Supplemental Appendix: Detailed proofs

In order to prove Proposition 1, we use the following five lemmas. First, we recall the

definition of stochastic equicontinuity.

Definition 1 (Andrews (1994)) The empirical process {hr (-) : T' > 1} is stochastically equicon-

tinuous if V € > 0 and n > 0,3 6 > 0 such that

lim sup P

T—o0

sup  ||hy (61) —hr (02)]| >n| <e¢ (2)
101 —02]<

Lemma 1 Under Assumptions 1 and 2,

(i) 7 ey Fi () F (i) = [ [ uvdCy iy, (u,0380) as T — oo

(ii) 2S00 VG < 0 B (i) <0} 2 Coun, (0,0:80) as T — oo

(iii) £3°0  Gi (245 (0)) Gy (255 (0)) L [ [uvdCy, . (u,v;0) for ¥ 8€ © as S — oo

(iv) £ 55, 1{G: (54 (0)) < 4. (212 (0)) < a} L Coy (0, 4:6) for ¥ €@ as S — o
(v) $3°0  Gi (25 (0)) Gy (25 (8)) B [ [wvdC,y, . (u,v;0) forV € © as S — oo

(vi) £3°0  1{Gi (21 (0)) < q,G; (2 (0)) < q} > Cy.y, (9.4 0) forV € © as S — oo

Proof of Lemma 1.  Under Assumption 1, parts (iii) and (iv) of Lemma 1 can
be proven by Theorem 3 and Theorem 6 of Fermanian, Radulovi¢ and Wegkamp (2004).
Under Assumption 2, Corollary 1 of Rémillard (2010) proves that the empirical copula
process constructed by the standardized residuals 7), weakly converges to the limit of that
constructed by the innovations m,, which combined with Theorem 3 and Theorem 6 of
Fermanian, Radulovi¢ and Wegkamp (2004) yields parts (i) and (ii) above. In the case

where it is possible to simulate directly from the copula rather than the joint distribution,



e.g. Clayton/Gaussian copula in Section 3 or where we only can simulate from the joint
distribution but know the marginal distribution G; in closed form, it is not necessary to
estimate marginal distribution G;. In this case, instead of (iii) and (iv), (v) and (vi) are used

for the later proofs. (v) and (vi) are proven by the standard law of large numbers. =

Lemma 2 (Lemma 2.8 of Newey and McFadden (1994)) Suppose © is compact and g (0)
is continuous. Then supgee ||lgr.s (0) — g0 (0)|| 2 0 as T, S — oo if and only if gr.s (0) 2

g0 (0) for any @ € ©® as T, S — oo and grs (0) is stochastically equicontinuous.

Lemma 2 states that sufficient and necessary conditions for uniform convergence are
pointwise convergence and stochastic equicontinuity. The following lemma shows that uni-
form convergence of the moment functions gr ¢ () implies uniform convergence of the ob-

jective function Qrs ().

Lemma 3 Ifsuppeo llgr.s (6) — g0 (0) 2 0 as TS — oo, then suppee Q1.5 (8) — Qo (8)] L

0asT,S — oc.
Proof of Lemma 3. By the triangle inequality and Cauchy-Schwarz inequality

Qrs(0) = Qo(0)] < |lgrs (0) — &0 () Wr[gr.s (6) — g0 (0)] 3)
g (0) (Wr+ W) lgr.s (6) — 20 (0)]] + |0 () (Wr—Wo) 0 ()
< ligrs (0) — g0 (0)I | W | +2 g0 (0)] lgrs (6) — g (0)]] W]

+ g (0) || W~ W

+

Then note that go () is bounded, Wy is O, (1) and converges to W by Assumption 3(iv),

and supgee ||8r.s (0) — 80 (0)]] = 0, (1) is given. So

sup |Qrs (6) — Q0 (6)] < (Slelg||gT,s(9)—g0(9)||> 0,(1) 4)

6coO

+20 (1) sup 1.5 (6) ~ 80 (0)] O, (1) + 0, (1) = 0, (1)



Lemma 4 Under Assumption 1, Assumption 2, and Assumption 3(iii),

(1) gr,s(0) is stochastic Lipschitz continuous, i.e.

EIBT’S = Op (].) S’LLCh that fOT all 91, 92 S @, HgT,S (91) — gT,S (92)” S BT,S . ||01 — 92”
(i) There exists 6 > 0 such that

lim sup E (B7) < oo for some § >0
T,S—00 ’

Proof of Lemma 4. Without loss of generality, assume that gy s (6) is scalar. By

Lemma 1, we know that

s (6) = myg (0) + 0, (1) ()
Also, by Assumption 3(iii) and the fact that m (0) consists of a function of Lipschitz con-
tinuous Cj; (@), mg (0) is Lipschitz continuous, i.e. 3K such that
[my (1) —my (62)] < K (|61 — 62 (6)
Then,
|gr.s (01) — grs (02)] = | (61) — Mg (02)] = [myg (61) —myg (02) + 0, (1)]  (7)
< mg (61) —my (62)] + |op (1)]

< K01 03] + o, (1)
0, (1
(K+M> 10, — 0]

A 101 — 0:]| )
=0,(1)
and let Brs = K + ; ];1”_(22"‘. Then for some ¢ > 0
: 245\ _ s o (D] )"
lim T%LE)OOE (BFS) = lim T,SSLLPOOE (K + M) < 00 (8)



Lemma 5 (Theorem 2.1 of Newey and McFadden (1994)) Suppose that (i) Qo (0) is uniquely
minimized at 0y; (ii) © is compact; (iii) Qq (8) is continuous () supgeg |Qr (8) — Qo (8)| 2

0. Then 6 2 0,

Proof of Proposition 1. @ We prove this proposition by checking the conditions of
Lemma 5.

(1) Qo (0) is uniquely minimized at 8y by Assumption 3(i) and Assumption 3(iv).

(ii) © is compact by Assumption 3(ii).

(iii) Qo (@) consists of linear combinations of rank correlations and quantile dependence
measures that are functions of pair-wise copula functions. Therefore, Qg (0) is continuous
by Assumption 3(iii).

(iv) The pointwise convergence of gr s (8) to go (6) and the stochastic Lipschitz continuity
of gr s (@) are shown by Lemma 1 and by Lemma 4(i), respectively. By Lemma 2.9 of Newey
and McFadden (1994), the stochastic Lipschitz continuity of g7 ¢ () ensures the stochastic
equicontinuity of gr s (@), and under Assumption 3, © is compact and gy (@) is continuous
in 0. Therefore, gr ¢ uniformly converges in probability to gy by Lemma 2. This implies

that Q7 ¢ uniformly converges in probability to Qo by Lemma 3. m
The proof of Proposition 2 uses the following three lemmas.

Lemma 6 Let the dependence measures of interest include rank correlation and quantile

dependence measures, and possibly linear combinations thereof. Then under Assumptions 1

and 2,
VT (thy — mg (6)) % N (0,%) asT — oo (9)
V'S (fag (6) — mg (6)) > N (0,%) as S — o0 (10)



Proof of Lemma 6. Follows from Theorem 3 and Theorem 6 of Fermanian, Radulovi¢
and Wegkamp (2004) and Corollary 1, Proposition 2 and Proposition 4 of Rémillard (2010).

We use Theorem 7.2 of Newey & McFadden (1994) to establish the asymptotic normality
of our estimator, and this relies on showing the stochastic equicontinuity of vy g (6) defined

below.

Lemma 7 Suppose that Assumptions 1, 2, and 3(iii) hold. Then when S/T — oo or
ST — k € (0,00), vr5(0) = VT [gr.5 (0) — g0 (0)] is stochastically equicontinuous and

when ST — 0, vy (8) = V'S [gr.s (8) — g ()] is stochastically equicontinuous.

Proof of Lemma 7. By Lemma 4(i), {g.. (0) : 0 € ©} is a type II class of functions
in Andrews (1994). By Theorem 2 of Andrews (1994), {g..(0) : 6 € ©} satisfies Pollard’s
entropy condition with envelope 1Vsupy ||g.. (8)]|V B.., so Assumption A of Andrews (1994)
is satisfied. Since g.. (@) is bounded and by the condition of limsupy g ., F (B%j;‘;) < oo for
some § > 0 by Lemma 4(ii), the Assumption B of Andrews (1994) is also satisfied. Therefore,

vrs (0) is stochastically equicontinuous by Theorem 1 of Andrews (1994). m

A~ ! A~ A~
Lemma 8 (Theorem 7.2 of Newey & McFadden (1994)) Suppose that gr s <0> Wrgrs (0)

IN

infgeo 815 (9)'VAVTgT,S (0)+o0,(T7h), 0L 0y and Wy 2 Wy, W, is positive semi-definite,
where there is g (0) such that (i) go (00) = 0, (i) g (0) is differentiable at 8y with derivative
Gy such that GYW Gy is nonsingular, (iii) 0y is an interior point of ©,(iv) vVTgr.s (0o) <,
N (0,3),(v) 36 such that SUD||9—go| <5 VT \|gr.s (0) — grs (6o) — g0 (0)|/ [1 +T |6 — 6, LA

0.Then /T (é - 00) 2 N (0, (GhWoGo) ! Gy WS W Go (G WoGo) 1) .

Proof of Proposition 2. We prove this proposition by checking conditions of Lemma



(i) go (80) = 0 by construction of go (8) = mg (8y) — mg (0)

(ii) go (@) is differentiable at 8, with derivative Gg such that G{W Gy is nonsingular by
Assumption 4(ii).

(iii) @y is an interior point of ® by Assumption 4(i).

(iv) If S/T — o0 as T', S — oo,

VTgrs(60) = VT (ihy—ing (6))) (11)

= VT (fay—my (8y)) — VT (1hg (69) — myg (6)))

X ﬁ(ﬁlg (6g) —my (o))

-~

iN(O,Zo) by Lemma 6

= VT (iy—my (6;)) —

(.

-~

SIS

{

iN(O,Eo) by Lemma 6

I
Q
~
i
=

Therefore,

VTgr.s (80) = N (0,5) as T, S — oo.

If S/T — ke (0,00) as T, S — oo,

VTgrs (60) = VT (ar—my (6o)) —

g

x V'S (ihg (89) — my (6y))

.

g

CE

iN(O,EO) by Lemma 6 iN(O,Zo) by Lemma 6

*)1/\/%

Therefore,

1
\/TgT,S (6o) 4N (O, <1 + E) ZO> as T, S — o00.

IfS/T—0asT,S— oo,

VSigns (00) = Y2 x T (ir—mo (B0)) ~ /S (s (65) — mo (00)

=o(1) i»N((LEo) by Lemma 6 iN(O,Zo) by Lemma 6

-~

Therefore,

\/ggﬂS (6o) N N (0,%) as T, S — o0



(v) We established the stochastic equicontinuity of vy g (8) = VT (97,5 (8) — g0 (0)]

when S/T — oo or S/T — k by Lemma 7,i.e. for Ve > 0, n > 0,36 such that

lim sup P | sup |[vrs(0)—vrs(6o)] > ?7] (12)
T—oo | [6-60]<s
= limsup P| sup VT |grs(0) — grs(00) — gy (0)]| > 77] <e
T—oo | [0-80]<s

and from the following inequality

VT || 915 (60) = 91,5 (85) = 90 O)| / [1+ VT 10 = 06ll| < VT [l gr.5 (6) = 9.5 (80) — 9, ()
(13)
we know that
lim sup P | sup ﬁHgT,S( — 975 (00) — H/ [1+\/_||9 00||} > 77]
T—oo | [6-80]<5
< tmswp P| swp VT [lgrs(6) — gus 60) — 9, 6)] > 7| < (19
T—oo | [6-60]<5

Similarly, it can be shown that when S/T — 0,

limsup P | sup VS| grs(8) — gr5(60) — g, (0)| / [1 +VS|e- eou] > n] <
S—00 |0—60||<é

(15)

Proof of Proposition 3. First, we prove the consistency of the numerical derivatives
GTS. This part of the proof is similar to that of Theorem 7.4 in Newey and McFadden
(1994). We will consider one-sided derivatives first, with the same arguments applying to
two-sided derivatives. First we consider the case where S/T — oo or S/T — k > 0 as
T,5 — oo. We know that H@;[;g — HOH = O, (T~'/?) by the conclusion of Proposition 2.

Also, by assumption we have e g — 0 and e, VT — 0, 50

6o

< HéT,S -6,

+ ‘|ek€T75H = Op (T71/2) + O (€T75) = Op (5T,S)

7



(Recall that ey, is the k' unit vector.) In the proof of Proposition 2, it is shown that 3§ such
that

|983p|<5ﬁ gz, (0) — 87,5 (60) — 80 (8)[| / [1 +VT |6 - 90||] =0 (1)

Substituting 9T,S+ek€T,5 for @, then for T, S large, it follows that

VT HgT,S <éT,S+ek5T,S> —gr.s (00) — o (éT,S+ek5T,S> H / [1 +VT HéT,S—i—eké‘T,s — 0y } <o, (1)
SO Hgns (éT,S+ek5T,S> —gr,s(60) — o <éT,S+ek5T,S) H
< (14 VT||prstecrs -8 | o (L>
< [0 k:vT,s of|| o\ 7
:Op(aT“g)
1
= VTO,(ers) 0, (ﬁ) = O, (er,5) 0, (1)
= 0p(ers) (16)

On the other hand, since g (@) is differentiable at 8, with derivative Gog by Assumption

4(ii), a Taylor expansion of gg <9T,5+ek5T75> around 0 is
g0 <9T,S+ek€T,S> =g (6y) + Gy - <éT,S+ek5T,S - 90) +o <H9T,s+ek€T,s — OOH)
with go (89) = 0. Then divide by er g,
g0 (éT,S+ek5T,S) Jers = Go- (éT,S+ek5T,S - 90) [er,s + 0 (55715 HéT,S+ek5T,S - 90”)
SO 8o (9T,s+ek€T,s> Jers — Goer = G- (éT,S - 90) Jer.s + o0 (8%,15 HéT,s-i‘eké?T,s - 90H>

The triangle inequality implies that

|

)

g0 <éT,S+ek5T,S) /er.s — GOekH < HGO : (915 - 90) /ET,SH +o (8%715 ”éT,S+ek5T,S -0,

= [0 VT (rs - 80) | + sk [orsecrs - 80 o)
= 0()0, (1) + 540, (ers) 0 (1) (1)
= 0,(1)



Combining the inequalities in equations (16) and (17) gives

gr.s (9T,s+ek€T,s) —gr.s (6o) gr.s (éT,S+ek5T,S> —gr,s(00) — 8o (éT,S+ek5T,S>

— Goek =
T8 T8
+ (go (9T,s+ek€T,s) /er.s — Goek>
gr.s <9T,S+ek5T,S> — g5 (6o) gr.s <9T,S+ek€T,s> —gr.s(600) — o <9T,S+ek€T,s>
— Goei|| <
TS ET.8

+ Hgo (éT,s+ek€T,s) /er.s — GOekH
< 0p(1)

Then,

gr.s <9T,s+ek€T,s) —gr.s (6o) »
— Goek

Er.s

and the same arguments can be applied to the two-sided derivative:

gr.s (9T,S+ek€T,s> —8rs (9T,S—ek€:r,s>

p
— Goey
2ers

This holds for each column k£ = 1, 2...,p. Thus (A}TVS 2 Gy.
In the case where S/T — 0 as T, S — oo, the proof for the consistency of (A}Tys is done

in the similar way using the following facts:
|65 = 00 = 0, (5772) (18)
and 36

sup V'S |lgrs (0) — &r,s (60) — 0 (0)] / [1 + V56 = 6ol = 0, (1) (19)

6—60l|<é
Next, we show the consistency of 21 - If p, and o, are known constant, or if ¢, is
known, then the result follows from Theorems 5 and 6 of Fermanian, Radulovi¢ and Wegkamp

(2004). When ¢, is estimated, the result is obtained by combining the results in Fermanian,



et al. with those of Rémillard (2010): For simplicity, assume that only one dependence

measure is used. Let 7;; and %Z(?) be the sample quantile dependence constructed from the

o . NT
standardized residuals {7}, 7] }il and from the bootstrap counterpart {f]gb)z, ﬁgb)] } . Also,
= t=1

)
ij

. NT
the bootstrapped true innovations {nf’”, 77§b)J } (where the same bootstrap time indices
t=1

N T
define the corresponding estimates, 7;; and 7;.”, using the true innovations {17@, i } ., and

NOINOTAE ®i "
are used for both <7, 7, and {71, .7 ). Define true 7 as 7. Theorem 5 of
t=1

Fermanian, Radulovi¢ and Wegkamp (2004) shows that

VT (75— 70) = VT (7 = #;) + 0, (1) (20)

ij
Corollary 1 and Proposition 4 of Rémillard (2010) shows, under Assumption 2, that
VT (73— 7)) = 0p(1) (21)
~(b . (b
and VT (Tz(j) — ng)> = o0,(1) (22)

Combining those three equations, we obtain

VT (%z‘j — 7o) = VT (%@ — %ij) +0,(1), asT,B — o0 (23)

v

and so EA)T, p defined in equation (11) in the paper is a consistent estimator of 3;. =

Proof of Proposition 4.  First consider S/T" — oo or S/T — k > 0. A Taylor

expansion of g (9T 5) around 6, yields
VT, (9T,s> = VTgy (6) + Go - VT (915—90) +o0 (ﬁ HéT,s—eo‘D (24)

and since g (6y) = 0 and VT HéT’S_OO

=0, (1)
VTey (B1.5) = Go- VT (Br,5-60) + 0, (1) (25)

Then consider the following expansion of gz g (9T 5) around 6,
VTgrs <éT,S) = VTgrs (00) + Grg - VT (91’,3—90) + Ry (éT,S> (26)

10



where the remaining term is captured by Ry g (9T,S) . Combining equations (25) and (26)

we obtain
VT [gT,S (‘%,s) —grs (6o) — 8o <9T,S>} = (G:ns—Go)-\/T <9T75—00> +Rr g (915) +o, (1)

Lemma 7 shows the stochastic equicontinuity of vy g (6), which implies (see proof of Propo-

sition 2) that
VT [gT,s <éT,S) —gr,5(60) — o <9T,s>] =0, (1)
By Proposition 3, G7,5—Gg = 0, (1), which implies Ry g (éT,S> = 0, (1) . Thus, we obtain

the expansion of gr g (@T S) around 6 :
\/Tgﬂg (éT“g) = ﬁgT,S (00) + GT,S . ﬁ (9@5—00) + Op (1) (27)

The remainder of the proof is the same as in standard GMM applications: From the proof
of Proposition 2, we have \/Tg;ng (6o) 4N (0, X) and rewrite this as —261/2\/TgT,S (6y) =
urs 2 u~N (0,1), and from Proposition 2, we have v/T (915—00) = (GLW,Gy) " G6W023/2u15+

0, (1) . By these two equations and Proposition 3, equation (27) becomes

~ ~ ~ ~ A A -1 4 A A
\/Tg:ng <0T,S) = —2;/;111“73 + GT75 (G%SWTGTﬁ) G,T,SWTE;/;UT,S + Op (1X28)
— —ZAJlT{Q f{uT75+op(1)

~—1/2

~ ~ ~ A -1 ~ A
where R = (I — 375 Grs (G’T SWTGT,S) G, SWTE%F{ ]23) . The test statistic is

-~ I ~ -~ A~ A ~ A A~
Ters (0rs) Wrens (0rs) = wp RS/ FWrSYiRurs + 0, (1) (29)

= UWR,SYYWSY Rou + o, (1)

where Ry = (I — Eal/QGO (Gr{)WoGg)*1 G6W023/2> . When W= f];lB, R is symmetric
and idempotent with rank <ﬁ> =1tr (R) = m—p, and the test statistic converges to a anfp

random variable, as usual. In general, the asymptotic distribution is a sample-dependent

11



combination of m independent standard Normal variables, namely that of u’ R{)E(l)/ "W, 2(1)/ ’Rou
where u ~N (0,1) .

When S/T — 0, a similar proof can be given using Taylor expansion of g <éT,S)

V'Sgg (9T,S> = V/Sgo (8) + Go - VS (éT,S_HO) +o (\/§ HéT,s—eo‘D (30)

12



Supplemental Appendix: Additional tables

Table S1: Summary statistics on the daily stock returns

Bank of Bank of Citi Goldman JP Morgan Wells

America N.Y. Group Sachs Morgan Stanley Fargo
Mean 0.038 0.015 -0.020 0.052 0.041 0.032  0.047
Std dev 3.461 2,797  3.817 2.638 2.966 3.814  2.965
Skewness 1.048 0.5992  1.595 0.984 0.922 4.982  2.012
Kurtosis 28.190  18.721 43.478 18.152  16.006 119.757 30.984

Notes: This table presents some summary statistics of the seven daily equity returns data
used in the empirical analysis.

Table S2: Parameter estimates for the conditional mean and variance models

Bank of Bank of Citi Goldman JP Morgan Wells

America N.Y. Group Sachs Morgan Stanley Fargo

Constant (¢,) 0.038 0.017 -0.019 0.058 0.043 0.031 0.051
Tit—1 0.020  -0.151  0.053 -0.156  -0.035 0.004 -0.078
Tmt—1 -0.053  -0.011  0.029 0.282  -0.141 0.063 -0.099
Constant (w) 0.009 0.069  0.019 0.034 0.014 0.036  0.008
ot 0.931 0.895 0.901 0.953 0.926 0.922  0.926
€211 0.031 0.017  0.036 0.000 0.025 0.002 0.021

€21 Yerui<oy 0.048 0.079  0.123 0.077 0.082 0.135 0.108
€241 0.000 0.000  0.000 0.000 0.000 0.000  0.000
€21 e, i<0y 0.068 0.266  0.046 0.012 0.064 0.077  0.013

Notes: This table presents the estimated models for the conditional mean (top panel)
and conditional variance (lower panel).





