing forecast optimality.

We have deliberately constrained our analysis in this paper to ignore parameter estimation
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uncertainty. Our results are all the stronger since we have shown that simply changing the loss
function and allowing for nonlinear dynamics can imply that all the standard properties an optimal
forecast is usually thought to possess no longer remain valid.

Our analysis does not imply that forecast rationality is not testable. Rather, it suggests that
researchers have to use economic arguments to establish the underlying loss function as suggested
in a recent paper by Elliott, et al. (2002) or, alternatively, try to conduct tests that are robust
to the shape of the loss function by exploiting (testable) restrictions on the dynamics of the data
generating process. Two such results were presented in section 4 of this paper; the first on the
autocorrelation structure of optimal forecast errors, and the second on the variance of optimal
forecast errors as a function of the forecast horizon. Deriving testable implications of forecast
optimality with limited knowledge of the data generating process and the forecaster’s loss function

is an interesting area for future research.

22



References

1]

[10]

[11]

[12]

Abarbanell, J. S. and V. L. Bernard, 1992, Tests of Analysts’ Overreaction/Underreaction
to Earnings Information as an Explanation for Anomalous Stock Price Behaviour. Journal of

Finance, 46(3), 1181 - 1207.

Batchelor, R. and D.A. Peel, 1998, Rationality Testing Under Asymmetric Loss, Economics
Letters, 61, 49-54.

Brown, B.Y. and S. Maital, 1981, What do economists know? An empirical study of experts’

expectations. Econometrica 49, 491-504.

Cargill, T.F. and R.A. Meyer, 1980, The Term Structure of Inflationary Expectations and
Market Efficiency. Journal of Finance 35, 57-70.

Chesher, A. and M. Irish, 1987, Residual Analysis in the Grouped and Censored Normal Linear
Model, Journal of Econometrics, 34, 33-61.

Christoffersen, P. and K. Jacobs, 2002, The Importance of the Loss Function in Option Valu-

ation. Working paper, Faculty of Management, McGill University.

Christoffersen, P.F. and F.X. Diebold, 1996, Further Results on Forecasting and Model Selec-
tion Under Asymmetric Loss, Journal of Applied Econometrics, 11, 561-72.

Christoffersen, P.F. and F.X. Diebold, 1997, Optimal prediction under asymmetric loss. Econo-
metric Theory 13, 808-817.

Corradi, V. and N. R. Swanson, 2002, A Consistent Test for Nonlinear Out of Sample Predictive

Accuracy. Journal of Econometrics, 110, 353-381.

De Bondt, W. F. M. and R. H. Thaler, 1990. Do Security Analysts Overreact? American
Economic Review, 80(2), 52-57.

De Bondt, W.F.M. and M.M. Bange, 1992, Inflation Forecast Errors and Time Variation in

Term Premia. Journal of Financial and Quantitative Analysis 27, 479-496.

Diebold, F.X., 2001, Elements of Forecasting (2nd edition). Southwestern.

23



Dokko, Y. and R. H. Edelstein, 1989, How Well do Economists Forecast Stock Market Prices?

A study of the Livingston Surveys. American Economic Review 79, 865-871.

Drost, F.C., and T.E. Nijman, 1993, Temporal aggregation of GARCH processes, Economet-
rica, 61, 909-928.

Ehrbeck, T. and R. Waldmann, 1996, Why Are Professional Forecasters Biased? Agency
Versus Behavioral Explanations, The Quarterly Journal of Economics, 111(1), 21-40.

Elliott, G., I. Komunjer, and A. Timmermann, 2002, Estimating Loss Function Parameters,

working paper, Department of Economics, University of California, San Diego.

Engle, R.F., 1982, Autoregressive Conditional Heteroscedasticity with Estimates of the Vari-
ance of United Kingdom Inflation. Econometrica 50, 987-1007.

Figlewski, S. and P. Wachtel, 1981, The Formation of Inflationary Expectations. Review of

Economics and Statistics 63, 1-10.

Gourieroux, C., A. Monfort, E. Renault and A. Trongnon, 1987, Generalized Residuals, Journal
of Econometrics, 34, 5-32.

Granger, C.W.J., 1969, Prediction with a generalized cost function, OR, 20, 199-207.

Granger, C.W.J., 1999, Outline of Forecast Theory Using Generalized Cost Functions. Spanish
Economic Review 1, 161-173.

Granger, C.W.J., and P. Newbold, 1986, Forecasting Economic Time Series, Second Edition.

Academic Press.

Granger, C.W.J. and M.H. Pesaran, 2000, Economic and Statistical Measures of Forecast

Accuracy. Journal of Forecasting 19, 537-560.

Granger, C.W.J. and T. Terasvirta, 1993, Modelling Nonlinear Economic Relationships. Ox-

ford University Press.

Hamilton, J.D., 1989, A New Approach to the Economic Analysis of Nonstationary Time

Series and the Business Cycle. Econometrica 57, 357-86.

24



[26]

Hansen, P.R. and A. Lunde, 2003, Consistent Preordering with an Estimated Criterion Func-
tion, with an Application to the Evaluation and Comparison of Volatility Models, working

paper 2003-01, Department of Economics, Brown University.

Harrison, J.M. and D.M. Kreps, 1979, Martingales and Arbitrage in Multiperiod Securities
Markets, Journal of Economic Theory, 20, 381-408.

Hoque, A., J.R. Magnus and B. Pesaran, 1988, The Exact Multi-Period Mean-Square Forecast
Error for the First-Order Autoregressive Model, Journal of Econometrics, 39, 327-346.

Ingersoll, J.E., 1987, Theory of Financial Decision Making, Rowman and Littlefield, USA.

Keane, M.P. and D.E. Runkle, 1990, Testing the Rationality of Price Forecasts: New Evidence

from Panel Data. American Economic Review 80, 714-735.

Keane, M.P. and D.E. Runkle, 1998, Are Financial Analysts’ Forecasts of Corporate Profits
Rational? Journal of Political Economy 106(4), 768-805.

Lakonishok, J., 1980, Stock Market Return Expectations: Some General Properties. Journal
of Finance 35, 921-931.

Laster, D., P. Bennett and [.S. Geoum, 1999, Rational Bias in Macroeconomic Forecasts, The

Quarterly Journal of Economics, 114(1), 293-318.

Lehmann, E.L. and G. Casella, 1998, Theory of Point Estimation, Second Edition, Springer,
New York.

Machina, M.J. and C.W.J. Granger, 2003, Decision-based Loss Functions in Forecasting and
Estimation. Mimeo, UCSD.

Magnus, J.R. and B. Pesaran, 1989, The Exact Multi-Period Mean-Square Forecast Error for
the First-Order Autoregressive Model with an Intercept, Journal of Econometrics, 42, 157-179.

Magnus, J.R. and B. Pesaran, 1991, The Bias of Forecasts from a First-Order Autoregression,
Econometric Theory, 7, 222-235.

Michaely, R. and K.L. Womack, 1999, Conflict of Interest and the Credibility of Underwriter
Analyst Recommendations, Review of Financial Studies, 12(4), 653-686.

25



[39)

[40]

[41]

[42]

[49]

Mishkin, F.S., 1981, Are Markets Forecasts Rational? American Economic Review 71, 295-306.

Muth, J. F.; 1961, Rational Expectations and the Theory of Price Movements. Econometrica
29(3), 315-335.

Pesando, J.E., 1975, A Note on the Rationality of the Livingston Price Expectations. Journal
of Political Economy 83, 849-858.

Pesaran, M.H. and S. Skouras, 2001, Decision-based Methods for Forecast Evaluation. In

Clements, M.P. and D.F. Hendry (eds.) Companion to Economic Forecasting. Basil Blackwell.

Prendergast, C. and L. Stole, 1996, Impetuous Youngsters and Jaded Old-Timers: Acquiring
a Reputation for Learning, Journal of Political Economy, 104(6), 1105-1134.

Scharfstein, D.S. and J.C. Stein, 1990, Herd Behavior and Investment, American Economic

Review, 80(3), 465-479.

Schroeter, J.R. and S.L. Smith, 1986, A Reexamination of the Livingston Price Expectations.
Journal of Money, Credit and Banking 18, 239-246.

Sentana, E., 1998, Least Squares Predictions and Mean-Variance Analysis, CEMFI Working

Paper 9711, Centre for Monetary and Financial Studies.

Skouras, S., 2001, Decisionmetrics: A Decision-based Approach to Econometric Modeling.

Mimeo, Santa Fe Institute.

Varian, H. R., 1974, A Bayesian Approach to Real Estate Assessment. In Studies in Bayesian
Econometrics and Statistics in Honor of Leonard J. Savage, eds. S.E. Fienberg and A. Zellner,

Amsterdam: North Holland, 195-208.

West, K.D., H.J. Edison and D. Cho, 1993, A Utility-based Comparison of Some Models of

Exchange Rate Volatility. Journal of International Economics 35, 23-46.

Zarnowitz, V., 1985, Rational Expectations and Macroeconomic Forecasts. Journal of Business

and Economic Statistics 3, 293-311.

Zellner, A., 1986, Bayesian Estimation and Prediction Using Asymmetric Loss Functions.

Journal of the American Statistical Association, 81, 446-451.

26



Appendix

We will sometimes, though not generally, make use of one of the following further assumptions
on the data generating process for Y:

Assumption D1: The data generating process for Y is strictly stationary.

Assumption D1*: The data generating process for Y is covariance stationary.

Assumption D2: The DGP is such that Yy = E¢ [Yirn] + €tth, €t4n|Ft ~ Dy, where Dy, is
some distribution that may depend on h, but does not depend on F;.

The following properties of the loss function are assumed at various points of the analysis:

Assumption L1: The loss function is (at least) once differentiable with respect to its second
argument, except on a set of measure zero.

Assumption L2: [ L (y,9) fisn: (y)dy < oo for all g €Y, for all t, h.

Note that assumption L2 implies that E [L (Yi1p,9)] < oo for all g € V:

BV = [ [ L) feons (12 £ (21) dyaz’
- /E [L (Yisn,9) |12 [ (2") dZ*

< [ s (B [LOhnd) ) £ (7)) a2’
= sup B [L (Vi §) |2']

< 0oQ.

The first line follows by decomposing the unconditional density of Y;4 into its conditional density
given time ¢ information (represented by the variable Z! € R¥) and the unconditional density
of the variable Z'. We have made the dependence of fiip; on Z' explicit here for clarity. The
second line changes the order of integration. The third line uses the fact that E [L (Yetn,9) ]Zt]
<sup,e (E [L (Yeqn,9) |2']) VZ". Since sup,: (E [L (Yiyn,9) |2']) does not depend on Z*, the fourth

line takes it outside the integral, and uses the fact that the density of Z! must integrate to one.

Assumption L2*: An interior optimum of the problem

i Ly, 4 d
@g}gm/ (Y, 9) frrns (y) dy

exists for all t and h, where Y is a compact subset of R.
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Assumption L3: | [ 0L (y,9) /09 feyny (y) dy| < oo for some g, for all t, h.

Assumption L4: 0L (y,9) /0y < (=)0 for y —y > (<) 0.

Assumption L2 simply ensures that the conditional expected loss from a forecast is finite, for
some finite forecast. Assumptions L1 and L2* allow us to use the first-order condition of the
minimization problem to study the optimal forecast. One set of sufficient conditions, see Lehmann
and Casella (1998) for example, for Assumption L2* to hold are Assumption L2 and:

Assumption L5: The loss function is solely a function of the forecast error.

Assumption L5*: The loss function is a non-monotone, convex function solely of the forecast
error.

We do not require that L is differentiable with respect to its second argument everywhere.
Note also that we do not need to assume a unique optimum (though this is obtained if we impose
Assumption L5*, with the convexity of the loss function being strict). Assumption L4 imposes that
the loss function is weakly increasing as we move out from the point where § = y. It is common
to impose that L (y,y) = 0, i.e., the loss from a perfect forecast is zero, but this is obviously just
a normalization and is not required here. Assumption L3 is required to interchange expectation
and differentiation: OF: [L (Yi4r,9)] /0y = E¢[OL (Yi4n,9) /0y]. The bounds on the integral in
the left-hand side of this expression are unaffected by the choice of ¢, and so two of the terms in
Leibnitz’s rule drop out, meaning we need only assume that the term on the right-hand side is
finite.

In defining the MSE-loss probability measure we need to make the following assumption:

Assumption L6: 0 < ’Et {(YHh —§) AL (Yign, 9) /83}} ’ < oo for all t,h and 7.

. . 2
Proof of Proposition 1. Given L (Yt+h,Yt+h> = <Yt+h — Yt+h) , and assuming at least 2

finite conditional moments of Y;yj, the first order condition implies that

05,1 ()
it

—2 (Et [Yign] — Yt?h,t) =0, so
ine = Fi[Yign], and

€iine = Yern — B [Yiga].

Thus the optimal forecast under MSE is conditionally and unconditionally unbiased for all forecast

horizons and for all DGPs.
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The remainder of the proof follows directly from the proofs of Propositions 6 and 7, presented

below, when one observes the relation between the forecast error and the generalized forecast error

(defined in Section 3), ¥y, 4, for the mean squared loss case: e}, , = —%Lb;f tht » and noting that

the MSE loss function satisfies assumptions L1 and L3, and also assumption L5* which then implies

a unique interior optimum (see Lehmann and Casella, 1998, for example). m

Proof of Proposition 2. The h-step-ahead forecast error has a conditional expectation of

1 N
E; [e?+h,t] =7 log (Wst,tPh80>

which, since P is a probability matrix with an eigenvalue of unity, is different from zero even when

h — oo. The unconditional expectation of the forecast error is

E [‘%lh,t] =

E [Et [ezil*h,t]]

> TenE [—% log (ﬁgt,tPhQD) |15t = St]

Stil
1 k
T a Z T(st) log (I’,ﬁ*tytPth)
se=1

1
- _,Aha
a

where A\, = log (Phcp) and ¢s, = Pr[St|S: = s¢] is a k x 1 zero-one selection vector that is unity in

the s;th element and is zero otherwise.

Clearly the unconditional bias remains, in general, non-zero for all A. In the limit as A — oo,

1 1 1
E €] — —57_1" log (¢@') = —57? tlog (7'p) = - log (7

which is also, in general, non-zero. m
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Proof of Proposition 3. From Proposition 2 we have

1
Var (ef ;) = E [eﬁmf] 3 LT A

2
(UStJrh Vith — — ]og < st tPh ))

2
= F [(rfﬂrhzjah} — EE [Ust+h’/t+h log (Tl'St tPhcp)}

= F )\hﬂ'ﬂ")\h

1 = o N Ly o
+¥E log (Tl'st’tP cp) — ﬁAhﬂ'ﬂ' An
k

1
_ Z _ 2 2 _ It
- ﬂ—(st+h)E {Jst+hyt+h’5t+h - St+h:| - ?Ahﬂ-ﬂ- )‘h

Stpn=1

k
1 ~ R L ) b
+¥ Z T(s)E {log (W,st,tP ‘P) -log (Wgt,tP ‘P) |S: = St}

Stil
k
- Z ﬁ-(strh)o-gtJrh - )‘hﬁ-ﬁ-,)‘h
8t+h:1
T
+§ Z T(s) l0g (go’Ph'> Lstl,lst log (Phg:)
s¢=1

k
1
= 7Tl'/0'2+§)\;1 (Z (s0)lsel St> Ah__lAh

= 7?’02—#%)\2((_ )OI —a7") Ap.

Here 7(;) is the i'" element of the vector 7, the outer product ¢, ¢}, is a k x k matrix of all zeros,
except for the (s, st)th element, which equals one. To examine the variance of the optimal h-step

ahead forecast as h — oo, notice that
Ao = lim Ay = log (7).
o = Jim Ay = og (7'p)
Furthermore, for any vector & such that &'c = 1,
J ((7_1'1,’) oI - 7_1'7_1") v=1 ((7_1'1,’) O] I) L= =71 — (7_\'/L), (ﬁ'/L) =0.
As h — o0, the variance of the optimal h-step ahead forecast therefore converges to

Var [ing — %%+ log (Fp) & (7) © 1 - 77) wlog (%)

=/
= 7T0'2.
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Proof of Corollary 1. Follows directly from the proof of Proposition 3. m

Proof of Proposition 4. The autocovariance function for an h-step forecast is:

1
* * _ * * | ==/
Cov [€efsntsCivn—ji—s) = Eleiine  elrn—ji—s] — g)\hﬂ' T A
= FE 1 1 ~/ Ph
= O-St_;,_h]/t—‘rh — E og ﬂ-st,t @ X

1 , 1
- h ! ==
Osypn_jVirh—j — p; log Wst,j,tij Y| - p AT,

1 A
= E [(O-Stthfj 0—3t+hyt+h*jyt+h):| - EE |:0-5t+h7j Vipp—jlog (ﬂ'iqt,tPhﬂo)}

1 .
_aE {(Tswhyt-i-h log (ﬂ;t_j,t—jph‘tD)}

1 1
+—E [log (ﬁghtPh@ log (ﬁ';t_j’t_jPhcp)} — SN FF A,

k k
~ 1., 1 _
= "Ly = SANETNE 5 DL D Fe ) Tarlse; X

St_jil st=1
E [bg (ﬁ'st,tPhSD) log (ﬁlst,j,tijh‘P) |St—j = 865, St = St}
1
—/ 92 — =
= 7T/0' 1{j:0} — EA/}LT”T/)‘h

ko k
1 _
+$ E g T (si_ ;) Tse|se_; 108 (LgtPhga> log (L’St_jPhcp)

s¢—j=ls=1

_ 1y __
= 77,0'21{]':0} — EA/}LTFTF/A}L
1 k k
+—= A 7 T Lg, L A
a2th (5t—5) "' stlse—j “s1bs; h
st—j=1s1=1
1

= 7_\',0'21{]':0} - EA/}LTTTT/A}L

k k
1 _
+p)‘;z Z T(s4—5) (Z 7Tst|st_jlf5t> L;t_j An

St—j 1 8t=1

1
= 7_\',0'21{]':0} - ?A;lﬁ-ﬁ-/Ah

1 k
L I Py, 4 A
a2 h (st—5) St—j s1—j h
St—jzl

1 .
= wollog + =N, (7)) 0P —77) Ay

For fixed h, as j — oo, Cov [e;‘+h7t, ef+h_j7t_j} — EX, (R 0ur) =77 )N, =0. =
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Proof of Proposition 5. Assumptions L1 and L2* allow us to analyse the first-order
condition for the optimal forecast, and assumption L3 permits the exchange of differentiation and

expectation in the first-order condition, giving us

OL (Yisns Viiny)

E [h,,| = E : —0,
s [ t Hrons

by the optimality of Ytih v B [¥}ip,] =0 follows from the law of iterated expectations. m

A~

Proof of Proposition 6. By strict stationarity of (Yt+h, Yo, t) for all h and j (D1) we have

E [Et [L (Y;f+haf/t*+h,t)ﬂ =K [Et—j [L (th+hfj7}>t*+hfj,t7j)ﬂ

and so the unconditional expected loss only depends on the forecast horizon, and not on the period
when the forecast was made.

By the optimality of the forecast Y

1n.t We also have, for Vj > 0,

E, [L (Yt+hai/tih,t—j>} > FEi [L (Yt+hafft’lh,t)}
E [L <Y;§+h,YA;j_h7t_j>} > E [L <Y;f+haf/;fj-h,t)}
E {L (Yt—s—h—maﬁffs—h—i—j,tﬂ z b {L <Y'5+h’?tih7t)}

where the second line follows using the law of iterated expectations and the third line follows
from strict stationarity. Hence the unconditional expected loss is a non-decreasing function of the
forecast horizon.

To show that the conditional expected loss may be an increasing or a decreasing function of the
forecast horizon we need only construct an example. We will use the 2-state regime switching/linex
/

loss example from Section 2.2. Assume that @, ; = [0.95,0.05]. Then from equations (6) and (7)

we know that optimum forecasts and resulting conditional expected losses are: ﬁ117t = 0.5376,
Y, = 0.6616, E; [L (Ytﬂ,ml’tﬂ = 3.1685 and E, [L (Ym,mg,t)} = 3.7390. If, on the other
hand, s, ; = [0.05, 0.95) then the optimal forecasts and resulting conditional expected losses are:
Vi, = 18714, Yy, = 1.7927, B [L (Y;H,ml,tﬂ = 8.1050 and E, [L (mg,mztﬂ = 7.9995.
So if we start from a point where there is a high probability of being in the low volatility state, then
the conditional expected loss is increasing with h. But if we start from a point where there is a high

probability of being in the high volatility state, then the conditional expected loss is decreasing
with h. =
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Proof of Corollary 2. Follows using similar steps as in the proofs of Propositions 3 and 4.
Details are available from authors upon request. m

Proof of Proposition 7. Since o (Y;,Y;-1,...) C 2 by assumption we know that ¢y, ,_;, ;=

~

oL (Yt+h—ja Y;tihfj,tfj

) /0y is an element of F; for all j > h. Assumptions L1 and L2* again allow

us to analyze the first-order condition for the optimal forecast, and assumption L3 permits the

exchange of differentiation and expectation in the first-order condition. We thus obtain have

OL (Yien: Vi)
Y

E [¢?+h,t|~7:t] =F Q| =0,

which implies E [¢] ht Y (Xt)] = 0for all X; € F; and all functions . Thus )} +h,¢ 1S uncorrelated

with any function of any element of F;. This implies that
E W;rh,t . ¢f+h_j7t_j] =0 forall j > h
and so0 93,y is uncorrelated with ¥y, , ,, ;. =

Proof of Corollary 3. Follows using similar steps as in the proofs of Propositions 3 and 4.

Details are available from authors upon request. m

Proof of Proposition 8. We first need to show that fe*Hh > 0 for all possible values of e, and
that

| ferins (u; Y’Hh’t) du = 1. By assumption L4 we have

1 9L <Yt+h, Y4:+h,t>
e 8ﬁ+h,t

oL <Yt+h, f/t+h,t>

= exists.
Y4 yht

< 0 for all e # 0, where

Yt+h=Yt+h,t+e Yt+h:Yt+h,t+e

Thus the numerator is non-positive, and the denominator is negative (and finite by assumption
L6), so B*Hh . (e; Yt+h7t) >0,if fe, 1, (e; Yt+h7t> > 0. By the construction of fe*Hh , it is clear that
it integrates to 1.

To prove (ii), note that

* [k _ * RY
E; [et+h,t] = /e Ctiht (€;Yt+h,t> de
Vi 0L (Yern Vi) :
= Et — " ) . / — . f€t+h,t <€’ }/;f—‘rh,t) de
Citht OYiint )
Yirn=Y/, te
= 0.
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since the second part of the second line equals zero by the first-order condition for an optimal
forecast. The unconditional mean is also zero by the law of iterated expectations.
In the proof of part (iii) we make reference to the bivariate MSE-loss probability measure, but

do not need to explicitly define it in order to obtain the result. Since E* [e;‘ h t} = 0 we need only

show that E* [e;rh’t . e;fk+h+j,t+j} =0 for j > h.
Ef [62‘+h,t : €I+h+j,t+j} = Ef [e;rh;t By [€I+h+j,t+jﬂ for j > h
= 0,

by part (ii). Ef [e;rht € htj tﬂ} = 0 follows by the law of iterated expectations.
For part (iv) note that V;* [e;rh’t} = E} [eﬁh,t}’ and V* [e;rh’t} = E* [eﬁ-h,t} . Further, note

that B} [ersn = 0= E} [YH,L -y,

t‘fmt} is the first-order condition of arg minE} [(YHh - Q)Q} , SO

Y

N 2 i . 2
E; [(mh ~ Vi) } < B |(Yorn = Vine) | Vi 20
i - * Ok 2
E [(YtJrh_Yt+h,tj> ]

. 27
* * * *
= E (Yt+h - Yt+h+j,t> =V [et+h+j,t]

R 2
v [e;karh,t] = FE" (Yt+h_Ytih,t> }

IN

by the optimality of Yt* the law of iterated expectations and the assumption of stationarity

+h,t

under the MSE-loss probability measure. m

Proof of Proposition 9.  Under assumption L5 Granger (1969) and Christoffersen and
Diebold (1997) show that the optimal forecast may be written as

Yiine = Bt [Yign] + o

~

and so the optimal forecast error is ef,, , = Yiyp — Y/, , = €40 — ap. Since g, is constant for
fixed h,
Cov [e?+h,ta€?+h—j,t—j] = Eletn - errnjl
= E|[E[etsn] - ern—y] for Vj = h
= 0.
|
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Proof of Proposition 10. Consider h > 0 and j > 0. Let

Yivntj = Ei[Yernti]l + Msntj> MevnrjlFt ~ Dhyj

Yiehij = Eiyj Yirnis] + etvhtjy StrnijlFie ~ Da

From Christoffersen and Diebold (1997) we know that under the above assumptions Ytih,t =

Ei [Yiin] + ap, s0O

* — .
€tthtjt — Mi+htj — Xhtj

* f— s —
Ctthtjtts = Et+htj — X

where ap, and ap; are constants. Thus V; {e;rhﬂ.’t} = Vi [Msnsj] = O'%H_j, and V; [ef+h+j,t+j} =

_ 2
= 0}. Now

U,QL. Note also that V [e;‘ h ﬂ-’t} =F [Et |:n%+h+j:|:| =0 %H—j? and similarly V' {€?+h+j,t+j

we seek to show that U%H > 0,21.

Vietinie = VilVirnts — B [Yirnts]]
= Vilevrnss + (Brj Yernts] = Bt [Yernts])]
= 05+ Vi [Bryj Yernts)) +2Cov [erinigs Errg Yernts) — Bi [Yignts)]
> o}

=V [e?-i-h,t]

where the first equality follows from the equality of the conditional and unconditional variance
of the forecast error in this scenario; the third equality follows from the fact that E; [Yi4444] is
constant given Fy; the weak inequality follows from the non-negativity of V; [Ety1 [Yit2]] and that
Eitj [et4nys - ¢ (X19)] = 0; the final equality follows from the fact that Dy, does not change with
t. The cases where h = 0 and/or j = 0 are trivial. Thus V' [e;;hﬂ.’t} >V [eah’t} Vh,j>0. m
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Figure 1: Linear-exponential loss function and unconditional optimal forecast error density, two-
state regime switching example.

Optimal bias for various forecast horizons
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Figure 2: Bias in the optimal forecast for various forecast horizons, two-state regime switching

example.



Optimal variance for various forecast horizons
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Figure 3: Variance of the optimal h-step forecast error for various forecast horizons, two-state

regime switching example.

Optimal forecast error autocorrelation function for various forecast horizons
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Figure 4: Autocorrelation in the optimal h-step forecast error for various forecast horizons, two-state

regime switching example.



Expected loss from optimal forecast as a function of forecast horizon
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Figure 5: FExpected loss from the optimal forecast for various forecast horizons, two-state regime
switching example.

Optimal forecast error autocorrelation function for various forecast horizons
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Figure 6: Autocorrelation in the gemeralised optimal forecast error for various forecast horizons,

two-state regime switching example.
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Figure 7: Objective and “MSE-loss” error densities for the regime switching example, one-step

forecast horizon, for various values of the state probability vector, s, ;.



