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Supplemental Appendix A: Proofs of main results

In this appendix, we prove the results in the main text. Results in Sections 3 and 4 of the main text
are proved in Appendix A.1. These proofs use three technical lemmas (Lemmas A1-A3), which
we prove in Appendix A.2. Below, we use K to denote a generic constant, which may change from

line to line but does not depend on the time index .

A.1 Proofs for Sections 3 and 4

We prove Theorems 3.1-3.6 and Proposition 4.1 in this section. Throughout this appendix, we
denote

t t
X;:X0+/ b;ds+/ o dW,, X=X, — X|, (A1)
0 0

where the process b, is defined in Assumption HF. Below, for any process Z, we denote the ith

return of Z in day t by A¢;Z = Z-15) — Zrt,i—1)-

Proof of Theorem 3.1. Denote §,; = JT(t,i_l)AmW/dtlf. Observe that for m = 2/p and
m' = 2/(2 - p)a

p
E [g(A0iX/d})) = 9(8,)
< KE [(14 18,0177 + |50, Xdi021P) [ 50X /402 — 3,1

< & (E[(1+ 18l + ||At,i)}/di,é2||pqm’)})l/ " (ElAX /L - )
< KdP?
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(A.2)

where the first inequality follows the mean-value theorem, the Cauchy—Schwarz inequality and
condition (ii); the second inequality is due to Holder’s inequality; the third inequality holds because
of condition (iii) and E[| Ay X/d,}” = By |* < Kdy. Hence, |lg(AriX/dy?) = 9(8)llp < Ky,
which further implies

< Kd'*. (A.3)

P

Ti(g) = > _ 9 (Br,) dea
=1

Below, we write p(-) in place of p(-;g) for the sake of notational simplicity. Let (,; =
9(Bti)—p(cr(t,i—1))- By construction, (;; forms a martingale difference sequence. By condition (iv),
for all 4, E[(¢;;)?] < Elp(cri-1);9°)] < K. Hence, E| 377, ¢, deil> = Yo%, E[(G)ld7; < Kdy,
yielding

< < Kd"?. (A.4)
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In view of (A.3) and (A.4), it remains to show

First note that

t nt
/t 1 CS dS - ZIO T(t,i— 1 dtl Z/ -p (CT(t,i—l))) ds. (Aﬁ)

(t,i—1)

< Kd'?. (A.5)
p
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/t ) p(cs)ds — Z p (Cr(t,i—l)) dy g

=1

We then observe that, for all s € [7(t,i — 1), 7(¢,i)] and with m = 2/p and m' =2/ (2 — p),

Hp (cs) = p (erta-n) [, 1
< K (B [(14 el 4 lersin IP77) s = eruanlP]) o
(/ [(1+ ol 4 oy ) ]) ™ e = erguay 7)1
< Kdl 2

ti

where the first inequality follows from the mean-value theorem, the Cauchy—-Schwarz inequality
and condition (ii); the second inequality is due to Holder’s inequality; the third inequality follows
from condition (iii) and the standard estimate Ecs — ¢;¢;—1)|* < Kdy;. From here (A.5) follows.
This finishes the proof. Q.E.D.

We now turn to the proof of Theorem 3.2. Recalling (A.1), we set

k¢

. 1 _

&y = % D di (A X ) (A X7 (A.8)
=1

The proof of Theorem 3.2 relies on the following technical lemmas, which are proved in Appendix
A2.

Lemma Al. Let w > 2 and v > 1. Suppose (i) Assumption HF holds for some k > 2wv and (ii)
~1/2
ke < d, ast — co. Then

= ]

Lemma A2. Let w > 1 and v > 1. Suppose (i) Assumption HF holds for some k > 2wv and (ii)
~1/2
ke < d, as t — co. Then

w Kd'* i l
T(ti) — Cr(ti) ‘ ]:T(t,z‘)] H < { ! T generat (A.9)

w/4 . . .
Kd, / if oy 1s continuous.

< Kd“?. (A.10)
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Lemma A3. Let w > 1. Suppose Assumption HF hold with k > 2w. We have ]E\|67(t7i)—é'7(t l.)||w <

de(k’w’w’r) , where

0 (k,w,w,r)
=min{k/2 — w (k — 2w) — w,

l—wr+ww—1),w(w —1/2) + (1 — wr)min{w/r, (k —w)/k}}.

(A.11)

Proof of Theorem 3.2. Step 1. Throughout the proof, we denote E[- |, ;)] by E;[-]. Consider

the decomposition: ft*(g) -7 (g) = Z?:l R;, where

ng—kt

Ry = Z (g(élf(t,i)) = 9(er(tiy)) = 09(crei) (& piy) — CT(t,i))) dti
i=0
ne—kt

Ry = Z 8g(cT(tai))T(é;(t,i) — Cr(t,i))dui
i=0

ne—kt

t
Ri = 3 sleuoldii [ gled)ds

Ry = (9(Cr(t)) = 9(Cr1.0))) i
i=0

note that in the first two lines of the above display, we have treated é’T (ti

vectorized versions so as to simplify notations. In this step, we show that

IR, < Kdi/@p) in general,
TP K d% /2 if o4 is continuous.

By Taylor’s expansion and condition (i),

ny—kt

Ryl < KDY dia(U+ llereall™ + 10l — creall?
=0
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Let v = ¢/2 and v' = q/(q — 2). Notice that

E[(1+ lerea ™)1z — e 1]
<K@+ llerall=?)?
< { Kd;/2 in general,

2 : .
Kd} /2 when ot is continuous,

'U,

. A/ _— . 2
Eille i) — el pH (A.18)

where the first inequality follows from repeated conditioning and Holder’s inequality, and the

second inequality is derived by using Lemma Al with w = 2p. Applying Lemma A1l again (with

/ —_—
7(t,3)

can be improved as Kdgp/4 < de/2. The claim (A.16) then follows from (A.17).
Step 2. In this step, we show that

w = gp and v = 1), we derive E||¢& criy | < Kd,}/2 and, when oy is continuous, the bound

IRa||,, < Kd}/?. (A.19)

Denote ¢; = 89(CT(t,z‘))T(é/T(t i)_CT(t,i))ﬂ Cg = E;[¢;] and Cgl = Ci_C;' Notice that Cg = ag(cr(t,i))TEi [élf(t i

197D || Es [é;(m) -

Cr(ti)]- By condition (i) and the Cauchy-Schwarz inequality, ICH < K(1+ [
cr(t,)]ll- Observe that, with v = ¢ and v' = ¢/(¢q — 1),

IN

G < K1+ ller P

2
< Kd'?

of ’HEz[é/T(m) - Cr(t,i)]HpHv

(A.20)

where the first inequality is by Holder’s inequality, and the second inequality is derived by using
Lemma A2 (with w = p). Hence,

ni Cdyall < Kd'?. (A.21)
i=0 p
Next consider (7. First notice that
E|¢/]" < KE|G (A.22)
< KE (14 Jerun |21 — crenll] (A.23)
< K |1 llerea 2970 Bl = erenl?|), (A.24)
< Kd'* (A.25)

where the first inequality is obvious; the second inequality follows from condition (i) and the

Cauchy—Schwarz inequality; the third inequality is by repeated conditioning and Hélder’s inequal-



ity; the fourth inequality is derived by applying Lemma A1l (with w = 2). Further notice that ¢/
and ¢; are uncorrelated whenever |i — | > k;. By the Cauchy—Schwarz inequality and the above

estimate, as well as condition (ii),

2

nt—k’t nt_k't
> ldis| <Kk > EICPd7; < Kdy. (A.26)
=0 =0

Therefore, || > 7, e Cldyill2 < Kdi/z. This estimate, together with (A.21), implies (A.19).
Step 3. Consider Rs in this step. Let v = 2/p and v = 2/(2 — p). Notice that for s €

[T(t,i—1),7(t,9)],

Elg(cs) — g(cr@i-1)lf < KE [(1 + HCT(t,i)Hp(qil) + el PO™D) [|es — Cr(t,i—l)Hp] (A.27)
< K Hl - [lera [ + e P Mles = eran 1], (A-28)
< K&’ (A.29)

— g(cT(tyi,l))Hp < Kdi’/f. This estimate further implies
|Rslly < K™, (A.30)
Step 4. By a mean-value expansion and condition (i),
9(Erty) — 9(E i) < KL+ 1 ”q_l)HéT(t,i) = Gl + Klleres — &l (A.31)

By Lemma A3,
" A 0(k,q,@,r
Eé 1) — &l < Kdf &0, (A.32)

Let m' = k/2(¢— 1) and m = k/(k — 2(¢ — 1)). By Holder’s inequality and Lemma A3,

E [ (1+ 12 1" eren —A;Mn}

< [+ 0l H i)~ Shie|| (A.33)
< Kd?(k,m,w,r)/m.
Therefore, we have ) )
E|R4‘ < Kdinin{@(k,q,w,r),Q(k,m,w,r)/m}. (A34)

We now simplify the bound in (A.34). Note that the condition & > (1 —wr)/(1/2—w) implies,



for any w > 1,

{k/2—w(k:—2w)—w21—wr+w(2w—1), (A.35)
ww—1/2)+ (1 —wr)(k—w)/k>1—wr+w2w—1),
and, recalling m = k/(k —2(¢ — 1)),

(1-—wr+m2w—-1))/m>1—-wr+q2w—1). (A.36)

Using (A.35) and ¢ > 2 > r, we simplify 0 (k,q,,7) = 1 — @r + (2o — 1); similarly,
0 (k,m,w,r) = min{l — wr + m(2w — 1),m (1/r — 1/2)}. We then use (A.36) to simplify (A.34)
as

E|R4’ < Kd;nin{l—wr—l—q(Qw—1),1/7’—1/2}' (A37)

Combining (A.16), (A.19), (A.30) and (A.37), we readily derive the assertion of the theorem.
Q.E.D.

Proof of Theorem 3.3. Step 1. For z,y € R, we set

(A.38)
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By Taylor’s theorem and condition (ii),

2
k) < K (Il lall + a5 )

=1

5 (A.39)
o) < K3 (Il 2l + 1% 7 gl + Bl el Loy )

j=1

We consider a process (Zs)e[¢—1,4 that is given by Zs = X — X7, ;1) when s € [7(t,i—1),7(¢,7)).
We define Z! similarly but with X’ replacing X; recall that X’ is defined in (A.1). We then set
Z!' = Z; — Z!. Under Assumption HF, we have

v v/2
{ v € [0,k] = Elsupacprniotyray |1 2417 < K2,

" (A.40)
v € [2,k] = E[supserrio1),r i) 12 |1 Fri-n] < Kd,

where the first line follows from a classical estimate for continuous It6 semimartingales, and the

second line is derived by using Lemmas 2.1.5 and 2.1.7 in Jacod and Protter (2012).



By Itd’s formula, we decompose

T (9) — Fi (9)

t

— ag( )T beds + = Z/ _)¢jisds

e : (A.41)
/ ds/ Zs—,0(s,2))A(dz) + 09 (Zs—)T osdWs
t—1

tf
+/ /k (Zs—,0(s,2)) 1 (ds,dz).
t—1JR

Below, we study each component in the above decomposition separately.

Let m =2/p and m’ = 2/ (2 — p). Observe that, for all s € [7(¢,i — 1), 7(t,7)],

Step 2. In this step, we show

t
09 (Zs—)" bsds
t—1

< Kd'’* (A.42)
p

9 p\ 1/p
109 (Ze)Tbslly < K]S N Ze %7 ba] (A.43)
j=1
: (g;—1)pm ) /7™ pm\ /P
< Ky (B)Ze @) (B o) (A.44)
j=1
2 2(q-—1) 1/2 pm’ 1/1?771/
< KY(BIZIP@) 7 (B lbl™) (A.45)
j=1
< Kd)?, (A.46)

where the first inequality is due to condition (ii) and the Cauchy-Schwarz inequality; the second
inequality is due to Holder’s inequality; the third inequality follows from our choice of m; the last
inequality follows from (A.40). The claim (A.42) then readily follows.

Step 3. In this step, we show

Z/ 0219 (Zs-) cjisds|| < Kdi”. (A.47)

=1
> p

By a component-wise argument, we can assume that d = 1 without loss of generality and suppress



the component subscripts in our notation below. Let m’ = 2/(2 — p). We observe

2 1

10%9 (Zs)eslly < KZ(E [12,- 5=, ] ) (A.48)
1/pm/

< KZ E |Z,[262)1/2 (Em”m)”’ (A.49)

< Kd%Q, (A.50)

where the first inequality follows from condition (ii); the second inequality is due to Holder’s
inequality and our choice of m’; the last inequality follows from (A.40). The claim (A.47) is then
obvious.

Step 4. In this step, we show

‘/ttlds/Rh(Zs_ﬁ(s,z)))\(dz) p

By (A.39) and [|6 (s, 2) || < T'(2),

< Kd'’*. (A.51)

2
1 (Zes5 (5, N < K (12615727 (2 4 T ()57 2o |+ 121577 (2) rgopsy ) -
j=1

(A.52)
Hence, by condition (iii),
2
/Rh(zs_,a(s Z(nz_r%—2+||z_u+||z_u% N (s
By (A.40), for any s € [r(t,i — 1), 7(¢,1)],
’ / h(Zs—,6(s,2)) A(dz)
R 2
2 o172 1/2 N 1/2
<K ((E IZe-272) 4 (B122-17) 4 (B12 29 70) ) (A.54)
< Kdl/z.
The claim (A.51) then readily follows.
Step 5. In this step, we show
t
‘ 89 (Zs_)  osdWs|| < Kd'*. (A.55)
t—1 2




By the Burkholder-Davis—Gundy inequality,

s| [ oz yo.an|
<k [" 10y(Z)IP o] ds]
< KE [/; 189 (22) || ||asH2ds} (A.56)
e |35 [ oy 00 (@) il o
e (35 oo 200 (2 o - 5]

We first consider the first term on the majorant side of (A.56). By Holder’s inequality, we have,
for s € [t(t,i — 1), 7(t,1)],

B [log (Z)I onl?] < 3 (B1Z) " (@ o) ™ <™ (s
j=1

where the second inequality is due to (A.40). This estimate implies
¢
E U 109 (Z) | llos)1? ds] < Kd,. (A.58)
t—1
Now turn to the second term on the majorant side of (A.56). Observe that
nt 7(t,) 112 9
B[ 19020~ 00 (Z)] foriimn s

i—1 Y T(ti—

2 nt 7(t,7) __ -
<K E [Z J N (e e N A Hw,m»fds]
j=1 i=1 7T

2 n¢ 7(t,0) 509 ) ) (A.59)
e o) I R T e
j=1 i—1 7(t,i—1)
. 2 . nt 7(t,3) P 2(q;—1) ' 2d
KDY B 2T oo [ ds | -
j=1 i—1 7(t,i—1)
By repeated conditioning and (A.40), we have
2 o pr(t)
> e[S [ N ool < s e
j=1 i—1 7(t,i—1)
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Moreover, by Hélder’s inequality and (A.40), for s € [7(¢,i — 1), 7(¢,1)],

o] (ATl A LW
9 /q. 1/q; 1/q;
< (BlzP) " (E122P2) ™ (Ellowmnl™) "™ (61
< Kd% d)%
Therefore,

nt 7(t,3) -
S N o e < e
=1 JT(ti—

2
Z E
=1 Li=

Combining (A.59)—(A.62), we have

E

nt 7(t,7)
5[ ooz on @) oo < s ao
=1 /Tt~

We now consider the third term on the majorant side of (A.56). By the mean-value theorem

and condition (ii),

E (190 (22) - 00 (Z0)| o = o2ean ]

2
< KYE[|ZP9 221 o - oviea ]

~ (A.64)
2
+ K E |27 [los = orin ]
j=1

By Hélder’s inequality and (A.40),

B (1217 o~ v ]
< (E120) " (o - orean ) (A.65)
< Kdgifl)/qjd%qj < Kdy,.

Similarly,

B (12212 1221 fos — oriscn ]
i—2)/q; 1/q; 1/q;
<12 E1z0™) " (Elle - owim™) ™ 400
< K72 " ay " < Kd,.
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Combining (A.64)-(A.66), we have
E |09 (Z,) = 09 (Z0)| low = o1 |I*] < K. (A.67)

Hence,

Z/(t B 109 (Zs—) — 09 (Z) | ||os — aT(t“)Hst] < Kd,. (A.68)

We have shown that each term on the majorant side of (A.56) is bounded by Kd;; see (A.58),
(A.63) and (A.68). The estimate (A.55) is now obvious.

Step 6. We now show
t
|[ e s
t—1JR

By Lemma 2.1.5 in Jacod and Protter (2012), (A.39) and Assumption HF,
t
B[] EZed ) s
t—1 %R
SK) E [/ & /R (1261118 (s, )1+ 1 Z6- 1116 (s, 2)]1% ) A(dzﬁ
j=1 =
2 t
<K) E [ / ds / (12,2471 (22 + 1 ZJ° T ()% V) A(dzﬂ
= t—1 R

S Kdta

< Kd'’*. (A.69)
2

2

(A.70)

which implies (A.69).
Step 7. Combining the estimates in Steps 2—6 with the decomposition (A.41), we derive Hj;(g)—
T (9) |lp < Kd;/2 as wanted. Q.E.D.

Proof of Theorem 3.4. Define Z; as in the proof of Theorem 3.3. By applying It6’s formula to

(A X) (A X)T for each i, we have the following decomposition:

t
RV, —QV, = 2/ Zs_blds
=1,

—|-2/ ds/ Zs_0 (s Z)T 1{H5(SZ)||>1})\ (dz) (A.71)
t—1

+2/ Zs— (o5dWy) +2/ /Z _0(s,2)" [ (ds, dz) .
t—1 t—1

Recognizing the similarity between (A.71) and (A.41), we can use a similar (but simpler) argument

as in the proof of Theorem 3.3 to show that the L, norm of each component on the right-hand

12



side of (A.71) is bounded by Kdtl/Q. The assertion of the theorem readily follows. Q.E.D.

Proof of Theorem 3.5. Step 1. Recall (A.1). We introduce some notation

ng mw n —1/2 —1/2
BV = nttl 2 Z o ‘d / At,iX,Hdt,i—&{lAti-f—lX ‘dtza
-1/ 2

Cr=ld;, Ay 2X| A1 XY, g = 1dy P A X |dy A X, (A.72)
Ry = Zz’zl Cl,idt,z'u Ry = Zn "k Ca 1dtl

It is easy to see that |BV; — BV/| < K(R1 + Rz2). By Lemmas 2.1.5 and 2.1.7 in Jacod and Protter
2012), E[|d, . Am 1 X" P\ F < Kd(p/r)/\1 p/2 . Moreover, note that
( ), K[l t7,+1 + 7(t,7)

Eld, ;A X|P < KE|d,? A X'P + KE|d,? A X"]P < K. (A.73)

By repeated conditioning, we deduce [|(; 4[|, < Kdgl/T)A(l/p)_lﬂ, which further yields ||R;||, <
Kdgl/r)/\(l/p)*l/?

Now turn to Re. Let m = p//p and m’ = p'/ (p' — p). Since pm’ < k by assumption, we use

Hoélder’s inequality and an argument similar to that above to derive
[€24l],, < (E\d 1/2At7iX~|pm)1/p (EWMHA“HX/‘W) M Ka(l/IN12 p gy
Hence, ||Rz|l, < Kdgl/r)A(l/p/)flm. Combining these estimates, we deduce
1BV = BV/||, < K[| Bal,, + K || Bal|, < K/ P0712, (A.75)

Step 2. In this step, we show

< Kd'*.

t
HBVt’ — / csds

. —-1/2 —1/2
For j =0or 1, we denote 3, ; ; = O-T(t,ifl)dt,i—‘,{j Apir;Wand A j = dt,i—&{j At,i-i-jX/_/Bt,i,j' Observe
that

(A.76)

ng—1

ng m
12 Z Wt,z‘,oHﬁt,i,ﬂdt,i

ne—1

<K Z (]d_l/QAm-

BV —

(A.77)

aal) dii
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Let m = 2/p and m’ =2/ (2 — p). By Holder’s inequality and Assumption HF,

IN

H A X |At,i,1|Hp (la,,” QAt,Z-X’wm')l/ P Ay [P (A.78)

< Kd'* (A.79)

where the second inequality follows from E[d, ; Y 2Am-X 17 < K for each ¢ € [0, k]
Kdyiy;. Similarly, [[[Aciol 18,41l < K"

Combining these estimates, we have

7T

2

BV, — < Kd'*. (A.80)

=1 p

Let & = (7/2) i = E[&]Fr@ion] and & = & — &, Under Assumption HF with
k> 4, E|¢/|? < El¢;]? < K. Moreover, notice that &/ is Frt,i+1)-measurable and E[£]| 7 ;_1)] = 0.
Therefore, £/ is uncorrelated with £ whenever |i — | > 2. By the Cauchy-Schwarz inequality,

ng—1

< Kd, Z E|€![?ds; < Kdy. (A.81)

neg—1

Z gﬂdt %

By direct calculation, & = ¢, ;—1). By a standard estimate, for any s € [7(¢,i — 1), 7(t,)], we
have |les — ez i—1)llp < Kdi/2 and, hence,

ne—1

Z Ehdy —/ csds
p

< Kd'’*. (A.82)

Combining (A.80)—(A.82), we derive (A.76).

Step 3. We now prove the assertions of the theorem. We prove part (a) by combining (A.75)
and (A.76). In part (b), BV} coincides with BV; because X is continuous. The assertion is simply
(A.76). Q.E.D.

Proof of Theorem 3.6. We only consider EW for brevity. To simplify notation, let g (z) = {z}2,
x € R. We also set k(y,z) = g(y+x) — g(y) — g(z). It is elementary to see that |k(y,x)| < K|x||y|

for x,y € R. We consider the decomposition
ng

ne ne nt
D g(AX) =) g (AnX) + D g (AuX") + > k(ALX ALX"). (A.83)
=1 =1

i=1 i=1
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By Theorem 3.1 with Z;(g) = [, | p(cs; g)ds = (1/2) [} csds, we deduce

< Kd\'*. (A.84)
p

i: 9 (A X") —Li(g)
i—1

Hence, when X is continuous (so X = X’), the assertion of part (b) readily follows.
Now consider the second term on the right-hand side of (A.83). We define a process (Zs)sci—1,4

as follows: Z, = X! — X;’(“ 1

finite-variational process. Observe that

£~ [ [ anns dz>'

/t 1/ Zs—,0(s,2)) p(ds, dz)
< KE /t 1/\Zs Do (ds,d2)|
<x[[ s [eprersa]ske]([ o[ 1zreae)]

< Kdta

when s € [7(t,i — 1),7(t,7)). Since r < 1 by assumption, Z is a

p

=E

(A.85)

where the equality is by 1t6’s formula (Theorem I1.31, Protter (2004)); the first inequality is due to
|k(y, z)| < K|x||y|; the second and the third inequalities are derived by repeatedly using Lemma
2.1.7 of Jacod and Protter (2012). It then readily follows that

X" / / w(ds,dz)
t—1

Next, we consider the third term on the right-hand side of (A.83). Let m’ = p'/p and m =
p'/(p" — p). We have

< Kd'? < Kd\'*. (A.86)

p

(0" 20X, < B (B ™) (2|2 ) < ka2 ()

where the first inequality is due to |k(y, z)| < K|z||y| and Holder’s inequality; the second inequality
holds because Assumption HF holds for k > pp’/(p’ — p) and E|A.; X" [P ' < Kd,. Hence,

Tt
ST R(AX ALX")|| < KdP T, (A.88)
i=1 »

The assertion of part (a) readily follows from (A.83), (A.84), (A.86) and (A.88). Q.E.D.
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Proof of Proposition 4.1. (a) Under H(J)r, E[JHTL*] = x. By Assumptions Al and C, (ar(fr —
X), a'St) BN (£, 5). By the continuous mapping theorem and Assumption A2, op -, v (&,9).
By Assumption A3, E¢p — a.

Now consider HlTa, so Assumption B1(ii) is in force. Under H Ta, the nonrandom sequence
aT(E[f]T}] — X;) diverges to +o00; by Assumption C, aT(E[ﬁT] — X;) diverges to +oco as well.
Hence, by Assumption Al and Assumption B1(ii), ¢ diverges to +oo in probability. Since the
law of (§,.5) is tight, the law of ¢ (£, .5) is also tight by Assumption A2. Therefore, 27 1_o = O, (1).
It is then easy to see E¢pp — 1 under H}La.

The case with H;ra can be proved similarly.

(b) Under HJ, ar(fr —x) < ar(fr —E[f})). Let ¢p = 1{o(ar(fr —E[f})), afS1) > 2r1-a}-
By monotonicity (Assumption B1(i)), ¢ < ¢7. Following a similar argument as in part (a),
Edr — a. Then limsups . E¢p < a readily follows. The case under H] follows a similar

argument as in part (a). Q.E.D.

A.2 Proofs of technical lemmas

Proof of Lemma A1l. Step 1. We outline the proof in this step. For notational simplicity, we
denote E;§ = E[{|F,,;)] for some generic random variable £; in particular, E;[£|* is understood as
Ei[|§]"]. Let aj = (A X') (A X)T — Cr(t,i—1)dei- We decompose é/T(t,i) —Cr(t,i) = G1,i + oy, Where

k’t k't
Cl,z‘ = kt_l Z(Cr(t,iﬂ;l) - CT(t,i))7 <2,i = ]“171:_1 Zdt_,ilJrjaz‘Jrj (A~89)
j=1 j=1

In Steps 2 and 3 below, we show

K dl/ 2 i general
Ei . w < t ) A.90
H HCL H HU { Kal:f’/4 if o4 is continuous, ( :
y Kd, + Kk;t_w/z in general,
Ei 7 S w —w . . . A91
H HC2, H HU { Kd, /2 + Kk, /2 if o is continuous. ( )

The assertion of the lemma then readily follows from condition (ii) and w > 2.
Step 2. We show (A.90) in this step. Let u = 7(¢t,7 + k¢t — 1) — 7(¢,4). Since u = O(dtl/Q), we

can assume 4 < 1 without loss. By It6’s formula, ¢; can be represented as

¢ ¢
c = co+/ bsds—i-/ osdWy (A.92)
0 0
¢ 3 t o B
—i—/ /203_5(8,2)T/1(ds,dz)+/ /5(5,2)5(3,Z)Tu(ds,dz),
o Jr 0o JR
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for some processes by and 7, that, under condition (i), satisfy

E||bs]|“" + E||74]|"" < K. (A.93)
y (A.92),
4
HCLin < sup HCT(t,i)-i-u - CT(t,i)Hw < KZ&@ (A.94)
u€l0,4] =1
where

&1, = SUpueog || 7 “)Mb d‘us’
5 = SUPyel0,a) H f )
€30 = sWucioa || S, “)*“ fR 205 ( 2)T it (ds, dz) ||,

o = Wi | T 8 5,205 5,207 2 |

By (A.93), it is easy to see that [|E;[§) ][l < [|€1,]le < Kua®. Moreover, ||E;[£s;]]lv < (1§21l <

(A.95)

Ku*/?, where the second inequality is due to the Burkholder-Davis-Gundy inequality. By Lemma
2.1.5 in Jacod and Protter (2012) and condition (i),

T(t5)+u
Eilt,] < KE / / loa P15 (s, 2) [°A (dz) d ] (A.96)
T(t,i)+a w/2
+KE; / /||0’s 1216 (s, 2) [|12X (d2) ds (A.97)
th
(t,i)+a r(ti)+a w/2
< KE, / low_|“ds| + KE, / low|2ds | |, (A.98)
7(t,3) 7(t,3)

Hence, [|E;[§5,][l» < Ku. By Lemma 2.1.7 in Jacod and Protter (2012) and condition (i),
7(t,3)
Eies,) < KE / / 13 (s, 2) %A (dz) ds (A.99)
(t,2)

(/m /H(s 5,2) [2A (d2) d ) ] (A.100)

< Kaua. (A.101)

+KE;

Hence, [|E;[¢4;]]ls < Ku. Combining these estimates with (A.94), we derive (A.90) in the general
case as desired. Furthermore, when oy is continuous, we have {3, = £,; = 0 in (A.94). The
assertion of (A.90) in the continuous case readily follows.

Step 3. In this step, we show (A.91). Let o = E;_1[o;] and o = «o; — af. We can then
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decompose (o ; = C5; + (5, where (5, = k; Z “_Ha;ﬂ and C5; = k; Z tH_] of, ;. By
1t6’s formula, it is easy to see that

oyl = K

(t71’+]) ! / /
Eitj—1 /( (Xs—X (titj— 1)) (b5)Tds

T(ti+7)
+ [|Eigj—1 / (s = Cr(tij—1))ds ||| - (A.102)
T(ti+j—1)
By Jensen’s inequality and repeated conditioning,
7(ti+) v
/ / / /
Billatll” < KB [ (0= Xig 00y 0)7ds
7(ti4+j5—1)
7(ti+7) Y
+KE; / (cs = Cr(tirj—1))ds (A.103)
T(ti+j—1)
Since conditional expectations are contraction maps, we further have
t H—] w
/ / /
HEZ'HO‘HijHv — X (titj—1))(bs)Tds
tz+] 1) y
7(t,i+7) v
+K ]El / (CS - CT(t,i—l—j—l))d‘S (A104)
T(tyi+j—1) Y
3w/2

By standard estimates, the first term on the majorant side of (A.104) is bounded by Kd;;\;.
Following a similar argument as in Step 2, we can bound the second term on the majorant side of

(A.104) by K di”;f] in general and by K dft“ﬁ

and the bound can be improved to be K df?ﬁ

. . . A (W w1
if o¢ is continuous. Hence, [|E;f|a ;[|"[l < Kd} 5,
when oy is continuous. By Hoélder’s inequality and

the triangle inequality,

Kd, in general,
E, A.105
H ng z“ H { de/ 2 when o} is continuous. ( )

Now consider C'Q” Notice that (o +])1<]<k’t forms a martingale difference sequence. Using the

Burkholder-Davis—Gundy inequality and then Hélder’s inequality, we derive

2-1
Bl < KT S Bl (A-106)
7j=1
—w/2
Moreover, notice that [|E;llaf || [, < (Il [“lle < Kdi, ;. Hence, [Eql|C3 ][, < Kk, w/2,
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Combining this estimate with (A.105), we have (A.91). This finishes the proof. Q.E.D.

Proof of Lemma A2. Step 1. Recall the notation in Step 1 of the proof of Lemma Al. In this
step, we show that
2
HECwll, < Kd"™. (A.107)

By (A.92), for each j > 1,

T(ti+j—1) T(ti+j—1) 5 5
Ei [Crtitj—1) — Crta)] = Bi / bsds + / / d(s,2)0(s,2)TA(dz)ds| . (A.108)
T T R

(t,2) (t,2)

By conditions (i,ii) and Hélder’s inequality, we have
IE: ertingony = cxaal I, < K () < K (109

We then use Holder’s inequality and Minkowski’s inequality to derive (A.107).
Step 2. Similar to (A.102), we have

7(t,i+7)
IE: o] < K s / (Xé_X;(t,Hj—l))(bls)TdS]‘ (A.110)
7(t,i+j—1)
T(t,i+7)
+ || Ed / (CS_CT(t,i—l-j—l))ds] ‘ (A.111)
T(ti+j5—1)
Notice that "
7(t,i47) . ) )
E; / o (XS_XT(t,i+j—1))(bs)Td3
T(tﬁj(:ij) ) (A.112)
<k || [ X X)) || < K
T(ti+j—1) ’ ) ’

where the first inequality is due to Jensen’s inequality; the second inequality follows from standard
estimates for continuous It6 semimartingales (use Holder’s inequality and the Burkholder—Davis—
Gundy inequality). Similar to (A.109), we have HHEl [cs — cT(m-ﬂ-_l)] Hva < Kdf,; for s €
[T(t,i4+j—1),7(t, i+ j)]. We then use Holder’s inequality to derive

7(t,i47)
/T(t i+j—1)(cs — Cr(t,i+j—1))ds

w
E; < KdY, ;. (A.113)

v

Combining (A.112) and (A.113), we deduce |||E; [ovit5] [|“]]o < deﬂ? Hence, by Holder’s
inequality, H HEZ KZ,@']HU)HU < Kd;”ﬂ. This estimate, together with (A.107), implies the assertion of

the lemma. Q.E.D.
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Proof of Lemma A3. We denote ut;4; = adf;, ;. We shall use the following elementary

inequality: for all z,y € R and 0 < u < 1:

I (z+y) (x4 9" 1fjzry|<uy — 227

) s (A.114)
< K([|2 [P Lgap>uzey + lyl° Aw® + )| (lyll A w)).

Applying (A.114) with z = Ay ;4 ; X', y = Ay X" and u = w15, we have |64 — é’T(t Z)|| <
K(¢y + (3 + (3), where

k¢
—1 —1 2
G = kt Zdt,i—i-j”At,i‘i‘jX/H 1{||At,i+jX’||>Ut,i+j/2} (A115)
j—l
Co = kit Z dp A X A i) (A.116)
-1 ! "
(3 = Zdt i 1AL XN ([ A s XA v i) (A.117)
Since k > 2w, by Markov’s inequality and E||A;;1; X'||F < Kd%ij, we have
w
£ ‘HAt l+jX H 1{”At ity X' |>ue,i45/2}
EHAtH—gX H k/2—w(k— 2w) (A118)
<K uk: 2w Kdt e
t,i+J

Hence, E||¢|[* <de/2 @ (h—2w)—w

By Corollary 2.1.9(a,c) in Jacod and Protter (2012), we have for any v > 0,

E

A i X" ° wr) min{v/r
<W/\1) ] <Kd§1@+; )min{v/r,1} (A.119)
titj

Applying (A.119) with v = 2w, we have E[(||d; 7 A¢i; X"[| A 1)2v] < Kd%zfyr‘ Therefore,
w 1—wr4+w(2w—-1
Efl¢o]" < Ky~ =Y,
We now turn to (3. Let m' = k/w and m = k/ (k — w). Observe that

E [l Aoy X' (il vy XN A D

wm 1/m’ wm 1/m
< K Bl Ay x| i [ty s A 1] ) (A.120)
< Kd;uz/ij-(l—wr) min{w/r,(k—w) k}

where the first inequality is by Holder’s inequality; the second inequality is obtained by applying
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(A.119) with v = wm. Therefore, E||(5]|" < Kdzv(w_l/z)—i_(l_wr) min{w/r(k=w)/k}

Combining the above bounds for E[|(;[|*, j = 1,2 or 3, we readily derive the assertion of the

lemma. Q.E.D.
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Supplemental Appendix B: Extensions: details on stepwise pro-

cedures

B.1 The StepM procedure

In this subsection, we provide details for implementing the StepM procedure of Romano and Wolf
(2005) using proxies, so as to complete the discussion in Section 5.2 of the main text. Recall that
we are interested in testing k pairs of hypotheses

HigE[ff; ] <0forallt>1,

Hj,a sliminfr_ o E[f]r}] > 0,

Multiple SPA { 1<j<k. (B.1)

We denote the test statistic for the jth testing problem as ¢, 1 = ¢; (ar fr,dSr), where ©i(5)
is a measurable function. The StepM procedure involves critical values ¢; 7 > éar > ---, where
¢, 7 is the critical value in step /. Given these notations, we can describe Romano and Wolf’s

StepM algorithm as follows.!

Algorithm 1 (StepM). Step 1. Setl=1 and Aor = {1,...,k}.
Step 2. Compute the step-l critical value ¢; 7. Reject the null hypothesis HJT’O if ;0 > Cr.
Step 3. If no (further) null hypotheses are rejected or all hypotheses have been rejected, stop;
otherwise, let Ajr be the index set for hypotheses that have yet been rejected, that is, Ajr = {j :
1<5< E, oir < 51,T}, set l =1+ 1 and then return to Step 2.

To specify the critical value ¢, 7, we make the following assumption. Below, a € (0,1) denotes

the significance level and (¢, .5) is defined in Assumption Al in the main text.

Assumption StepM: For any nonempty nonrandom A C {1,...,k}, the distribution function of
max;e A <pj(§ ,,S) is continuous at its 1 —a quantile ¢(A, 1 — ). Moreover, there exists a sequence of
estimators ép (A, 1 — «) such that ép (A, 1 — «) N c(A,1—a)and ér (A, 1—a) <ér(A,1—a)
whenever 4 C A’.

The step-[ critical value is then given by ¢, 7 = ér(Aj—1,7,1—a). Notice that é17 > éap > - -+
in finite samples by construction. The bootstrap critical values proposed by Romano and Wolf
(2005) verify Assumption StepM.

The following proposition describes the asymptotic properties of the StepM procedure. We

remind the reader that Assumptions Al, A2, B1 and C are given in the main text.

!The presentation here unifies Algorithms 3.1 (non-studentized StepM) and Algorithm 4.1 (studentized StepM)
in Romano and Wolf (2005).
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Proposition B1. Suppose that Assumptions C and StepM hold and that Assumptions A1, A2 and
B1 hold for each ¢;(-), 1 < j < k. Then (a) the null hypothesis HJT-’O is rejected with probability
tending to one under the alternative hypothesis H]Jf,a,' (b) Algorithm 1 asymptotically controls the
familywise error rate (FWE) at level c.

Proof. By Assumptions Al and C,
r * d
(ar(fr — E[fF]), apSr) = (&, 9). (B.2)

The proof can then be adapted from that in Romano and Wolf (2005). The details are given below.

First consider part (a), so H}a is true for some j. By (B.2) and Assumption B1(ii), ¢, 1
diverges to +oo in probability. By Assumption StepM, it is easy to see that ¢ 7 forms a tight
sequence for fixed [. Hence, ¢; > ¢ r with probability tending to one. From here the assertion
in part (a) follows.

Now turn to part (b). Let Iy = {j : 1 < j <k, H&j is true} and FWE = ]P’(H]T,O is rejected
for some j € Iy). If Iy is empty, FWE; = 0 and there is nothing to prove. We can thus suppose
that I is nonempty without loss of generality. By part (a), all false hypotheses are rejected in the

first step with probability approaching one. Since ér(Ip,1 —a) < é17,

limsupFWE7r = limsupP (<pj(anT, apSr) > ér(Ip,1 — ) for some j € I)
T—o0 T—oo
< limsupP ((pj(aT(fT - E[f}t*]),a}ST) > ¢ép(lo, 1 — «) for some j € I0>
T—o0
= limsupP (max o;(ar(fr — E[F}), apSr) > ér(lo,1 - 04))
T—oc0 Jj€lo
<rjig(>)<%(€,s) > c(lo, a))
= a.
This is the assertion of part (b). Q.E.D.

B.2 Model confidence sets

In this subsection, we provide details for constructing the model confidence set (MCS) using
proxies. In so doing, we complete the discussion in Section 5.3 of the main text. Below, we denote
the paper of Hansen, Lunde, and Nason (2011) by HLN.

Recall that the set of superior forecasts is defined as

ﬂTz{jG {1,... )k} :E[f;;r,r] ZE[flT;_T] for alll§l§l¥:andt21},

23



and the set of asymptotically inferior forecasts is given by

M= {j c {1,...,]?:} . liminf (E[ﬁr}] _E[f;,*T]) >0

T—oo

for some (and hence any) [ € HT}.

The formulation above slightly generalizes HLN’s setting by allowing for data heterogeneity. Under
(mean) stationarity, HT coincides with HLN’s definition of MCS; in particular, it is nonempty and
complemental to M. In the heterogeneous setting, MT may be empty and the union of MT and

M may be inexhaustive. We avoid these scenarios by imposing
Assumption MCS1: M s nonempty and M uMi={1,...,k}.

We now describe the MCS algorithm. We first need to specify some test statistics. Below, for
any subset M C {1,...,k}, we denote its cardinality by |M|. We consider the test statistic

PMmT = (PM(GTfTa aépS'T), where ¢, ()= ?61%(%',/\4 (s)s

and, as in HLN (see Section 3.1.2 there), ¢; r((-, ) may take either of the following two forms: for
ueRFand1<j <k,

U; — Uyg

J _ Lo T
max = where s;; = sj; € (0,00) forall 1 <i <k,
pjmlu,s) = M| i — g

,  where s; € (0,00).
Vi
We also need to specify critical values, for which we need Assumption MCS2 below. We remind

the reader that the variables (£, S) are defined in Assumption A1l in the main text.

Assumption MCS2: For any nonempty nonrandom M C {1,...,k}, the distribution of ¢ (&, )
is continuous at its 1 — o quantile ¢(M,1 — «)). Moreover, there exists a sequence of estimators
ér (M, 1 — a) such that ép (M, 1 — «) N c(M,1 — ).

With é7(M, 1 —a) given in Assumption MCS2, we define a test ¢ 7 = {1 > er(M,1—
a)} and an elimination rule enq = argmaxjem ©; a7, Where @; v = <pj7M(anT,a’TST). The

MCS algorithm, when applied with the proxy as the evaluation benchmark, is given as follows.

Algorithm 2 (MCS). Step 1: Set M ={1,...,k}.
Step 2: if M| =1 or ¢y r =0, then stop and set /(/I\T,ka = M; otherwise continue.
Step 3. Set M = M\ eprq and return to Step 2.
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The following proposition summarizes the asymptotic property of /T/I\T,l,a. In particular, it
shows that the MCS algorithm is asymptotically valid even though it is applied to the proxy instead
of the true target.

Proposition B2. Suppose Assumptions A1, C, MCS1 and MCS2. Then (5.5) in the main text
holds, that 1is,

liminf (M' € Mria) 21-a, P(MrianM'=0) - 1.

Proof. Under Assumptions Al and C, we have (ar(fr — E[}L*]),a}ST) 4, (&,5). For each
M C{1,...,k}, we consider the null hypothesis H& M MC MT and the alternative hypothesis
HY o MO MY #0. Under HY v, o010 = eaqlarfr, afpSt) = oaq(ar(fr — E[f))), afpSr), and,
thus, by the continuous mapping theorem, ¢ LI or(€,S). Therefore, by Assumption MCS2,
E¢ ¢ — a under Hg,M' On the other hand, under H;M, ¢ m 1 diverges in probability to +oo and
thus E¢, — 1. Moreover, under H;M, Plenm € WT) — 0; this is because SUD, 4t g PAMT
is either tight or diverges in probability to —oo, but ¢ diverges to +oo in probability. The

assertions then follow the same argument as in the proof of Theorem 1 in HLN. Q.E.D.
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Supplemental Appendix C: Additional simulation results

C.1 Sensitivity to the choice of truncation lag in long-run variance estimation

In Tables 1-6, we present results on the finite-sample rejection frequencies of the Giacomini and
White (2006) tests (GW) using the approaches of Newey and West (1987) and Kiefer and Vogelsang
(2005) to conduct inference; we denote these two approaches by NW and KV. In the main text,
we use a truncation lag of 3P'/3 for NW and 0.5P for KV when computing the long-run variance.
Below we further consider using P'/3 and 5 (for all P) for NW, and 0.25P and P for KV.

Overall, we confirm that feasible tests using proxies have finite-sample rejection rates similar
to those of the infeasible test using the true target. That is, the negligibility result is likely in
force. More specifically, we find that the GW-KYV approach has conservative to good size control
across various settings provided that the sample size is sufficiently large (P = 1000 or 2000). In
contrast, the performance of the GW—-NW test is less robust: with these choices of truncation lags
this test rejects too often in Simulations A and B, and continues to over-reject in Simulation C.
These results confirm insights from the literature on inconsistent long-run variance estimation; see
Kiefer and Vogelsang (2005), Miiller (2012) and references therein.

C.2 Disagreement between feasible and infeasible test indicators

In Tables 7-9, we report the disagreement on test decisions (i.e., rejection or non-rejection) between
infeasible tests based on the true target variable and feasible tests based on proxies. In view of the
size distortion of the GW-NW test, we only consider the GW-KYV test, with m = 0.5 P, for brevity.
The setting is the same as that in Section 6 of the main text. In the columns headed “Weak”
we report the finite-sample rejection frequency of the feasible test minus that for the infeasible
test. Under the theory developed in Section 4, which ensures “weak negligibility,” the differences
should be zero asymptotically.? In the columns headed “Strong” we report the proportion of times
in which the feasible and infeasible rejection indicators disagreed. If “strong negligibility,” in the
sense of comment (ii) to Proposition 4.1, holds, then this proportion should be zero asymptotically.

As noted in the main text, the weak negligibility result holds well across all three simulation
designs, with the differences reported in these columns are almost all zero to two decimal places,
except for the lowest frequency proxy. The results for strong negligibility are more mixed: in
Simulations A and B we see evidence in support of strong negligibility, while for Simulation C we

observe some disagreement.

ZPositive (negative) values indicate that the feasible test based on a proxy rejects more (less) often than the
corresponding infeasible test based on the true target variable.
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GW-NW (m = 5) GW-NW (m = PY/3)
Proxy RV2, P=500 P=1000 P=2000 P =500 P=1000 P = 2000

R = 250
True Y}, 0.14 0.17 0.20 0.12 0.12 0.13
A =5 sec 0.14 0.17 0.20 0.12 0.12 0.13
A =1 min 0.14 0.17 0.19 0.13 0.12 0.14
A =5 min 0.15 0.16 0.19 0.12 0.12 0.14
A = 30 min 0.12 0.14 0.17 0.10 0.11 0.11
R =500
True Y}, 0.15 0.17 0.18 0.13 0.13 0.12
A =5 sec 0.15 0.17 0.18 0.13 0.13 0.12
A =1 min 0.16 0.17 0.19 0.13 0.13 0.12
A =5 min 0.16 0.17 0.18 0.12 0.13 0.12
A = 30 min 0.13 0.14 0.15 0.11 0.11 0.11
R = 1000
True Y, 0.16 0.19 0.19 0.14 0.14 0.13
A =5 sec 0.16 0.19 0.19 0.14 0.14 0.13
A =1 min 0.16 0.19 0.19 0.14 0.15 0.13
A =5 min 0.16 0.17 0.18 0.13 0.14 0.12
A = 30 min 0.12 0.15 0.15 0.11 0.12 0.10

Table 1: Giacomini—White test rejection frequencies for Simulation A. The nominal level is 0.05, R
is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.
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GW-KV (m = 0.25P) GW-KV (m = P)
Proxy RVA,  P=500 P=1000 P=2000 P =500 P=1000 P =2000

R =250
True Y}, 0.01 0.01 0.00 0.01 0.01 0.01
A =5 sec 0.01 0.01 0.00 0.01 0.01 0.01
A =1 min 0.01 0.01 0.00 0.01 0.01 0.01
A =5 min 0.01 0.01 0.00 0.01 0.01 0.01
A = 30 min 0.01 0.01 0.01 0.01 0.01 0.01
R =500
True Y}, 0.02 0.01 0.01 0.01 0.02 0.01
A =5 sec 0.02 0.01 0.01 0.01 0.02 0.01
A =1 min 0.02 0.02 0.01 0.01 0.02 0.01
A =5 min 0.02 0.02 0.01 0.01 0.02 0.01
A = 30 min 0.01 0.02 0.01 0.01 0.01 0.01
R = 1000
True Y}, 0.02 0.01 0.01 0.02 0.01 0.01
A =5 sec 0.02 0.01 0.01 0.02 0.01 0.01
A =1 min 0.02 0.01 0.01 0.03 0.01 0.01
A =5 min 0.02 0.01 0.01 0.03 0.01 0.01
A = 30 min 0.02 0.01 0.00 0.02 0.01 0.01

Table 2: Giacomini—White test rejection frequencies for Simulation A. The nominal level is 0.05, R
is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.
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GW-NW (m = 5) GW-NW (m = PY/3)
Proxy BV, P=500 P=1000 P=2000 P =500 P=1000 P = 2000

R = 250
True Y}, 0.13 0.15 0.15 0.12 0.13 0.12
A =5 sec 0.13 0.14 0.14 0.12 0.13 0.12
A =1 min 0.12 0.14 0.14 0.12 0.13 0.12
A =5 min 0.10 0.12 0.11 0.09 0.10 0.10
A = 30 min 0.05 0.06 0.07 0.05 0.05 0.06
R =500
True Y}, 0.14 0.14 0.14 0.13 0.12 0.12
A =5 sec 0.14 0.14 0.14 0.12 0.13 0.12
A =1 min 0.14 0.13 0.14 0.13 0.12 0.11
A =5 min 0.11 0.12 0.11 0.11 0.11 0.09
A = 30 min 0.05 0.05 0.06 0.04 0.05 0.05
R = 1000
True Y, 0.12 0.14 0.14 0.12 0.12 0.11
A =5 sec 0.13 0.14 0.14 0.12 0.12 0.11
A =1 min 0.12 0.13 0.13 0.11 0.12 0.11
A =5 min 0.10 0.11 0.11 0.09 0.10 0.09
A = 30 min 0.04 0.05 0.06 0.04 0.04 0.05

Table 3: Giacomini—White test rejection frequencies for Simulation B. The nominal level is 0.05, R
is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.
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GW-KV (m = 0.25P) GW-KV (m = P)
Proxy BVA,  P=500 P=1000 P=2000 P =500 P=1000 P = 2000

R =250
True Y}, 0.02 0.01 0.01 0.01 0.01 0.01
A =5 sec 0.02 0.01 0.01 0.02 0.01 0.01
A =1 min 0.02 0.01 0.01 0.02 0.01 0.01
A =5 min 0.01 0.01 0.01 0.01 0.01 0.01
A = 30 min 0.01 0.01 0.01 0.01 0.01 0.01
R =500
True Y}, 0.01 0.01 0.01 0.01 0.02 0.01
A =5 sec 0.01 0.01 0.01 0.01 0.01 0.01
A =1 min 0.01 0.01 0.01 0.01 0.01 0.01
A =5 min 0.01 0.01 0.01 0.01 0.01 0.01
A = 30 min 0.01 0.01 0.01 0.01 0.01 0.01
R = 1000
True Y}, 0.01 0.01 0.02 0.02 0.01 0.01
A =5 sec 0.02 0.01 0.02 0.02 0.01 0.01
A =1 min 0.02 0.01 0.01 0.01 0.01 0.02
A =5 min 0.01 0.01 0.02 0.01 0.01 0.02
A = 30 min 0.01 0.01 0.01 0.01 0.00 0.01

Table 4: Giacomini—White test rejection frequencies for Simulation B. The nominal level is 0.05, R
is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.
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GW-NW (m = 5) GW-NW (m = P'/3)
Proxy RCS, P=500 P=1000 P=2000 P =500 P=1000 P = 2000

R =250
True Y}, 0.32 0.32 0.31 0.30 0.28 0.27
A =5 sec 0.32 0.32 0.31 0.30 0.28 0.27
A =1 min 0.32 0.32 0.31 0.30 0.28 0.27
A =5 min 0.32 0.32 0.31 0.30 0.29 0.26
A = 30 min 0.31 0.30 0.28 0.29 0.27 0.25
R =500
True Y}, 0.38 0.36 0.36 0.35 0.33 0.32
A =5 sec 0.37 0.36 0.36 0.35 0.33 0.32
A =1 min 0.37 0.37 0.36 0.35 0.33 0.32
A =5 min 0.37 0.36 0.36 0.34 0.33 0.31
A = 30 min 0.35 0.34 0.34 0.33 0.32 0.30
R = 1000
True Y, 0.33 0.30 0.27 0.31 0.28 0.24
A =5 sec 0.33 0.30 0.27 0.31 0.27 0.24
A =1 min 0.33 0.30 0.27 0.31 0.28 0.24
A =5 min 0.32 0.29 0.27 0.31 0.27 0.24
A = 30 min 0.31 0.29 0.25 0.30 0.27 0.22

Table 5: Giacomini-White test rejection frequencies for Simulation C. The nominal level is 0.05, R
is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.
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GW-KV (m = 0.25P) GW-KV (m = P)
Proxy RCA,  P=500 P=1000 P=2000 P =500 P=1000 P = 2000

R =250
True Y}, 0.08 0.05 0.04 0.07 0.05 0.03
A =5 sec 0.08 0.05 0.04 0.07 0.05 0.03
A =1 min 0.08 0.05 0.03 0.07 0.05 0.04
A =5 min 0.08 0.05 0.03 0.07 0.05 0.04
A = 30 min 0.09 0.05 0.04 0.07 0.04 0.04
R =500
True Y}, 0.15 0.07 0.06 0.12 0.06 0.05
A =5 sec 0.15 0.06 0.06 0.12 0.06 0.05
A =1 min 0.15 0.06 0.06 0.12 0.06 0.05
A =5 min 0.15 0.06 0.06 0.11 0.06 0.05
A = 30 min 0.14 0.07 0.06 0.11 0.06 0.05
R = 1000
True Y}, 0.16 0.09 0.06 0.14 0.07 0.05
A =5 sec 0.16 0.09 0.06 0.14 0.07 0.05
A =1 min 0.16 0.09 0.06 0.14 0.07 0.05
A =5 min 0.16 0.09 0.06 0.14 0.07 0.05
A = 30 min 0.17 0.09 0.06 0.14 0.07 0.05

Table 6: Giacomini-White test rejection frequencies for Simulation C. The nominal level is 0.05, R
is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.
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P =500 P = 1000 P = 2000
Proxy RVt_AH Weak Strong Weak Strong Weak Strong

R =230
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.00 0.00 0.00 0.00 0.00
A =5 min 0.00 0.00 0.00 0.00 0.00 0.00
A = 30 min 0.00 0.01 0.00 0.00 0.00 0.01
R =500
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.00 0.00 0.00 0.00 0.00
A =5 min 0.00 0.00 0.00 0.00 0.00 0.00
A = 30 min 0.00 0.01 0.00 0.01 0.00 0.01
R = 1000
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.00 0.00 0.00 0.00 0.00
A =5 min 0.00 0.01 0.00 0.01 0.00 0.01
A = 30 min 0.00 0.01 0.00 0.00 0.00 0.01

Table 7: Giacomini—White test rejection indicator disagreement frequencies for Simulation A. The
nominal level is 0.05, R is the length of the estimation sample, P is the length of the prediction
sample, A is the sampling frequency for the proxy. Columns headed “Weak” report the difference
between the feasible and infeasible tests’ rejection frequencies. Columns headed “Strong” report
the proportion of simulations in which the feasible and infeasible tests disagree.
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P =500 P = 1000 P = 2000
Proxy Bv;ﬁl Weak Strong Weak Strong Weak Strong

R =250
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.01 0.00 0.00 0.00 0.00
A =5 min 0.00 0.00 0.00 0.01 0.00 0.01
A = 30 min -0.01 0.02 0.00 0.01 0.00 0.01
R =500
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.01 0.00 0.00 0.00 0.00
A =5 min 0.00 0.01 0.00 0.01 0.01 0.01
A = 30 min 0.01 0.01 0.00 0.01 0.00 0.01
R = 1000
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.01 0.00 0.00 0.00 0.00
A =5 min 0.00 0.01 0.00 0.01 0.00 0.01
A = 30 min -0.01 0.01 -0.01 0.01 0.00 0.01

Table 8: Giacomini—White test rejection indicator disagreement frequencies for Simulation B. The
nominal level is 0.05, R is the length of the estimation sample, P is the length of the prediction
sample, A is the sampling frequency for the proxy. Columns headed “Weak” report the difference
between the feasible and infeasible tests’ rejection frequencies. Columns headed “Strong” report
the proportion of simulations in which the feasible and infeasible tests disagree.
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P =500 P = 1000 P = 2000
Proxy RCA Weak Strong Weak Strong Weak Strong
t41

R =250
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.00 0.00 0.00 0.00 0.00
A =5 min 0.00 0.01 0.00 0.00 0.00 0.01
A = 30 min 0.00 0.02 0.00 0.01 0.00 0.01
R =500
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.01 0.00 0.00 0.00 0.00
A =5 min 0.00 0.01 0.00 0.01 0.00 0.00
A = 30 min 0.00 0.03 0.00 0.02 0.00 0.01
R = 1000
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.01 0.00 0.00 0.00 0.00
A =5 min 0.00 0.02 0.00 0.01 0.00 0.00
A = 30 min 0.00 0.03 0.00 0.01 0.00 0.02

Table 9: Giacomini—White test rejection indicator disagreement frequencies for Simulation C. The
nominal level is 0.05, R is the length of the estimation sample, P is the length of the prediction
sample, A is the sampling frequency for the proxy. Columns headed “Weak” report the difference
between the feasible and infeasible tests’ rejection frequencies. Columns headed “Strong” report
the proportion of simulations in which the feasible and infeasible tests disagree.
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