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This appendix contains three parts. Part 1 presents lemmas that provide further details on the
proof of Theorem 2 presented in the main paper. Part 2 presents a detailed verification that the
high level assumptions made in the theorems of the paper hold for the widely-used GARCH(1,1)

process. Part 3 contains additional tables of analysis.

Appendix SA.1: Detailed proofs

Throughout this appendix, we suppress the subscript on O for simplicity of presentation, and
we denote the conditional distribution and density functions as Fy and f; rather than Fj (-|F—1)

and f¢ ([Fi-1)

In Lemmas 1 and 3 below, we will refer to the expected score, defined as:
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Lemma 1 Let

Then under Assumptions 1-2,
T
VT(6 - 6°) = (A1(6°) + 0,(1)) (—% > 9:(0%) + op<1>> (3)
t=1



Proof of Lemma 1. Consider a mean-value expansion of )\(9) around 0°:

30) A0 + ol (- e) @
= A0")(0 ~ 0" )

where 8* lies between 6 and 8°, and noting that A(6°) = 0 and the definition of A(6*) given in the
statement of the lemma. Proving the claim involves two results: (I) A=1(8*) = A=*(8°)+0,(1), and
(I1) VTA(B) = —\% Zthl 9:(8%) + 0,(1). Part (I) is easy to verify: Since v;(8) and e;(0) are twice
continuously differentiable, and e;(8°) < 0, A(8) is continuous in @ and A(@) is non-singular in a
neighborhood of 8°. Then by the continuous mapping theorem, 6* 2 8° = A(8*)~1 & A-1(9").
Establishing (IT) builds on Theorem 3 of Huber (1967) and Lemma A.1 of Weiss (1991), which
extends Huber’s conclusion to the case of non-id dependent random variables. We are going to
verify the conditions of Weiss’s Lemma A.1. Since the other conditions are easily checked, we only
need to show that 7—1/2 Zthl 9¢(8) = 0,(1), which we show in Lemma 2, and that his assumptions

N3 and N4 hold, which we show in Lemmas 3-6. =
Lemma 2 Under Assumptions 1-2, T~1/2 Zthl 9:(8) = 0,(1).
Proof of Lemma 2. Let {e; }§:1 be the standard basis of RP and define

T
Li.(a) = T7-1/2 Z Lrzo (Yt, vp(0 + ae;j), er(0 + ae;); a) (6)
t=1

where a is a scalar. Let G%(a) (a scalar) be the right partial derivative of L%(a), that is
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G%,(O) = §liI%+ ij(ﬁl) is the right partial derivative of Lp(6) at @ in the direction 6;, while
14)
élin% G- (—&,) is the left partial derivative of Ly () at 6 in the direction ;. Because L (0)
20+

achieves its minimum at 6, and its left and right partial derivatives exist, its left derivative must



be non-positive and its right derivative must be non-negative. Thus,
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The second term in the penultimate line vanishes as 1{Y; = v,(8)}(v;(8) — V) is always zero.

By Assumption 2(C), for all ¢, |V,v,(8)] < ||Vu,(8)] < Vi(Fi_1) and (1/et (<H thus:

. H T N
Gr(0)] < — [T—W max V1<ft_1)} [Z 1 {Yt = w(@}] (9)

t=1
H is finite by Assumption 2(C). Next note that for all € > 0,
T
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with the latter inequality following from Markov’s inequality. Since E[Vi(F;_1)?] is finite by as-
sumption 2(D), we then have that 7—1/2 max. Vi(Fi-1) = op (1) . Finally, by Assumption 2(G) we
have Z;le 1 {Yt = v(0 )} Ous. (1). We_tilerefore have G%(O) %, 0. Since this holds for every j,
we have T-1/23°T  4,(8) = 0,(1).

The following three lemmas show each of the three parts of Assumption N3 of Weiss (1991)
holds. In the proofs below we make repeated use of mean-value expansions, and we use 8* to denote
a point on the line connecting 8 and 6°, and 6** to denote a point on the line connecting 6* and

0°. The particular point on the line can vary from expansion to expansion.

Lemma 3 Under assumptions 1-2, Assumption N3(i) of Weiss (1991) holds:
IA(6)]] > all@ — 6°], for |6 — 6°|| < do.

for T sufficiently large, where a and dg are strictly positive numbers.



Proof of Lemma 3. A mean-value expansion yields:
Ar(8) = Ar(6°) + A(07)(6 — 6°) = Ar(6%)(6 — 6°) (11)
since A7 (0°) = 0, where A(0) = 9E[g,(0)]/00. Using the fact that
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we can write:
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Evaluated at 6°, the first two terms of A drop out because F} (vt(HO)) = « and éE[Ytl{Yt <
v (0°)}| Fi—1] = e, (6°) . Define D as

B fi(ve(0 / 1 '
D=A 1ZE[ e ) V(6" Tr(6) + s V0 Vo) | (1)

Below we show that A(8*) = D + O(||@ — 6°||) by decomposing ||A7(8*) — D|| into four terms and
showing that each is bounded by a O(]|§ — 6°|) term.

First term: Using a mean-value expansion around 8° and Assumptions 2(C)-(D) we obtain:
HE Kv%t(a*) Vv (0*) Ve (0%) Ve (0*) Vvt(e*)> ( 1)] H
—et(0*) et(e*)2 et(O*)
2 ft(vt(e**)) ** 0* 0
< E (HVQ(ft_l) +2H Vl(ft_ﬂHl(ft_l)) TV (0 -6 (15)
K

o {HBIVI(Fia) ] PEVA(Foa )PP 4 2B BIVE (Fio B (Fia) T2 67— 0°)

IN



Second term: Again using a mean-value expansion around 8° and Assumptions 2(C)-(D):
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Third term:
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Fourth term: The bound on this term follows similar steps to that of the third term:
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Therefore, A7(6%) = Dy +O(||@ — 8°|)) = ||Ar(0*) — Dr|| < K||6 — 8°||,where K is some constant
< oo , for T sufficiently large. By Assumption 2(E), D7 has eigenvalues bounded below by a

positive constant, denoted as a, for T" sufficiently large. Thus,

IAr(®)] = ar(e™) (B - 6°) |
= ||Dr(6 — 6°) — (Dr — A7(67))(6 — %)) (19)
> ||Dr(8 - 6°)|| — [|(Dr — Ar(6%))(6 - 6°)]
> (a— K6 -6°)- 6 -6
The penultimate inequality holds by the triangle inequality, and the final inequality follows from As-

sumption 2(E) on the minimum eigenvalue of Dp. Thus, for T sufficiently large so that

a — K||@ — 6°|| > 0, the result follows. m

Lemma 4 Define

1(0,d) = sup lgi(7) — g:(0)]] (20)
[r—6lI<d
Then under assumptions 1-2, Assumption N3(ii) of Weiss (1991) holds
E1y(8,d)] < bd, for 8 — 6% +d < do,d > 0 (21)

for T sufficiently large, where b, d,and dy are strictly positive numbers.

Proof of Lemma 4. In this proof, the strictly positive constant ¢ and the mean-value

expansion term, 7%, can change from line to line. Pick dy such that for any @ that satisfies



16 — 8°|| < dy, all the conditions in Assumption 2(C) and 2(D) hold as well as e;(8) < v:(8) < 0.

Let us expand ¢4(0) into six terms:

00) = LAy < o)) - TS LHOFAO <o e
v (0)V'er(8) 1 V'e,(0) ; V'e(0)
- 6,5(9)2 - o et(9)2 1{Y; < t(a)}n+ et(e)

We will bound p,(0,d) by considering six terms, ,ut(e,d)(i),z’ =1,2,---,6, defined below. Each
term is shown to be bounded by a constant times d.
First term:

V'vi(T)

1
0,d M == g
11+(6, d) P “e(T)

& |r-6|<d

LY, < u(r)) — ¥ f;’))l{wvt }H (23)

Set 71 = argmin|;_g|<qv:(7) and To = arg max;_g|<q v:(7). Since v;(0) and e;(0) are assumed
to be twice continously differentiable, 71 and 749 exist. We want to take the indicator function out

from the ‘sup’ operator. To this end, let us discuss what a - u,(0 d)( ) equals in two cases.

Case 1: Y; < v(0). (a) If Vi > vy(72), o - (0, d)C HY&%)H VIEY, < w(r1), -
Mt(e,d)(l) = sup HV::((: V_:t((g)) H ) If v(7T1) <Yy < vy(T2),
[ 7—6]|<d
0) V'vt 0
a - 11,(0,d)") = max sUp wr) T H H H .
0 {TOSd,Yt@T —ei(T)  —ei(0) —e(0) (24)
E ) b e
< sup +
lr—6j<all —e:(T)  —ei(0) —er(0)
Case 2: Y; > v(0),
!
om0V = HYi<ur)}  swp || (25)
lr—6]|<d,vi<u(r) Il —€+(T)
V/Ut(’T) ‘
< UY; <ot - sup
i v} lr—o|<dll —€:(T)

16 — 6°|| + d < dy implies that both @ and T (which are in a d-neighborhood of ) are in a
do-neighborhood of 6 , and so
V've(T)

—ey(T)

sup (26)

< sup
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B
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Thus,

- Mt(aa d)(l)

< (Hwi(r2) <Yy S 0p(0)} + H{wg(11) <Yy < 0(0)} 4 H{uy(0) < Y; < vy(72)}) (27)
s V'u(8) <1 V've(T) B V've(0)
||97001||)§d0 —et(0) H " H1'701|;|)§d —ei(7)  —e(0) ||’
where
v (0)
BualL{n(rs) < Vi < u(®)}] = [ ey (28)

<Klvi(T2) = v:(0)] < KVi(Fi1)llT2 = 6] < KVi(Fi-1)d

and similarly,

E[1{v:(0) <V; <vi(r2)}[Fia] < KVi(Fr1)d (29)
and E[1{vi(7m1) < Y: <w(0)}Fma] < KVi(Fioa)d
Further
su V’vt(e)
Hefefﬁgd —e(0) H = M7y (30

and by the mean-value theorem,

V() V'u(0) V2ui(1*) V' (7%)Vey(T%) o
e ol A e || 7Y (1)
"o (T "v(0)
sup - = 2(Vt—1 2 1\ t—1)11(Vt—1)) - a.
N Viu(r) _ Vo H<(HV(]—" )+ H2VA(Fi) i (Fin) - d (32)
lr—o)<d|l —e(T)  —ei(0)

By Assumption 2(D), B[Va(F;_1)] and E[Vi(F;_1)Hy(F;_1)] are finite, so Blu,(8,d)M] < cd, where

¢ is a strictly positive constant.

Second term: ,(8,d)® = sup H V,,it((:)) — Ylgit(g)) H . It was shown in the derivations for

|r—6l|<d
the first term that B[y, (0, d)?] < cd, where ¢ is a strictly positive constant.

Third term:

v (T)V'er(7)
er(1)?

1 v(0)V'er(0)
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Similar to the first term, a - 11,(0,d)® can be bounded by

(Hoi(2) < Vi <0r(0)} + Hve(T1) < Vi <0(0)} + L{wr(0) < Yi <wi(72)}) (34)
- v (0)V'er(0) - v (T)Ve(T) B v(0)V'er(0)
||07001||)§d0 e(0)? H " H-rfelH)gd er(T)? e(0)? H

where

E[1{vi(12) <Y <vi(0)} + L{v (1) <Y < 0(0)} + 1{v4(0) < Yy < wy(12) HFio1] < 3KVi(Fi—1)d

(35)
and
su vt(H)V’et(O) )
HOfGOPHSd et()? H = ) (3
where e:(0) < v:(0) < 0 is used, and by the mean-value theorem,
v (T)V'er(7) B v (0)V'es(0)
()2 ct(0)? (87)
[ Ve ) Vu(T*) 20 (7%) Ve (77) Ve (T7) v (T*)V2e4 (%) o
[ arp T e |70
- v (T)V'er(T) v (8)V'er(0)
- ||TfeI||)§d er(T)? e1(0)? H (38)

< (H*VA(Fio)Hi(Fim1) + 2H*Hy(Fi—1)* + H - Hy(Fi-1)) - d

By Assumption 2(D), E[Vi(Fi_1)H1(Fi—1)], B[H1(Fi—1)?], B[Ha(F;—1)] < 0o. Therefore, B[y, (0,d)®)] <

cd, where c is a strictly positive constant.

vi(T)V'er(r) v (0)V'et

Fourth term: 1,(0,d)¥ = sup () < (07

[|T—6l<d
term we showed that B[y, (0, d)®] < cd, where c is a strictly positive constant.

(6) H . In the derivations for the third

Fifth term:

1 V'es(T) Ve (0)

®) = — 1{y; < Y, - —1{Y; < Y,
14(8,d) o ”Ti%lﬁgd er(T)2 Y <w(m)}Ys e (0)? Y <w(0)}Y; (39)
Similar to the first term, a - 11,(8, d)®) can be bounded by
(Hoi(r2) < Vi <0r(0)} + Hve(T1) < Vi <0r(0)} + Ui (0) < Vi <vi(72)}) (40)
V'er(0) Vie(r) V'e(0)
- Yy sup + Y| sup -
i lo—8%|<d, || €+(6) vl lr—oj<dll e(T)*  e(6)?




where
vt (0)

E[1{vi(72) < Vi < vi(0)}Yi] [Fi1] =/ ylfi(y)dy < Klvi(T2)] - [or(T2) — v:(0)] (41)

t(T2)

< KV(Fe-)Vi(Fi-1)llm2 — 0| < KV(Fi-1)Vi(Fi-1)d

and similarly,

E[1{v(m1) <Y Sw(0)}Y] [Fia] < KV(F)Vi(Fi-1)d (42)
and E[1{v(0) <Y: < v(12)}Yi| | Fi—1] < KV(F1)Vi(Fior)d
Further
V'e(0) H 2
sup < H°Hy(Fi-1) (43)
lo-6%<all €(6)? '
and by the mean-value theorem,
Viey(T) Ve (6 H Ve (T*)Ver(T%)  V2e(T%)
- + (r—0 44
er(1)? er(0) er(1T*)3 er(17*)? ( ) (44)

Vied(r ) V(o)
et(T)z et(0)2

= sup < (2HH(Fi-1)* + H*Ha(F—1)) - d

|r—6ll<d

By Assumption 2(D), B[V (F;_1)Vi(Fi—1)H1(Fi_1)], B[H1(Fi—1)*|Y3|], B[Ha(F;—1)|Y:|] < oo. There-
fore, B, (0, d)®)] < cd, where c is a strictly positive constant.

Sixth term:

!/ /
(6) 0.d 1 Viey(r) 'V et(H)H 15
p
(6.d)= lr—o)<d|l —et(T)  —e(0) (45)
By the mean-value theorem,
Vie(r)  V'e(6) HV’et( T Ve(T)  Viey(T*)
N (r—8 16
) —el®) a? el || 7Y 1o
!/ !
5 s || YlD) Veld H (H2Hy(Fi1)? + H - Hy(Fy 1)) - d. (47)
lr—6|<all —e«(T)  —ei(O
By Assumption 2(D), E[H}(F;_1)?], E[Ha(F;_1)] < co. Therefore, B[y, (0,d)®] < cd, where c is a

strictly positive constant.
Thus we have shown that 1,(0,d) < 30 1,(0,d)? with B[, (8,d)?D] < ed, Vi = 1,2,--- ,6,

where c is a strictly positive constant, proving the lemma. =
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Lemma 5 Under Assumptions 1-2, Assumption N3(iii) of Weiss (1991) holds:
B, (0, d)?] < cd, for||@ — 6°|| +d < dy, and some q > 2

for T sufficiently large, and where ¢ > 0, d > 0 and dy > 0.

Proof of Lemma 5. In this proof, the strictly positive constant ¢ and the mean-value
expansion term, 7 can change from line to line. Pick dy such that for any @ that satisfies
16 — 6°|| < dy, all the conditions in Assumption 2(C) and 2(D) hold as well as e;(8) < v:(8) < 0.
Similar to Lemma 4, we will decompose ,(0,d) into six terms, ut(e,d)(i), fori =1,2,...,6. By

Jensen’s inequality, B [u,(6,d)?] < 6971525 E[(1(0, d)(i))q], g > 2. We will show that for some
246

0<d<l, E[(ﬂt(O, d)(i)) | <ed,Vi=1,2,---,6, where ¢ is a strictly positive constant.
First term:
1 V(1) "v,(6)
H,d(l):— sup D1y, < — 1{Y; <y 48
,LLt( ) Q@ flr_oj<d —et(T) { t = ( )} (0) { t t } ( )

Set 71 = argmin|,_g|<qvt(7) and T2 = arg max;_g|<qv(7). Following the same argument as in

the proof of Lemma 4, we obtain

[ 11 (8, ) VPO < (1{wi(72) <V < wi(0)} + 1{’Ut( 1) <Y < v (0 )} + 1{w:(0) < Yt < vt(TiﬂP))

A sup v’vt )H sup Vo(r)  V'vy(6) H
16—6°||<do e:(6) |lT—6]|<d —et( —et(0)

Et—l [1{11,5(7’2) < Y;g < Ut(g)} + 1{%(7’1) < Y;g < ’Ut(a)} + 1{1),5(9) < Y;g < 'Ut(TQ)}] < 3KV1(}}_1)d

where

(50)
and
V've(0)
sup a ) H < (HVA(Fi-1))*" (51)
[|6— 00||<d
For ( sup H V_:: :)) V_/:: H) , we need to combine the two following two results:
lm—6l<d

V'vi(T) B V'vi(0)
—ey(T) —ey (0

sup
lm—6ll<d

sup V(1) V'Ut(H)H
lr—oj<all —e(T)  —eu(0)
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2+5] <

Combining with Assumption 2(D), we thus have E[(1,(6,d)")
Second term: ,(8,d)® = sup H V_/:tt((:)) — v_/::(%g)) H . It was shown in the derivations for
| r—6l<d

the first term that E[(x, (6, d)(2))2+6] < cd.

Third term:

v (T)V'ey(7)
e(T)?

1 v(0)V'er(0)
@ == ul0)V eild)
lu’t(07 d) Sup et(e)z

[0 ” 79||<d 1{Y;5 S 'Ut(e)}“ (53)

1Y, <w(7)} -

Similar to the first term, (o - 11,(8, d)(3))2+5 can be bounded by

(H{or(r2) < Vi <0r(0)} + {oe(71) < Vi <0r(0)} + 1{wr(6) <Yi <wi(72)}) (54)

243 246
. sup + sup
16—6°]|<do r—6||<d

Ei—1 (H{v(12) <Y <0(0)} + 1{we(71) <Yy <0(0)} + 1{v(0) < Yy < v(12)}) < 3KVI(Fi1)d

(% (O)V’et(é’) '
er(1)? e (0)?

et(0)2

v(T)Ve(T)  14(0)V'er(0) ‘

where

(55)
and 2446
v:(0)V e (0
sup t();()H < (H X Hl(}-t_l))Z—l—& (56)
lo—eo)<all  €(0)
2+6
For ( sup Ut(g(vﬂ-,)e23 o Ut(iz(vg/)ezt (®) H) , we need to combine the following two results:
lm—6l<d

v (T)Ve(T)  v:(0)V'er(0)

sup

H < (H*Vi(Feor)Hi(Fimr) + 2H?Hi(Fim1)? + H - Hy(Fi1)) d

ej<all e(m)?  el(6)?
(57)
w(D)Ve(r)  w@Vea@|\ "
t t . t t < (2H - H{(F_ 146 58
(IIrs—%ﬁgd e(T)? e(0)? ‘ ) =t 1(Fe-a) %)
Combining with Assumption 2(D), we thus have E[(, (6, d)(3))2+6] < cd.

Fourth term: /,(0,d)®) = sup It was shown in the deriva-

r—6l<d
tions for the third term that B[ (1, (, d)(4))

ve(T)V'er(T) . v:(0)V'er(0) H
61(7‘)2 et(G)Q :

2+5] <ed
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Fifth term:

1
(6, =~ sup
> ||lr—0)<d

V'ei(T)
er(1)?

V’et(G)
et(0)2

H{Y: < wi(7)}Y: —

1{Y; < u(0)}Y; (59)

Similar to the first and third terms, (a - (6, d)<5>)2+‘S can be bounded by

(LH{ve(r2) < Ve < vr(0)} + Hve(T1) < Vi < 0i(0)} + 1{we(6) < Yi < vi(72)}) (60)
243 2+6
YA < sup ) + Yy PP ( sup )
lm—6l<d

16—6°||<do
vt (0)
By 1[1{v(12) < ¥; < vy(0)}|V**] =/ WP fi(y)dy < Klog(m2)[PF - Jui(12) — vi(0)] (61)

vt(T2)

< KV(F 1) OVi(Fi)|me — 0] < KV (Fr1)*OVi(Fioa)d

V’et(B)
6,5(0)2

V'es(T) B V'e: ()
er(1)? e:(0)?

where

and similarly,
E [1{vt(71) <Y; < vy (0)}|vi2T0 |]-"t_1} < KV(F 1) Vi(Fia)d (62)

and E [1{ut(9) <Y; < u(r)}|Ve 2 |ft,1} < KV(F 1) Vi(Fir)d

Further
V'et (9)
e1(0)?

sup
16—6°||<d

H < H?Hy(Fi—1) (63)

V'ei(T) V'er(0)

et(T)? et(0)?

246
) , we need to combine the following two results:

For sup
lm—6ll<d

V’et(T) _ V'et (0)

su < (2H*Hy(Fi-1)* + H*Ha(Fi-1)) d 64
IITfelll)gd e(T)? e(6)? < 1(Fi-1) 2(Fi-1)) (64
ve@ |\ "
€t 2 1+46
sup < 2H Hl(]:t—l)
<000§d e:(0)? H) ( )
Combining with Assumption 2(D), we thus have E[(ut(Gd)(5))2+5] < cd.
Sixth term:
(6) V'ey(T) V’et(G)H
w ' (0,d) = sup — 65
0 lr—oj<d |l —e:(T)  —ex(0) (65)
We have
Viei(T) V'eu(6) 9 9
su — < (H*H1(Fi—1)*+ HHo(Fi—1)) d 66
HTfHIH)Sd —e(T)  —eu() < (HH(Fim) 2(F-1)) (66)

Ver) Ve@|) "
e\ T B [ 1+6
e N ) H) < QHH(Fi1))

sup
[T—6l<d

13



Combining with Assumption 2(D), we thus have E[(1,(, d)(ﬁ))2+5] < cd. Thus E[u,(0,d)D]?+0 <

cd, Vi =1,2,...,6, proving the lemma. =
Lemma 6 Under Assumptions 1-2, E|g:(8°)||>T° < M, for all t and some M > 0.

Proof of Lemma 6.

e W <;1{Yt < (6%} —1) o
e mil{n < (6} Y o
+E‘ Ve’j(tég;) “5}

1
§41+5 {(a + 1)2+5H2+5E |:‘/1(ft71)2+6:|

1
4 (E i 1)2+5H2+6E [H1 (ft71)2+5]

1
a2+o

2R [Hl (-7:75—1)2%} }

+ H4+26E[H1(ft_1)2+5 |Yt’2+5]

<M

since all the four expectations in the penultimate inequality are finite by assumption 2(D). As-

sumption N4 of Weiss (1991) only requires E||g;(6°)||?> < M, which is implied by the above. m

Lemma 7 Under Assumptions 1-2, we have T2 T g:(6°) 4N (0,Ap) as T — oo, where
Ao =E [9:(6%)9:(6°)] .

Proof of Lemma 7. First note that the sequence {gt(GO)} is stationary by Assumption
1(B)(ii), and has zero mean. Under Assumption 2(F) and Lemma 6, we can use Corollary 5.1 of

Hall and Heyde (1980) and the Cramer-Wold device to obtain the result. m

14



Appendix SA.2: Estimating a GARCH(1,1) model by FZ loss

minimization

In this appendix we show that we can estimate the popular GARCH(1,1) model via FZ loss
minimization. We then verify that the assumptions required to show this are implied by the
Assumptions 1-2 in the main paper. Throughout, ||x|| refers to the Euclidean norm if x is a vector

and to the Frobenius norm if x is a matrix.

Appendix SA.2.1: Model specification

Assume that the data generating process for Y; is:

Y

Ny, My ui Ot, Ty~ “d Fﬁ(oa 1) (67)
0} = wo+Byoiq +7Y2

Under this model, the conditional VaR and ES of Y; at a probability level o € (0,1), that is
VaR,(Yi|Fi—1) and ES, (Y| Fi—1), follow the dynamics:

VaR (Y| Fi-1) _ co - ESa(Yi|Fi-1)
ES.(Yi|Fi-1) bo - oy
where = Fy(a)/Blayln, < i o)

bo Eln:ln; < F,; (o)

We fix the level a € (0,1) throughout this appendix. Our goal is to estimate the parameter vector
0° = [Bos Vo bo, o] by minimizing the FZ loss function. Note that the parameters do not include
wp because only two of the three parameters wy, by, 7o are identifiable under this model. A detailed
discussion about the identification of the GARCH model via FZ loss minimization is provided in
Section SA.2.3 of this appendix.

In the simulation study (Section 4 of the main paper), for estimating the GARCH model via

FZ loss minimization, we fix w at its true value wg. Put 8 = [3,7,b,c] and its true value is

15



6° = [Bos 705 bo, co] - We will estimate 6° by

= in L

Or arggg(gl T(9)
1 T

where Lp(0) = TZLFZO(YmUt(B)’et(e)?O‘)
t=1

a}(0) = wo—?—ﬁaf,l(O) +Y2
vt(H) = C- et(O)
et(B) = b- O't(a)

and the FZ loss function Lpyzg is defined in equation (6)

Appendix SA.2.2: Assumptions to estimate GARCH by FZ minimization

GARCH Assumption 1: F), has zero mean, unit variance, finite fourth moment, and a unique
a-quantile, which is non-positive. It has density f,(-) that satisfies f,,(-) < K and | f,(A1)—f(A2)| <
KA\ — Al

The distributions we often assume for the innovations of GARCH model, like the normal dis-
tribution or t-distribution with degrees of freedom greater than four, all satisfy this assumption.

GARCH Assumption 2: 0 < wy < oo. The true parameter vector 8° = [8y,7o, bo, co] €
© € R* is in the interior of ©, a compact and convex parameter space. Specifically, for any vector
[B,7,b,c] € ©, assume that 61 < 5 < (1—10971), 61 < v < (1—1407) for some constant §; > 0, d2 < ¢ <
(1—03), —B;1 < b < —Bs, for some constants do, By, Bs > 0, and (8 + ’y)Z—F (E [7721] - 1) 2 <1-63
for some constant d3 > O.

This assumption is similar to Assumption 1 of Lumsdaine (1996) with the exception of the third
condition on the parameter vector, which is used to validate the mixing condition in Assumption

2(F), which we now discuss. It is not hard to show that

o { (Y, v (0),e:(0), Vv (8),V'e; (0))} € o {(z, o2 (),00% (6) /B)}

and thus we need to consider the mixing properties of (Y;, 07 (6),007 (9) /) . Using Definition 3 of
Carrasco and Chen (2002), {(Yz,07 (0),807 (6) /B) ,t > 0} is a generalized hidden Markov model
with a hidden chain { (o7 (9),907 (6) /3) ,t > 0} . By their Proposition 4, if (o7 (),007 (6) /) is
stationary and S-mixing then (Y, 07 (0),807 (0) /B) is stationary and S-mixing with a decay rate
at least as fast as that of { (o7 (6),007 (0) /B) ,t > 0}.

16



We use Proposition 3 of Carrasco and Chen (2002). First, we express { (o7 (6),007 (0) /B8) ,t > 0}
in the polynomial random coefficient form:

o7 (0) _ [ wo N i+ 68 0 o7, (0) (69)

o7 (0) /3 0 L B )\ 00i.(0)/8
First, note that by GARCH Assumption 1 {n%} satisfies their condition (e) and that by GARCH

Assumption 2, their Assumption Ag is obviously satisfied. For Assumption A, the spectral ra-

0 i +B 0
dius of is 8 < 1. For Assumption A}, the spectral radius of Vi1 5 is
1B 1 B
E {(’y?ﬁ,l + 5)2] = (B+7)°+ (E[n}] —1)~? < 1.Then, if (07 (0),007 () /B) is initialized from
the invariant distribution (which we did in our simulations) then { (o7 (9),807 (9) /8),t > 0} is

strictly stationary and S-mixing with exponential decay. It is well known that S-mixing implies

a-mixing and so Assumption 2(F) of the paper is satisfied.

GARCH Assumptions 1-2 imply that the distribution and density of Y; conditional on F;_1

satisfy Assumption 2(B)(i). Since Y; = oyn, and o € Fi_1,

Fy(a]Fio1) =Fn<§t>

1
fil@| Fr) =;tfn<§t>
Thus,

| fe(x|Fi1)| < since af = wo + ﬁa?_l + ’yyf_l > wp >0

K
\/7670’
O IFica) = FiOelFi)] = Z1F(EH = FiGHI € S = o] 2o =

GARCH Assumption 3: E|Y;|>™ < oo, for some § > 0.

GARCH Assumption 3 is needed to show the uniform LLN Assumption 1(A) of the paper and
also to ensure the moment conditions in Assumptions 2 (C) and (D).

For the GARCH model it is possible to obtain the results of the paper under a weaker version
of Assumption 2(D). An inspection of the proofs shows that it is sufficient to replace Assumption
2(D) by the following.

Assumption 2(D”): For some 0 < d <1 and V ¢:

3495

(i) E [Vl (fH)H} E [Hl (ft,1)3+5] E [v2 (Ft,l)T} E [HQ (fH)%] <K,

17



(i) B[V (£ Vi ()] < K,
(i) B | Hy (Fia)* ™ V5] B B (F) 0 VP < K
Assumption 2(D’) is in turn fulfilled if B|Y;|**° < oo, for some § > 0. For reasons of brevity,

we omit the arguments and work instead with the stronger GARCH Assumption 3.

Appendix SA.2.3: Identification

In Theorem 1, we discussed the identification of a general dynamic model for ES and VaR model
by minimizing the FZ loss, with the form of a general model given by equation (4). Under cor-
rect specification of the model, that is (VaRa (Yi|Fi—1), ESa(Yi|Fi—1)) = (v:(8°),€:(8%)) V t a.s., the
condition required for identification is given by Assumption 1(B) (iv): Pr [v4(8) = v(8%) Neg(0) = et(Oo)} =

1,V ¢t =0 =#°. This assumption is equivalent to
Pr [v,(8) = v:(0°) N e (0) = e (0°), vt| =
In the case of the GARCH model we have:

Pr [{v:(0) = v,(8°)} N {er(8) = e,(0°)}, Vi =1
=Pr [{c-e(0) = co- e (6°)} N {er(0) = e (6°)}, Vt| =
=Pr[{c=co} N{b-0y(0) =by-0,(6°)}, Vt] =
=c=cg, Pr[b* o}(0) =05 07(6°), Vt| =1
=c=cy, Pr[b*(w+Boi 1(0)+7Y2,) =bj(wo+ Byoi1(0°) + oY), Wt =

=c=cg, Pr[b’w+ Bbjo;_1(8°) +b*7Y2 | = bjwo + Bobgor_1(0°) + b3roY2,, V| =

where the third line holds because e;(8°) = byo(8°) and we assume that by < 0, thus e;(°) < 0, and
in the last line, we replaced b%02_;(8) by b3o? ,(0°) because we started with b?c2(0) = b2o?(6°), vt
almost surely.

Since the GARCH model assumes that Y;_1|o¢—1(0%) ~ F,(0,0%_,(8°)),

Pr [5200 + Bbor_1(0°) + b2y Y2 | = biwo + Bobgor_1(6°) + by Y 1, Vt} =
= Pr [{52 = b0} N {b°w + Bbor_1(0°) = bjwo + Bobjor_1 (%)}, Vﬂ =

= b’y =gy, Pr[b*w+ Bbjo7_1(6°) = bjwo + Bobior_1(0°), V| =
If Bb% # Bobt and Pr [b*w + Bb2o? 1 (6°) = bdwo + Bobdor_1(6°), Vt] = 1 hold at the same time,

18



then we have

b wo — b2
P 0 et -1
r |:Ut 1(9 ) 5[)2 /80b2, Vit
bng — bz
= Pr |:L{)0 + /800'372(00) + ’}/0}/152,2 Bobg ﬁ0b2 s Vt| =1

This contradicts the assumption of the GARCH model,that Y;_s|o:—2(0°) ~ F;,(0,0%_,(0°)). Thus,
Bb% # BobE and Pr [b2w + Bbio? 1(6°) = b3wo + Bobgo?_1(6°), Vt] = 1 cannot hold at the same
time. This means that Pr [b?w + Bb%0?_;(0°) = bwo + Bobio?_1(0°), Vt] = 1 implies Bb% = Bybg,

which further implies that 8 = 8, and b*w = b3wp. In summary, we have shown that

Pr [v,(6) = v:(0°) Nes(0) = et(GO)] =1,vt
=c = co, b*y = b3, BbE = Bobl, b*w = biwo
=c=co, B= ﬁOv b27 = bg’yOa b2w = b(%WO

Therefore, Assumption 1(B)(iv) holds if we normalize one of the three parameters b,vy,w. We

choose to normalize w.

Appendix SA.2.4: Uniform LLN

In this section, we show that under the GARCH assumptions we have made in Section SA.2.2,

Assumption 1(A) is satisfied: Lpzg (Yi, v (0), e (0); ) obeys the uniform law of large numbers.

Since the parameter space is assumed to be compact, we can establish the uniform LLN by

combining the pointwise LLN with stochastic equicontinuity.

Appendix SA.2.4.1: LLN
The LLN is based on Davidson (1994, Corollary 19.3) which we restate here as Theorem 4 for

convenience.

Theorem 4 (Davidson) Suppose that (X;)ien satisfies:

sup B| X;[>T° < oo for some § >0
teN

-1 )3/(249)

and (X¢)ten is a mizing with Y o0, m ™ a(m < 00, then

f:(Xt ~E[x)]) Bo.
t=1

SRS
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Under Assumption 2(F), which we discussed in the context of the GARCH model in Section
SA.2.2 above, implies that Lrzo (Y, v (0),€e:(0)) is a-mixing with a decay rate no slower than
that required by Theorem 4. Also, Lrzo (Y, vi (6),e:(0)) is strictly stationary as we have shown
that (Yt, 0?(0),00% (0) /aﬁ) is strictly stationary. We then need only show that

E|Lrz0(Y:, v(8), e(8); a)* T < o0

|Lrzo(Ye,v4(0),e:(0); )

=|- #I{Yz < v (0)} (v (0) — Yy) + vel6) + log(—e:(6)) — 1

aey(6) e(0)
_v(0) 1 Y;
=I5 (1~ oY Sw®)) + 71 {Yi < w(6)} + log(—ei(6) — 1]
“le- (1= T1{¥ < w(0)}) — TV, < w(0)} +los(~boy(6)) — 1
<c(1+ é) + |log(—=b)| + 1+ L:Ttb\ + | log o]

By Cr-inequality, it is sufficient to show that
Eln,|>" < 0o and E|logoy|**° < occ.

The moment condition on 7, is directly implied by the structure of the model and GARCH Assump-
tion 3. Recall that 0? = wo+B0?_;+yy?_ 1 > wo > 0. Therefore, if 07 < 1 then |log | < |log /wol,

and if o7 > 1 then |log o¢| < 0. In summary, |logo¢| < |log \/wo|+0c+. Therefore, by Cr-inequality

E| log 0t|2+5 < E(] log v/wol| + at)2+5

§21+5(|10g /*w0|2+5_|_E0.?+6)‘

Thus, a sufficient condition for E|logo¢|?T < o0 is B |:(7§+6] < oo which is implied by GARCH
Assumption 3. Hence, Lpzo (Y;, v (0),¢e(0)) obeys the law of large numbers for any fixed 8 by

Theorem 4.

Appendix SA.2.4.2: Stochastic equicontinuity
The stochastic equicontinuity condition is derived using Davidson (1994, Theorem 21.10) which

we restate here as Theorem 5 for convenience.
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Theorem 5 (Davidson) Let Q,(-) be the objective function for an M-estimator. Suppose there

exists N € N such that

|Qn(0) — Qn(0)] < anh(]|0—0']), a.s.

holds for all 6,8" € © and n > N, where h is a deterministic function with h(z) | 0 as = | 0, and

an = Op(1). Then (Qn)nen is stochastically equicontinuous.

Observe that

L{Y; < w(0)}(0(6) ~ Vi) = 1 (0(68) — Yi + [u1(6) ~ Yi).

Let 61 = [B1,71,b1,c1],02 = [Bg, 72, b2, c2] € ©. Then, using (70), we obtain

’1{Yt < vi(01)}(ve(61) = Ye)  1{Y; < vi(B2)}(v(62) — V1)

et(61) et(62)
1 |u(0) — Vit [0(81) — Vi w(62) — Vi + [0n(8) — Vi
_2 et(02)
_Lu®) - Y u(0)—Yi| | 1|[0(@) = Yil [0(02) ~ ¥
2| e(61) e1(62) 2 e (67) e1(62)
w0 =Y v(82) — Y,
- €t(91) et(ag)

Ut(gl) _ ’Ut(eg)

Y,

et(el)

_<et

<le1 — co| +

‘77t|'

61) etz‘t’z)ﬂ

The inequality between (71) and (72) holds because

ve(01) = Yi|  [ve(02) = Yi[| _||ve(01) =Vi|  [vi(02) — Vi

et (61) e(02) —le:(61)] —lei(62)]
_|[ve(82) = Yi|  [vi(61) — Vi

le:(02)] le¢(61)]

< Ut(92) -Y _ Ut(gl) -Y

T e(6) et(61)
By Taylor’s theorem,
108(~c2(60) ~ Tou(~€x(02))| = | |- V(O [61 ]

21
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for some 07 between 67 and 6,. Since,

Hvet(G)H :Hb ) VO't(e) + Ut(e) : [07 0, 170]”

<[b] - IVa:(0)] + 0+(6)

Ve ()l _[b]-[Vou(8)|| +0:(0) _ [[Vor(6)] L1
le(0)] b-04(0)] ) 0]’
we obtain
Vo, (0D | 1
log(—ei(01)) — log(—e(02))] < | —— |61 — 65]].
tog(—e(n)) ~tox(—cr(62)] < (Il o ) jon — )
Therefore,

|Lrzo(Ye,v(61),e4(61); @) — Lrzo(Yr, vi(62), €4(62); @)
1 b1 — bo Vo (61)]] | 1
< ey — _ Vool |6, -6
<3 (-l + Bl ) ot ol (2001 ) o - gl

Lol | IVa(67)]]
—+ = -6, — 6
a B + aB% o(07) 161 2|

The last inequality holds because by GARCH Assumption 2, |b1], |ba|, |b]] > B2 > 0.

Using Lemma 8 in Section SA.2.5, we obtain

Vo (0)|| 1 = i _
Vo (0)] <. 71/2571/2@(0)71 (1—1)5(1 2)/2|Yt_i\+’y 1
at(0) 2 i—2
1 12 12N, i _
<5 [(1—51)1/251 Y2023 - 1)1 - 1) D) + o7
=2

using the bounds on v and 8 in GARCH Assumption 2. Define

1 12 12 - -
Zt: 5 [(1_51)1/261 1/2w01/22(z_1)(1_61)(1 2)/2|m7i|+611
=2

Then,

11 1 1< 1 &
Lr(0)—Lr(@) < [1+=-+ — 4+ — . = ~N" 7| 1101 — 04
|L7(61) — Ly ( 2)|_< +a+Bz+aB§ T;IWHT; t) 101 — 6,

E|n,| = const < oo and E [Z;] = const < 0o (because E|Y;| = const < co by GARCH Assumptions
2 and 3). Then, £ 37 || = Op(1) and =3[, Z = O,(1).

Therefore, by Theorem 5, L is stochastically equicontinuous.

Appendix SA.2.5: Assumptions 2(C) and 2(D)
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We define

Xi(t;8) = (i - 1BV,
=2

Xa(t; 8) = Y (i — )R]y,
=2

xsft:) =3 N D gy,
=3

Lemma 8 Under GARCH Assumption 2, we have

IVo3O)] < 7X1(t:8) +~03(6)
IVouO)] < 5 - 228X (1) + 7 01(6)]

IV202(0)| < 2[(1‘_‘%)3 + 7 X3(t: B) + X1(t; B)]

-1/2
1
B Xt 8)2 + 2B Xa (8 8) + P ou(6)

“o
Ielcy {(1 6—005)3 +vX3(t 8) + X1(t; B)]

IV20u(0)]] <

Proof of Lemma 8.
o1(0) = wo + 8071 (0) YLy = 75+ 3 ATV, (73)
i=1
Therefore,

Vot (0) = |wo/(1=B)* +7) (i—1)B Y2, Zﬁi—ln%i,o,o]

1=2 =1
= [wo/(1 = B)? +vX1(t; B), v~ (0} —wo/(1 — B)),0,0] (74)
IVoi(O)] < wo/(1— B)* +7X1(t; B) + 77 (07 —wo/(1 — B))

. . 1 92 wo 1 _l

<yX1(t;B) +y o,

since 4 v < 1 implies 1/(1 — ) — 1/~ < 0. Furthermore,

Vo (0)]] =

IVoz (@) _ 1| vXXai-DF V2, | 7'}
2Ut(0) -2 \/% +'YZ?21 5i_15/t2_¢ o
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For all 7 > 2, we have
WG -NFTVE; G- DT,

VES ST T\

as all summands in the denominator are positive. This implies

= (- D280y

IVou(®)l < 5 [Wzﬁ—l/? S = DD 447 00(6)
1=2
= BBV (18) + v ou(6)]

Using equation (74), we obtain

a;; a2 0 0
a 0 00
V2ol(0) = | o
0 0 00
(0 0 0 0
where
2w > . . i—
ai = 1703 + ’YZ(Z —1)(i - 2)B Y2,
T—pF &
a2 = ag = Z(Z -1,
i=2

Thus, since the Frobenius norm is always less than the sum of the absolute values of the matrix

entries,

V(O < 207 foﬁ)a +7Xa(t; 8) + X1t 9))-

Using that Vo(0) = Vo?(0)/(20+(0)), we find that

_ VZ(0)Vo(0)  V363(0)  V'o,(0)Va(8) V3i(0)
Viou(®) = —20%(0) 204(0) —0¢(0) + 204(0) ’
therefore,
IV (8)]? . A

at(0) 20‘t(0)

Since 0? > wp > 0 and using our previous results, we obtain the claimed bound on ||VZc4(8). =

IV20:(6)]| <
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Lemma 9 Under GARCH Assumption 2, it holds that

[ve(0)] <V (Fi1) = B - S1(Fi-1)
IVer(0)|| <H1(Fi-1) = Br - S2(Fe—1) + S1(Fe-1)
IV (0)]] <Vi(Fi-1) = Hi(Fe—1) + V(Fe-1)
IV2e:(6)| <Hz(Fi-1) = Bi - S3(Fi-1) + 252(Fe-1)
V20 (0)|| <Va(Fi-1) = Ha(Fi1) + 2H1(Fi-1),

where

i=1

S1(Fio1) = ondll + 72(1 —51)i Y2,
1

So(Fi-1) = 3 [(1—61)"26, 2 X (t;1 = 61) + 6711 (Fi1)]

—1/2
w _ _ 1 _
S3(Fi1) = 04 (6T =D Xa(t;1 = 01)? + 67 ' Xo(t 1 — 1) + 10 281(Fi-1)

Fwg P wed? 4 (1= 61)Xs(t; 1 — 61) + Xy (£ 1 — 61)).

Proof of Lemma 9. As a function in 8 and 7, 04(0) is increasing in both arguments, see
equation (73), and, in fact, it does not depend on the parameters b and c. Therefore, 0.(0) <
S1(Fi—1). The quantities X1 (t, 8), Xa(t, 5), X3(t, 5) defined in the beginning of this section are all
increasing in (3, and thus, bounded by X1 (¢,1—4d1), Xo(t,1—01), X3(¢,1 — 1), respectively. Recall
that |b| < By under GARCH Assumption 2.

The first inequality holds because |v(0)| < |e;(0)| = |b| - 04(0). The remaining ones are implied

by Lemma 8 and

IVer(0)]| = [|b- Vai(0) + 04(8) - 0,0, 1,0][| < [b] - [[Vor(0)|] + o¢(0)
Vo ()]l = llc- Ve (0) +e:(0) - [0,0,0,1]|| < [[Vey(0)]| + [b] - 04(6)
V2e:(8)|| = |[bVZ0+(8) + [0,0,1,0]'Var(0) + V'a4(6)[0,0, 1, 0]
< [b] - [[V204(0)] + 2/ Vo (6) ]
[V20:(8) | = [[cVZer(8) + [0,0,0,1]' Ve (8) + V'er(6)[0,0,0, 1]

< [[V2eu(0)] + 2/ Ve (6)].
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Lemma 10 Let {X;}ien be a sequence of random variables and define X = Y2, a;|X;|, where
a; >0 foralli € N and Y ;2 a; < 0o. Let p > 1. If sup;eny E|X;|P < K < oo for some constant K,
then B|X P < (372, a;)PK.

Proof of Lemma 10. By Jensen’s inequality, E|Z|P > |[EZ|P. We rewrite X as
o] oo o] 00 -1
x-S (Ya) 3 (L) wixi
i=1 i=1 i=1 \i=1
Note that 52, (3%, a;)"ta; = 1, namely {(352, a;)"ta;}22; is a probability measure. Then,

using Jensen’s inequality,

p -1 p p -1
o0 o o o0 o0 o0
XP = 7 E 7 aZ|X,\ < E 7 . E E Qj ai|Xi]p.
j=1 i=1 \j=1 j=1 i=1 \j=1
Thus,
p —1 P -1 p
o0 (e o] o0 [e.9] o0 o0 o0
E[XP] < g aj g g aj a;B|IX; P < E aj | - E aj a; K = g aj | K
j=1 =1 \j=1 j=1 i=1 \j=1 j=1
|

Lemma 11 Under GARCH Assumption 2 and for any p > 1, p1,...,pe > 0, the following state-
ments hold for all t:

(1) IfE|Y;|P < oo, then the following quantities are all finite: B[VP(F,_1)], BVY (Fi—1)], B[HY (Fi-1)],
B[Vy"(Fi-0)], BIHY(Fi).

(2) If p=p1+ p2 + p3+ 2ps + 2ps + pe and E|Y;|P < oo, then

BV (Fi )V (Fi) HU? (Fo )V (Fioa) Hy? (Fi) [Yi[P°] < oo,

(3) If BlY;|**° < oo for some § > 0, all the moment conditions in Assumption 2(D)’ could be
satisfied.

Proof of Lemma 11. Part (1) follows by combining Lemma 9 with Lemma 10, and part (2)
is a consequence of part (1) and Holder’s inequality. m

Lemma 11 implies that GARCH Assumption 3 implies Assumption 2(D) of the paper.
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Appendix SA.2.6: Assumption 2(E)

D, is the Hessian of the expected loss at 8°, so it is positive semi-definite. Let z = (1,...,m4) €
R* such that 2Dz = 0. This implies that 'V (0°) = 0, 2/Ve;(8°) = 0 almost surely. We have,
'V, (0°) = cz'Vey (0°) 4 z4¢4(8°). Therefore, x4 = 0. Furthermore,

20:1(0°)2' Ve (0°) = 204(0°)ba' Vo (8°) + 2235%(0°)

= b2'Vo7(6°) + 22307(8°) = 0, as. (75)
The stationarity of {Y;} implies that o7(8) is stationary. Therefore it also holds that
br'Vo? 1(0°) + 2x302 1(0°) =0, as. (76)
Computing (75) —(-(76), we obtain that a.s.
0= ba'[07_1(8°),Y;21,0,0]" + 23(wo + 7V2y) = (bwz + 2v3) V.2 + (2wox3 + brrof_1(6°)). (77)

By the assumption that Y;_1]|0? ; ~ F,,(0,02_1(6")) and that 6?2 ;(8°) = wo+ Byo?_5(0%) +7,Y2s,

we can conclude from the above equation that 1 = 9 = z3 = 0. Thus Dy is positive definite.

Appendix SA.2.7: Assumption 2(G)
We now verify this assumption for the GARCH(1,1) model. Set a = be, so that v; = aoy. Then

for T' > 5, a necessary condition for Y; = v,(0), t = 1,...,T is given by the set of equations
t—1
Y2 = a?Blod + a®B 7 (wo +1YE) + a? Z Bk (wo + YY3), t=1,...,4
k=1

or, equivalently,

Y = a®Bog + a*(wo +7YF) (78)
Y5 = BY? + a*(wo +7YP) (79)
Y =AY+ a*(wo +9Y5) (80)
Y = BYS + a*(wo +1Y5). (81)
Solving equations (79)-(81) for 5 and equating the results, we obtain
ai _ Yi - Y2Y2 _ Yi— Y22Y42. (52)

wo Y22 _ Y12 }/232 _ }/'22
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Therefore, a necessary condition such that Y; = v(6), t = 1,...,T for some parameter § € ©
is that (Y1,...,Yr) lies in the set p~1(0) = {(Y1,...,Y7) € RT|p(Y1,...,Yr) = 0}, where p is the

polynomial function
p(Ve,. V) = (V3 = YPY) (V] = Y5) — (Y3 = YY) (¥ — V7).

The set p~1(0) has Hausdorff dimension less than 7. Therefore, as the distribution of (Y1,...,Y7)
is assumed to be absolutely continuous from GARCH Assumption 1, we obtain the claim with

K =4.

Appendix SA.2.8: Summary

We summarize the arguments showing that Assumption 1 and 2 of the paper are satisfied under
GARCH Assumptions 1-3.

Assumption 1: Part (A) holds as it has been shown in Section SA.2.4.1 that the uniform law of
large number holds under our GARCH Assumptions. Part (B)(i)-(ii) are satisfied under GARCH
Assumptions 1-2. Part (B)(iii) is easy to check. Concerning Part (B)(iv), we have shown in Section
SA.2.3 that the GARCH model is identifiable when w is normalized.

Assumption 2: Part (A)(i) is easy to check, (ii) is satisfied by GARCH Assumption 1. Part
(B)(i) is satisfied by GARCH Assumption 1, (ii) is clearly weaker than GARCH Assumption 3.
Part (C)(i) follows easily from o4(0)? > wg > 0 and the bounds on the parameter |b|. Part (C)(ii)
has been shown in Lemma 9. Part (D) is implied by Lemma 11. Part (E) is discussed in Section
SA.2.6. Part (F) is satisfied under GARCH Assumptions 2-3 as discussed in Section SA.2.2, and
Part (G) is satisfied by GARCH Assumption 1 as discussed in Section SA.2.7.
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Appendix SA.3: Additional tables

Table S1: Finite-sample performance of (Q)MLE

T = 2500 T = 5000
w B 0 w B o

Panel A: N(0,1) innovations

True 0.050  0.950 0.050 0.050  0.950  0.050
Median 0.063  0.897 0.050 0.0561  0.899  0.050
Avg bias  0.011 (0.011) 0.000 0.005 (0.005) 0.000
St dev 0.056  0.064 0.013 0.023  0.029  0.009
Coverage 0.936  0.930 0.928 0.936 0.933 0.937

Panel B: Skew t (5,-0.5) innovations

True 0.050  0.950 0.050 0.050  0.950 0.050
Median 0.052  0.895 0.049 0.052  0.897  0.050
Avg bias  0.017 (0.023) 0.005 0.006 (0.008) 0.002
St dev 0.077  0.095 0.028 0.026  0.037  0.017
Coverage 0.899  0.907 0.897 0.913 0.907 0.903

Notes: This table presents results from 1000 replications of the estimation of the parameters
of a GARCH(1,1) model, using the Normal likelihood. In Panel A the innovations are standard
Normal, and so estimation is then ML. In Panel B the innovations are standardized skew ¢, and so
estimation is QML. Details are described in Section 4 of the main paper. The top row of each panel
presents the true values of the parameters. The second, third, and fourth rows present the median
estimated parameters, the average bias, and the standard deviation (across simulations) of the
estimated parameters. The last row of each panel presents the coverage rates for 95% confidence
intervals constructed using estimated standard errors.
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Table S2:

Simulation results for Normal innovations,
estimation by CAViaR

T = 2500 T = 5000
B Y Ao B Y Ao
a=0.01
True 0.900 0.050 -2.326 0.900 0.050 -2.326
Median 0.901 0.048 -2.275 0.899 0.048 -2.347
Avg bias -0.017 0.012 -0.120 -0.011 0.006 -0.095
St dev 0.079 0.066 0.957 0.051 0.034 0.718
Coverage 0.881 0.874 0.907 0.892 0.886 0.905
a = 0.025
True 0.900 0.050 -1.960 0.900 0.050 -1.960
Median 0.898 0.047 -1.953 0.896 0.047 -2.009
Avg bias -0.018 0.005 -0.136 -0.012 0.002 -0.110
St dev 0.068 0.038 0.728 0.052 0.023 0.566
Coverage 0.906 0.879 0.934 0.913 0.892 0.918
a=0.05
True 0.900 0.050 -1.645 0.900 0.050 -1.645
Median 0.901 0.047 -1.639 0.899 0.049 -1.667
Avg bias -0.014 0.005 -0.085 -0.009 0.002 -0.070
St dev 0.068 0.037 0.597 0.045 0.023 0.436
Coverage 0.909 0.884 0.930 0.918 0.900 0.935
a=0.10
True 0.900 0.050 -1.282 0.900 0.050 -1.282
Median 0.898 0.047 -1.291 0.898 0.048 -1.289
Avg bias -0.016 0.006 -0.076 -0.010 0.003 -0.055
St dev 0.069 0.041 0.482 0.047 0.025 0.364
Coverage 0.916 0.883 0.933 0.921 0.896 0.937
a=0.20
True 0.900 0.050 -0.842 0.900 0.050 -0.842
Median 0.898 0.048 -0.848 0.899 0.048 -0.840
Avg bias  -0.023 0.022 -0.058 -0.016 0.007 -0.049
St dev 0.091 0.107 0.391 0.063 0.044 0.304
Coverage 0.914 0.876 0.931 0.929 0.901 0.940

Notes: This table presents results from 1000 replications of the estimation of VaR from a
GARCH(1,1) DGP with standard Normal innovations. Details are described in Section 4 of the
main paper. The top row of each panel presents the true values of the parameters. The second,
third, and fourth rows present the median estimated parameters, the average bias, and the standard
deviation (across simulations) of the estimated parameters. The last row of each panel presents the
coverage rates for 95% confidence intervals constructed using estimated standard errors.
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Table S3: Simulation results for skew t innovations,
estimation by CAViaR
T = 2500 T = 5000
B Y Ao B Y Ao
a=0.01
True 0.900 0.050 -3.290 0.900 0.050 -3.290
Median 0.898 0.045 -3.272 0.899 0.045 -3.306
Avg bias  -0.041 0.022 -0.355 -0.027 0.008 -0.306
St dev 0.142 0.097 1.928 0.103 0.044 1.546
Coverage 0.771 0.805 0.827 0.785 0.808 0.823
a = 0.025
True 0.900 0.050 -2.408 0.900 0.050 -2.408
Median 0.899 0.047 -2.371 0.898 0.049 -2.414
Avg bias  -0.026 0.012 -0.190 -0.016 0.004 -0.144
St dev 0.103 0.067 1.135 0.070 0.033 0.862
Coverage 0.832 0.841 0.877 0.830 0.862 0.859
a = 0.05
True 0.900 0.050 -1.800 0.900 0.050 -1.800
Median 0.899 0.047 -1.780 0.899 0.049 -1.792
Avg bias  -0.023 0.008 -0.146 -0.013 0.004 -0.087
St dev 0.092 0.060 0.782 0.057 0.028 0.563
Coverage 0.863 0.861 0.892 0.883 0.871 0.890
a=0.10
True 0.900 0.050 -1.223 0.900 0.050 -1.223
Median 0.900 0.049 -1.205 0.900 0.049 -1.217
Avg bias  -0.019 0.008 -0.074 -0.010 0.004 -0.043
St dev 0.080 0.050 0.495 0.050 0.027 0.356
Coverage 0.895 0.892 0.919 0.892 0.905 0.910
a=0.20
True 0.900 0.050 -0.652 0.900 0.050 -0.652
Median 0.903 0.051 -0.619 0.902 0.051 -0.636
Avg bias  -0.027 0.026 -0.035 -0.016 0.009 -0.028
St dev 0.122 0.109 0.353 0.084 0.042 0.271
Coverage 0.867 0.887 0.897 0.890 0.889 0.916

Notes: This table presents results from 1000 replications of the estimation of VaR from a
GARCH(1,1) DGP with skew ¢ innovations. Details are described in Section 4 of the main paper.
The top row of each panel presents the true values of the parameters. The second, third, and
fourth rows present the median estimated parameters, the average bias, and the standard deviation
(across simulations) of the estimated parameters. The last row of each panel presents the coverage
rates for 95% confidence intervals constructed using estimated standard errors.
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Table S4: Diebold-Mariano t-statistics on average out-of-sample
loss differences for the DJIA, NIKKEI and FTSE100 (alpha=0.05)

RW125 RW250 RW500 G-N  G-Skt G-EDF FZ-2F FZ-1F G-FZ Hybrid
Panel A: DJIA
RW125 -2.200 -3.536 2.324  2.860 2.935 3.006 3.821 3.244  3.494
RW250  2.200 -3.349 2983 3411 3.502 3.989 4.522 3.926  3.957
RW500  3.536 3.349 3.979  4.336 4.417 4.805 5.321 4.829  4.860
G-N -2.324 -2.983  -3.979 3.573 2.787 0.791 1.419 1.472 1.670
G-Skt -2.860  -3.411  -4.336 -3.573 1.385 -0.034 0.625 0.195 0.302
G-EDF -2.935 -3.502 -4.417 -2.787 -1.385 -0.266  0.432 -0.119 -0.031
FZ-2F -3.006 -3.989 -4.805 -0.791 0.034 0.266 1.085 0.192  0.247
FZ-1F -3.821  -4.522  -5.321 -1.419 -0.625 -0.432 -1.085 -0.796 -0.613
G-FZ -3.244  -3.926  -4.829 -1.472 -0.195 0.119 -0.192 0.796 0.126
Hybrid -3.494  -3.957 -4.86 -1.670 -0.302 0.031 -0.247 0.613 -0.126
Panel B: NIKKEI

RW125 -0.225  -1.047 3.703 3.687 3.719 3.733  3.219 3.692 3.868
RW250  0.225 -1.162  4.048  4.058 4.098 3.897 3.582 4.076  4.249
RW500  1.047 1.162 3.733  3.748 3.785 3.768  3.387 3.773  3.847
G-N -3.703  -4.048  -3.733 1.165 2.110 -1.841 -1.261 1.861 0.457
G-Skt -3.687  -4.058  -3.748 -1.165 1.797  -1.888 -1.378 1.468  0.295
G-EDF -3.719 -4.098 -3.785 -2.110 -1.797 -1.984 -1.522 -0.797 0.100
FZ-2F -3.733  -3.897  -3.768 1.841 1.888 1.984 1.209 1.958  2.489
FZ-1F -3.219  -3.582  -3.387 1.261 1.378 1.522 -1.209 1.487  2.624
G-FZ -3.692 4076  -3.773 -1.861 -1.468 0.797 -1.958 -1.487 0.134
Hybrid -3.868  -4.249  -3.847 -0.457 -0.295 -0.100 -2.489 -2.624 -0.134

Table continued on next page.

32



Table S4 (cont’d): Diebold-Mariano t-statistics on average out-of-sample
loss differences for the DJIA, NIKKEI and FTSE100 (alpha=0.05)

RwW125 RW250 RW500 G-N  G-Skt G-EDF FZ-2F FZ-1F G-FZ Hybrid

Panel C: FTSE

RW125 -2.329  -3.439 3.275  3.485 3.450  2.732 3.279  3.300 3.141
RW250 2.329 -2.751  4.146  4.337 4.305 3.663 4.264 4.160 4.025
RW500 3.439 2.751 4.682  4.845 4.817 4.232  4.848  4.696 4.661
G-N -3.275  -4.146  -4.682 4.327 4.446 -0.210 -0.070 0.581 1.048
G-Skt -3.485  -4.337  -4.845 -4.327 -3.853 -0.746 -0.877 -4.066 0.428
G-EDF  -3.450 -4.305 -4.817 -4.446 3.853 -0.648 -0.731 -3.949 0.545
¥Z-2F -2.732  -3.663 -4.232 0.210 0.746 0.648 0.213 0.249 1.401
FZ-1F -3.279 -4.264 -4.848 0.070 0.877 0.731 -0.213 0.128 1.321
G-FZ -3.300 -4.160 -4.696 -0.581  4.066 3.949 -0.249 -0.128 1.006

Hybrid -3.141  -4.025 -4.661 -1.048 -0.428 -0.545 -1.401 -1.321 -1.006

Notes: This table presents t-statistics from Diebold-Mariano tests comparing the average losses,
using the FZ0 loss function, over the out-of-sample period from January 2000 to December 2016, for
ten different forecasting models. A positive value indicates that the row model has higher average
loss than the column model. Values greater than 1.96 in absolute value indicate that the average
loss difference is significantly different from zero at the 95% confidence level. Values along the main
diagonal are all identically zero and are omitted for interpretability. The first three rows correspond
to rolling window forecasts, the next three rows correspond to GARCH forecasts based on different
models for the standardized residuals, and the last four rows correspond to models introduced in
Section 2 of the main paper.
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Table S6: Diebold-Mariano t-statistics on average out-of-sample
loss differences for the S&P 500, DJIA, NIKKEI and FTSE100 (alpha=0.025)

RW125 RW250 RW500

G-N

G-Skt

G-EDF FZ-2F FZ-1F G-FZ Hybrid

Panel A: S&P 500

RW125 -1.836 -2.988 1.025 2.479 2.788 2.146 3.371 2.891 2.419
RW250 1.836 -2.815  1.725  2.747 3.004 2,602 3.712 3.135 2.992
RW500 2.988 2.815 2.823  3.673 3.893 3.630 4.624 4.023 4.045
G-N -1.025  -1.725  -2.823 4.019 3.368 2.083 2.429 3.698 1.928
G-Skt -2.479 2747 -3.673 -4.019 2.275 0.270 0.815 2.742 -0.594
G-EDF  -2.788  -3.004 -3.893 -3.368 -2.275 -0.592 -0.074 1.393 -1.483
FZ-2F -2.146  -2.602 -3.630 -2.083 -0.270 0.592 0.487 1.227 -0.729
FZ-1F -3.371  -3.712 -4.624 -2.429 -0.815 0.074 -0.487 0.579  -1.605
G-FZ -2.891  -3.135  -4.023 -3.698 -2.742  -1.393 -1.227 -0.579 -2.172
Hybrid -2.419  -2.992  -4.045 -1.928 0.594 1.483 0.729 1.605 2.172
Panel B: DJIA

RW125 0971 -2.294 1.892 2.981 3.061 3.132 3.590 3.332 1.840
RW250 0.971 -2.527 1954 2.844 2.968 3.640 3.732 3.311 2.043
RW500 2.294 2.527 2.891 3.717 3.852  4.680 4.679 4.195 3.093
G-N -1.892 -1.954  -2.891 3.705 2.900 0.765 1.305 3.236  -0.459
G-Skt -2.981  -2.844  -3.717 -3.705 1.421 -0.706 -0.291 2.335 -2.666
G-EDF  -3.0561 -2.968 -3.852 -2.900 -1.421 -1.022 -0.705 2.213 -2.693
FZ-2F -3.132 -3.640 -4.680 -0.765 0.706 1.022 1.344 1.740 -1.229
FZ-1F -3.590  -3.732  -4.679 -1.305 0.291 0.705 -1.344 1.539  -1.943
G-FZ -3.332  -3.311 -4.195 -3.236 -2.335 -2.213 -1.740 -1.539 -3.127
Hybrid -1.840  -2.043 -3.093 0.459 2.666 2.693 1.229 1943 3.127

Table continued on next page.
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Table S6 (cont’d): Diebold-Mariano t-statistics on average out-of-sample
loss differences for the S&P 500, DJIA, NIKKEI and FTSE100 (alpha=0.025)

RwWi125 RW250 RW500 G-N  G-Skt G-EDF FZ-2F FZ-1F G-FZ Hybrid

Panel C: NIKKEI

RW125 0.010 -0.901  3.956 3.896  3.944 3.703  3.093 3.895  3.829
RwW250 -0.010 -1.486  4.106 4.149  4.177 3.544 3340 4.136  4.102
RW500  0.901 1.486 3.935  3.999  4.012 3.886  3.441 3.980  3.996
G-N -3.956  -4.105  -3.935 1.799  2.032 -2.541 -2.010 2.052 -0.226
G-Skt -3.896  -4.149  -3.999 -1.799 -0.785  -2.726  -2.532 -0.310 -0.977
G-EDF -3.944 -4177 -4.012 -2.032 0.785 -2.741  -2.499 0459  -0.903
¥Z-2F -3.703  -3.544  -3.886  2.541 2.726  2.741 1.481 2.687  2.739
FZ-1F -3.093 -3.34 -3.441  2.010 2532 2499 -1.481 2454 2971
G-FZ -3.895  -4.136 -3.98  -2.052 0.310 -0.459 -2.687 -2.454 -0.919

Hybrid -3.829 -4.102 -3.996 0.226 0.977 0903 -2.739 -2971 0.919

Panel D: FTSE

RW125 -1.557  -3.197 2,938 3.467  3.157 -1.683 2.978 2.570  2.173
RW250  1.557 -2.864 3.646 4.172  3.863 -0.758 3.788  3.355  2.985
RW500  3.197 2.864 4.350 4.789  4.532 1.179  4.688 4.173  3.972
G-N -2.938  -3.646  -4.350 4520  3.634 -3.549 -0.239 -0.340 -2.352
G-Skt -3.467  -4.172 -4.789  -4.520 -4.471  -3.863 -1.996 -3.06 -3.991
G-EDF  -3.157 -3.863 -4.532 -3.634 4.471 -3.686 -0.949 -1.612 -3.218
FZ-2F 1.683 0.758  -1.179  3.549 3.863  3.686 3.924 3.468  3.271
FZ-1F -2.978  -3.788  -4.688 0.239 1.996 0949 -3.924 0.046 -1.602
G-FZ -2.570  -3.355 -4.173  0.340 3.050 1.612  -3.468 -0.046 -2.354

Hybrid -2.173  -2.985 -3.972 2.352 3.991 3.218 -3.271 1.602 2.354

Notes: This table presents t-statistics from Diebold-Mariano tests comparing the average losses,
using the FZ0 loss function, over the out-of-sample period from January 2000 to December 2016, for
ten different forecasting models. A positive value indicates that the row model has higher average
loss than the column model. Values greater than 1.96 in absolute value indicate that the average
loss difference is significantly different from zero at the 95% confidence level. Values along the main
diagonal are all identically zero and are omitted for interpretability. The first three rows correspond
to rolling window forecasts, the next three rows correspond to GARCH forecasts based on different
models for the standardized residuals, and the last four rows correspond to models introduced in
Section 2 of the main paper.
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