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Distributive and Additive Costsharing

of an Homogeneous Good

1.  The Problem and Overview of the Paper


We consider the problem of sharing the cost of an homogeneous good among agents with unequal demands, when the cost function has arbitrary variable returns.  This problem belongs to the intellectual tradition in distributive justice going back to Aristotle, that explores the concept of fair reward given unequal individual contributions.


Our model is a direct generalization of the simple “rationing” problem where a given amount of a divisible commodity (interpreted either as a good(in the surplus sharing context(or as a liability(in the costsharing context) must be divided among agents with different claims or responsibilities.  In the rationing problem, there is a single (non negative) number per agent, variously interpreted as a claim in a bankruptcy or estate division problem (O’Neill [1982], Aumann and Maschler [1985], Thomson [1995]), a tax liability (Young [1987], [1988]) or a level of contribution to an input (Moulin [1987], Pfingsten [1991]).  In the costsharing problem, we assume instead that the whole cost function is given, along with the individual demands, so that the division method can take into account not only the actual cost incurred at the actual joint demand, but hypothetical costs at hypothetical demand levels as well; as a result, the variable returns of the technology can affect the actual distribution of costs.
  


In our model, each individual agent demands a certain amount of the same homogeneous good (in contrast with the literature on the pricing of heterogeneous goods inspired by cooperative game theory: see Billera and Heath [1982], Mirman and Tauman [1982] or Friedman and Moulin [1995]).  Thus, the exogeneous data consist of the set N of agents and a cost function C of a single output.  Then for any demand profile 

 (specifying an amount of output requested by each agent) our problem is to assign a cost share 

 to each agent in such a way that the budget is balanced: 

.


We use the axiomatic method and explore in full detail the consequences of three properties of costsharing methods.  The first property, Separability, is the equity requirement that if 
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.  The other two, Distributivity and Additivity, are devoid of ethical content, and require that the computation of cost shares commutes with, respectively, the composition and addition of cost functions (note that Additivity is a familiar property throughout the costsharing and cooperative game literature, whereas Distributivity is new).  Both Distributivity and Additivity are introduced and motivated in the next section.


Note that Separability imposes no proportionality requirement on any cost function with non constant returns.  Nor do we impose the universal equity requirement of “equal treatment of equals” so that we allow for the possibility of unequal entitlements to the technology: the example of the incremental methods, described in the next paragraph, makes this point very clear.
  


The main result of this paper is a complete analytical characterization of all costsharing methods meeting the three requirements Separability, Distributivity and Additivity.  Although the full family of these methods is too complex to allow a description in a few sentences, the central idea can be described informally.  Recall two often used solutions of the rationing problem: serving agents in proportion to their demands; or serving them according to a given “priority ranking,” namely an agent’s demand is served only after the demands of all agents with higher priority have been fully met.  In our model, the two ideas of proportionality and priority yield, respectively average cost pricing, (where individual cost shares are simply proportional to individual demands) and incremental costsharing (where agents are ranked along a fixed ordering , say 

 and agent i is charged the incremental cost beyond the cost of serving agents 

 that is 

.  The average cost pricing method, as well as the n! incremental costsharing methods, meet our three axioms.  As shown in our main result, these methods are the building blocks from which all other methods meeting SEP, ADD and DISTR are deduced.


Notice, however, that a simple convex combination of these basic n!+1 methods (for instance, the Shapley-Shubik method averaging all incremental methods: Shubik [1962]) will always fail the Distributivity axiom (see footnote 3, page 14, in Section 4) hence the operation of combining the basic methods is more subtle.  It turns out that to each costsharing method meeting SEP, DISTR, and ADD, we can associate a partition of 

 into convex cones such that: 

i)  if the demand profile 

 is in a certain cone, so does the profile of cost shares 

 (a limited form of proportionality)

ii)  within a cone of the partition, the method coincides with incremental costsharing up to a linear change of coordinates.

In terms of the partitions (of 

) representing each method of our family, average cost pricing has the finest partition (consisting of all the straight lines from the origin) whereas the incremental methods have the coarsest partitions (consisting of essentially one cone).  If we impose the equal treatment of equals requirement (in addition to SEP, DISTR, ADD), the familiar serial costsharing method (Moulin and Shenker [1992], [1994]) stands out as the method with the coarsest partition.


This paper bears some similarity with our earlier work (Moulin and Shenker [1994]) where we focused on the family of methods meeting Separability and Additivity, and offered a characterization of respectively average cost pricing and serial costsharing by imposing additional axioms (the latter characterization is related to Lemma 3 in Section 7: see Remark 2).  The results of the current paper use the additional bite of Distributivity to describe a flexible family of methods without imposing equal treatment of equals.  Two other related papers are Moulin [1997a,b].  The latter describes in detail the isomorphism between rationing methods (i.e., solutions to the rationing problem) and the separable and additive cost sharing methods.  The former studies rationing methods satisfying the corresponding distributivity properties in the rationing problem as well as the familiar requirement of Consistency.  The rationing methods thus characterized correspond to a subset of the family of cost sharing methods uncovered by our Theorem 1.

The paper has 8 sections.  Section 2 motivates the two properties Distributivity and Additivity.  Section 3 sets the model and defines the family  H  of costsharing methods associated with certain coverings of the n-dimensional simplex by polytopes.  In Section 4 we define the axioms Separability, Additivity and Distributivity and state the main result namely that the family  H  is characterized by the combination of these three axioms.  Sections 5 and 6 single out average cost pricing, the incremental methods, and serial cost sharing as extreme elements in the family H . Section 7 offers a characterization of serial costsharing by means of a lower bound or an upper bound on individual cost shares.  Section 8 gathers some concluding comments.  The proof of theorem 1 is in the Appendix.

2.
Distributivity and Additivity
Given a set N of agents 

, a costsharing method is denoted 

, and the cost shares 

 corresponding to a profile of demands 

 and to a cost function C are written as 

.  Thus the operator 

 maps the cost function C into a mapping 

, from 

 into itself (and satisfying the budget balance condition).  With the help of this compact notation, the mathematical formulation of the two axioms DISTR and ADD is particularly simple:





The motivation for additivity is well-known (see, e.g., Billera and Heath [1982], or Moulin and Shenker [1994]), but we review it here to help motivate the distributivity requirement.  Consider a firm comprised of several divisions (such as production, marketing, service, etc.).  In some cases the cost 

 arising from production can be computed by summing up the costs 

 incurred by each division k; i.e., each division incurs an independent cost due to the production.  Additivity is merely the natural requirement that if we allocated the costs 

 from each division separately we would arrive at the same allocation as when allocating the summed costs all at once.


While often costs do arise in this parallel manner, where each division incurs its costs independently, there are other cases where the costs occur in a more sequential fashion, where the output of one division is used as input by another division.  That is, to create an amount 

 of the final good, one division must first create an amount z of some intermediate good or service with some associated cost 

, and then another division takes that amount z and creates the amount of good 

, where the amount of intermediate good needed in this second stage of the process is given by 

.  The total cost function is then the composition of the two functions: 

.  In such a situation one could allocate the costs in stages, where the method first allocates the costs in terms of the intermediate good according to 

 Then, these allocations are used as demands in the second stage of the input process, with the final cost allocation being given by 

.  Equivalently, one could just apply 

 to the composed cost 

.  The distributivity axiom requires that the result of this multistage allocation process be identical to that of the single stage process applied to the composed cost function.  As such, it is as natural, and in our view as important an axiom as additivity; the only difference is whether costs are computed in parallel, or in series, both cases are equally realistic.

An important consequence of DISTR is a property that we call “reversibility.”  Assume given a one input(one output technology that can be written equally well as a cost or a production function: 

 (the function C is invertible).  Any method 

 for allocating individual shares of input given individual consumptions of output can be used alternatively to allocate output shares given individual contributions of input.  Thus, given a list of actual input shares 

 and output shares 

 there are two equally natural ways to check whether this outcome conforms to our norms of fairness (summarized by 

): we can compute the “fair” input shares given the list of output shares x and check they coincide with y , i.e., does 

 hold?  Or we can compute the fair output shares given the input shares and check if 

holds?

When the method 

 is Distributive, and satisfies Separability these two viewpoints on the fairness of the triple 

 are equivalent: indeed DISTR and SEP together imply 

, that is to say 

.  Absent the property of Reversibility, our notion of fairness in the distribution of individual shares of input and output does depend on whether we describe the technological constraints by means of a cost function or a production function.

3.
The Model and The Family 
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The finite set N of agents (or users) is fixed throughout, 

.  There are two goods, one input and one output and a technology represented by a cost function C.  We always make the following assumptions on C: it is defined over the real half line 

, it is non decreasing and 

.  We denote by D the set of cost functions thus defined.  Note that we do not assume continuity of C, so that our technology may involve a fixed cost (e.g., take 

).

A costsharing problem is a pair 

 where 

 is a list of demands (one for each agent), 

, and C is a cost function, 

.  A solution to the problem 

 is a vector 

 of cost shares, such that 

 and  

 (where, here and in the sequel, we write for any subset S of N, 

).

A costsharing method is a mapping 

, associating to every problem 

 a solution y.  It will be convenient to view 

 as a mapping from 

 into 

, namely 

.


All cost sharing methods in the family 
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 are defined by a partition of 
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 made of linear cones (convex cones generated by a finite number of points).  The key intuition is that the method leaves each cone invariant(if the vector of demands x is in one cone of the partition, so is the vector of cost shares y(and that it operates like an incremental method in each cone, up to a change of coordinates.


Assume 
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 and consider the incremental method in the order 1,2,3: 
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.  Denoting by 
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 the i-th coordinate vector of 
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, the above formula is equivalently written as
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(3)

Now consider any three linearly independent vectors 
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 in the simplex of 
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 and apply formula (3) above to define a vector y of cost shares for every x in the convex cone generated by 
[image: image12.wmf]e

e

e

1

2

3

,

,

.  This construction is depicted on Figure 2.  Note that each coordinate 
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 is nonnegative (within the cone), hence each coordinate of y is nonnegative (C is nondecreasing); as 
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 is in the unit simplex for all i, we deduce also 
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.  Therefore formula (3) indeed defines a solution to any cost sharing problem 
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 when x is in the cone in question.


Next we generate new cost sharing methods by partitioning 
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in linear cones.  An important example is the partition into six cones illustrated in Figure 3.  One cone is generated by 
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and the other five cones obtain by permuting the three agents.  The convex cone generated by the three vectors above is the set of vectors x such that 
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 and formula (3) reads:
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which is the serial cost sharing formula analyzed in more details in Sections 6 and 7.


The description of the 
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 family gets complicated by the fact that the linear cones partitioning 
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 may be of arbitrary dimension from 1 to n.  A one dimensional cone is simply a half-line from the origin and in this case formula (3) should be adapted as follows:
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in other words, the total cost 
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 is divided in proportion to individual demands.  When the orthant 
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 is partitioned by all its lines, the average cost pricing method obtains, namely the above formula applies for any x.  As will be clear from the examples at the end of this Section, the 
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 family contains many complicated methods, of which the partition may contain cones of various dimensions.


We turn to the general definition of the 
[image: image27.wmf]H

 family.  
We denote by 

 the unit simplex of 

 .  A polytope  of dimension 

 is the convex hull of d affinely independent elements 

.  Note that a singleton 

 is conventionally of dimension 1, by reference to the cone with origin 0 it generates.


An ordered polytope is given by a polytope and an ordering of its vertices 

.  We write an ordered polytope as an ordered list 

 where 

 are its vertices (hence elements of 

).  We denote by 

 the set of ordered polytopes (of which the dimension varies from 1 to n).


A subset 

 is a cone if  

.  It is a cone* if 

.


Given an ordered polytope 

, we denote by 

 its relative interior, by 

 the cone generated by P and by 

 the cone* generated by 

.
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Two ordered polytopes 

 are said to be adjacent if  i) their relative interiors are disjoint, ii) the set A of their common vertices is non empty, iii) 

 (the intersection of 

 is the convex hull of the vertices in A), and iv) 

 induce the same ordering of A.


In particular an ordered polytope P and any of its faces are adjacent, provided the face inherits the ordering of P.
Definition 1: Ordered Coverings
An ordered covering of the simplex 

 is a set C (not necessarily finite) of ordered polytopes 

 such that :

i)  their union covers 


ii) if C contains P, it contains all the ordered faces of P.

iii) any two ordered polytopes in C are either disjoint or adjacent.


Note that by definition of adjacency, if two elements of C are adjacent, their intersection is a common face, hence it is in C, too.


Next, any ordered covering defines a partition of 

, namely the family 

 of the relative interiors of its polytopes (equivalently, the family 

 is a partition of 

).  To show this, pick an element x in 

; by property i of Definition 1, x is contained in an ordered polytope of C, say 

,  and 

.  Eliminating from the sequence 

 all those elements such that 

 leaves us with a unique face 

 with the ordering induced by that of P.  As noted above Q belongs to C as well and x belongs to 

.


From the above partition we derive a notation: for any non zero x in 

,  we shall write 

 to be the unique element P of C such that 

 contains x.  One checks easily two equivalent definitions of 

: it is the inclusion smallest P such that [P] contains x; it is the element P of smallest dimension such that [P] contains x.
Definition 2: The Family H of Costsharing Methods
To each ordered covering C of 

, we associate the following costsharing method.  For any element 

 of C and any vector x in [P] we have:







(4)
(with the convention 

)


Check first that the above formula defines a legitimate costsharing method.  Every vector 

 is in at least one cone [P] for some P in C  (property i in Definition 1); if x belongs to [P] and [Q], where P, Q are two distinct elements of C, then P and Q are adjacent (property ii) in Definition 1).  Therefore, if R denotes the common oriented face of P and Q, its cone [R] contains x so that formula (4) applied to P, to Q or to R yields precisely the same vector of costshares 

.


Next observe that 

 is in 

 (because each 

 is, 

 is non negative and C is non decreasing) and check the budget balance condition 

.


A first observation about formula (4) is that it “combines” the incremental cost idea and the average cost pricing idea in the following sense.  Pick x such that 

 is of dimension 1; the formula reads 

 namely average cost pricing over 

.  On the other hand, if 

, then formula (4) says that, up to a change of coordinates in the basis 

, cost shares follow the incremental pattern.  To make this claim precise, we denote by G the linear operator exchanging the coordinates of x in the standard basis of 

 and its coordinates in the basis defined by the vertices of 

.  That is G is the linear operator (from 
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) mapping the k-th coordinate vector of 

 (the matrix of G in the standard basis has 

 for its k-th column).  Because 

 are affinely (hence linearly) independent, there exists a (non unique) left-inverse of G, that is a linear operator from 

 such that 

 is the identity of 

.  Now we denote by 

 the incremental costsharing method in 

 with the ordering 

 and we obtain a useful compact expression of formula (4):












(5)

or  equivalently















(6)


(Note that 

 is uniquely defined on the range of G, and in particular in [P], so the above formula makes sense).  Figures 1 and 2 illustrate the equations (4), (5), (6) in the two and three agents cases, respectively.


To conclude Section 3, we describe the 
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 family in the simple case of two agents.  There the incremental formula (4) can easily be depicted: see Figure 1.  Every method in 
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 is given by a partition of the interval 

 consisting of points and ordered open intervals.  Conversely, every such partition defines a method in  H. 


Average cost pricing is the (finest) partition distinguishing all points, and the two incremental methods have the (coarsest) partitions with one open interval and two points 
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Serial costsharing corresponds to a partition of  

 with two (open) intervals and three points:

                                                                                                                                                 

In the figure, the numbers give the ordering of the vertices in any interval of the partition.  The extremities of the simplex are the unit vectors of 

, 

.  Next we keep the same partition of the simplex by intervals, but reverse the orderings,



The right-hand ordered polytope is now 

 therefore x is in the corresponding cone if and only if 
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(9)

For reasons explained in Section 8 (point b) we call the above method dual serial.


Next we consider a method with the same two intervals, oriented like serial on the right hand interval and like dual serial on the left hand one:

                                                                                                                   

The resulting formula simply pieces together the two previous ones:




It should be clear that the operation of sewing two methods along common polytopes is a general trick to generate new methods in   H .  In higher dimensions, this operation is not straightforward (because of the adjacency requirements at the boundary) but in the two agents case, there are no special precautions.  E.g., we can sew average cost pricing on the left-hand interval and serial costsharing on the right-hand one.

                                                                                                           







Slightly more fancy are some symmetric mixtures of average cost pricing and incremental patterns (i.e., some combinations of an area in 

 covered by points and one covered by intervals).  For instance:


The corresponding anonymous method is given by:




4.
The Characterization Result

Given a cost sharing method 
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Lemma 1: For any ordered covering C of 

, the corresponding costsharing method 

 (Definition 2) meets Separability, Additivity and Distributivity.
Proof: 
Separability and Additivity are obvious.  To check Distributivity use the compact formula (5) and the fact that the incremental method 

 is Distributive:




QED


In order to characterize the family H  by the combination of SEP, DISTR, and ADD we may either restrict the domain of cost functions, or add a continuity requirement (with respect to variations of the cost functions) to our three basic axioms.  Formally we denote by 
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The domain 
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 contains all twice continuously differentiable functions in 

, as well as all the piecewise linear functions.  Moreover it is a dense subset of 

 for the topology of pointwise convergence (see Moulin and Shenker [1994], p. 184).


Next we say that a costsharing method 

 is continuous (with respect to the cost function) if for all x in 

, 

 converges to 

 whenever the sequence 

 converges pointwise to C (where 

 and C are in 

).

Theorem 1
a) A costsharing method 

 with domain 
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, satisfies {Separability, Distributivity and Additivity} if and only if it is (the restriction to 
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 of) a method in  H.

b) A costsharing method 

 with domain 

 satisfies {Separability, Distributivity, Additivity and Continuity} if and only if it is an element of  H.


The “if” part in both statements a) and b) is Lemma 1, except for the continuity property which is obvious from formula (4).  The proof of the “only if” part is in the Appendix.


We check that the theorem is a tight characterization.  Drop SEP and the equal cost shares method, 

 satisfies DISTR, ADD and Continuity.  Drop DISTR and the Shapley-Shubik method satisfies SEP, ADD and Continuity.


More interesting is the family of separable and distributive, yet non additive costsharing methods.  Let h be a bijection from 

 into itself, such that 

 and let 
[image: image41.wmf]j
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That this defines a bona fide costsharing method and that this method is separable and distributive is clear (hence omitted).  Obviously, this method is additive if (and only if) the mapping h is itself additive on the range of 
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.  Thus any non additive bijection from 

 into itself ,preserving the sum of the coordinates, yields a costsharing method meeting SEP and DISTR that is outside the family  H. 

Remark 1


Although each cost sharing method in 
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 is additive with respect to the cost function, the set 
[image: image46.wmf]H

 itself is not stable by convex combinations.  For instance, each incremental method is in 
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 but their average (the Shapley-Shubik method, see footnote 3) is not.  In fact, we can say more.  For any two different methods 
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, 

 in  H  are different, there exists a vertex 
[image: image52.wmf]e

0

 of an oriented polytope associated with 

, such that 
[image: image53.wmf]e

0

 is not a vertex of any oriented polytope associated with 

.  Therefore, in the oriented covering associated with 

, 
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 does not take a form compatible with that given by property (4).

5. Coarsest and Finest Partitions in C

In this section we discuss the special role, within the H family, of average cost pricing on the one hand, and the n! incremental cost sharing methods on the other.

We say that an ordered covering 

 is coarser (resp. finer) than another ordering 

 if the partition corresponding to 

 is coarser (resp. finer) than that of 

.


Average cost pricing is the method in  H with the finest covering of 

: indeed for every non zero vector x, 

 is the singleton 

, i.e., the vector in 

 parallel to x, and 

; therefore the partition 

 is the finest conceivable partition, distinguishing all points of 

.


Symmetrically, incremental costsharing with ordering 

, say, yields the coarse partition made of the relative interior of all the faces of 

 (with the ordering induced by 

.  Indeed any incremental covering (for a given ordering of the agents) is among the coarsest of all coverings from Definition 1, because any relatively open polytope 

 is contained in the relative interior of a face of 

.  Conversely an ordered covering of which the associated partition consists of the faces of 

, must order these faces consistently (by property iii) in Definition 1 and the definition of adjacency), hence the corresponding costsharing method must be one of the n! incremental methods.


Note that the comparison of methods in  H by the relative coarseness of their coverings has a simple interpretation in terms of the ranges of cost shares for a given vector of demands.  Fix an ordered covering C and a non zero vector of demands x.  An easy consequence of formula (4) is that the vectors of cost shares 

 vary over the whole (closed) cone 

 when C varies within the domain 

.  Call the range of x under a method 

 the set 

.  Now for average cost pricing 
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 is simply [x], and the range 

 must contain [x] for any method in  H .  Thus average cost pricing is characterized, in  H, by the property 

that the range of any point is smallest with respect to inclusion.  Symmetrically, the 

 incremental costsharing methods are characterized (as a subset of  H) by the property that their range is largest.

6. Equal Treatment of Equals and Serial Cost Sharing
Although we do not restrict our attention to costsharing methods that treat the agents symmetrically (e.g., an incremental method does not), the subclass of such methods is, as usual, of special interest.  We say that a costsharing method 

 is Anonymous if, for all C, the mapping 

 is symmetrical in its variables; that it satisfies Ranking if we have:




 

and that it satisfies Equal Treatment of Equals if:






Always, Anonymity implies Equal Treatment of Equals and Ranking implies Equal Treatment of Equals.  Within the family  H, Ranking follows from Equal Treatment of Equals (see Lemma 2 below) but Anonymity is a strictly stronger requirement than Equal Treatment of Equals.


Average cost pricing is the simplest example of a method in 
[image: image60.wmf]H

 treating equals equally (it is also anonymous and satisfies Ranking); an incremental method, on the other hand, does not treat equals equally.


Serial cost sharing is the method in 
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 “closest” to an incremental one and treating equals equally.  The precise meaning of this claim is a property of the ordered covering of the serial method.  First we recall the definition of serial cost sharing (Moulin and Shenker [1992], [1994]).

if 

 define 

 then divide equally the incremental cost 

 between agents 

 


The ordered covering of the serial method is defined as follows.  For all proper coalition S of N, including the empty set, define the vector 
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The ordered covering of the serial method consists of the n! ordered polytopes 
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 (of dimension n) and of all their ordered faces.


In the next result, we denote by 
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 the subset cut in 
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 by the property Equal Treatment of Equals.

Lemma 2: 

a)  All costsharing methods in 

 have the Ranking property.

b)  All costsharing methods in 

 have a covering partition finer than or identical to that of the serial method.

Proof

Let 

 be a costsharing method in 

 with associated ordered covering C.  Let 

 be any ordered polytope in C.  We claim that for all 

 cannot contain points on both sides of the hyperplane 

,  We prove the claim by contradiction.  Suppose P contains 

.  Then we can find k and 

 such that 

.  Assume without loss of generality 

 and pick a number 



Formula (4) applied to 

 gives 

.  Equal Treatment of Equals implies that for all C in 

, the above vector is in T: this is clearly impossible.


Thus for all i, j, the polytope P is contained either in 

 or in 

, or in T.  Thus there is an ordering 
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 of N, such that P is contained in 
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 (note that the ordering of P and of 
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 need not coincide).  This proves Statement b).  Statement a) now follows from the fact that 

 are in the same polytope of C.  QED.


To illustrate Lemma 2, we give two more examples of anonymous costsharing methods in  H  with three agents and draw the corresponding coverings in the simplex of 
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Figure 4 depicts the ordered covering of this method.
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The covering of the above method consists of a continuum of intervals joining a point on an interval like 

 to one of the vertices 

: see Figure 5.

7. Lower Bound, Upper Bound, and Serial Costsharing 


We offer another characterization of serial cost sharing within 
[image: image75.wmf]H

.  We consider two bounds on individual cost shares that depend only upon an agent’s own demand, the number of agents and the cost function.


For any costsharing method, 

 define 

Lower Bound: 






Upper Bound: for all 






When the cost function C is convex (resp. concave), we may impose on a costsharing method the familiar Stand Alone test (Faulhaber [1975]), namely agent i’s cost share is at least (resp. at most) the cost of serving her demand alone.  All separable and additive costsharing methods meet (the coalitional form of) this test.  In our model, the cost function varies over the larger domain 

, so that only a much weaker form of the Stand Alone test is compatible with budget balance.  The above Lower and Upper bound are the canonical weakenings of the test, compatible with budget balance (indeed monotonicity of C implies: 

).


In order to characterize serial costsharing in  H  from either one of the two bounds, we work in a variable population context, namely we fix the largest set N of potential users and consider a set 

 costsharing methods, one for each (non empty) coalition S of N: the method 

 applies to the costsharing problems where S is the set of users.  We shall need a familiar consistency property of the family 

 across variable sets of users:

Independence of Null Demands: for any 





The property 

 is clearly satisfied by all costsharing methods meeting SEP and ADD (in particular, by all methods in  H  ).  Thus the above requirement is mild: it simply says that demanding nothing is equivalent to not participating in the costsharing exercise.

Lemma 3
a) For any given N and any costsharing method 

 (with fixed population) the two properties Lower Bound and Upper Bound are equivalent.
b) For a variable population costsharing method 

 such that 

 the three following statements are equivalent:
i) The method 

 is serial costsharing for each S.
ii) The family 

 meets Independence of Null Demands and for all SEP, 

 meets the Lower Bound.
iii) Same as statement ii) upon replacing Lower Bound by Upper Bound.

For the sake of brevity, we omit the straightforward proof.  It is available upon request from the authors.

Remark 2: Theorem 3 in Moulin and Shenker [1994], offers a related characterization of serial costsharing based on Separability, Additivity, Ranking and an axiom called “Free Lunch,” that essentially strengthens both Upper Bound and Independence of Null Demands.  Free Lunch requires that whenever an agent’s cost share is null, we can remove him from N and, upon adjusting the cost function appropriately, solve the costsharing problem among 

 agents.  Thus Free Lunch is a consistency property allowing us to drop an agent whose demand is positive yet who pays nothing (under ADD and Upper Bound, if the cost function is zero on 

, agent i’s cost share must be zero).  Lemma 2 above uses the considerably weaker and more natural requirement Independence of Null Demands to pin down the serial formula.

8. Concluding Comments
a. Stand Alone costs only:
Given a cost sharing problem 
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, namely the cost of serving exactly the demand of the agents in S.  The average cost pricing and all incremental methods take into account the cost function only through the set of stand alone costs.  An interesting subset of 
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 consists of those methods relying only on the Stand Alone costs.  It turns out that all such methods obtain by partitioning N as 
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, and combining average cost pricing within each coalition 
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The proof of this claim is available upon request from the authors.

b. Duality

A natural duality operation on cost sharing methods is deduced from the familiar duality operation among rationing methods (Aumann and Maschler [1985], Young [1988]). Given a costsharing method 

 the dual costsharing method 

 is given by 




where 

is the cost function in 

: 

 (recall the notation 

).

Clearly 

 is in 

 and 

 ensuring that 

 is indeed a costsharing method.  Moreover, under Additivity, the operation 

 is a duality, namely 

.  Indeed, we have for any 





so the conclusion follows from Additivity and 

, the identity function.


The function 

 describes cost savings resulting from lowering the total output demand below 

.  Hence the dual of a costsharing method applies the same division logic to cost savings instead of cost shares.


The two following facts are easy to show.  Given a costsharing method 

 in  H , with ordered covering C, the dual costsharing method 

 is also in  H ; its covering 

 obtains from C by reversing the ordering of every polytope of C.  Average cost pricing is the only costsharing method in  H  identical to its dual (it is “self dual”).

c. Continuity of cost shares with respect to demands
The property that cost shares y must be continuous in the demand profile x, provided C is a continuous function, is a natural requirement: failing Continuity, a small measurement error may have a considerable impact on cost shares.  This property is satisfied by all familiar methods, average cost pricing, the incremental methods, serial and so on.  Yet not all cost sharing methods in 
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 meet Continuity (provided N contains 3 elements or more).  The question of characterizing the subset of ordered coverings 
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 (Definition 1) of which the associated method is continuous is a difficult one, and we have been unable to answer it.

d. Demand Monotonicity
Demand Monotonicity requires that an agent’s cost share should not decrease as her own demand increases, ceteris paribus: formally, 
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.  This property is a minimal incentive compatibility requirement: failing Demand Monotonicity, an agent benefits by a wasteful increase of his demand (Moulin [1995], Friedman and Moulin [1995]).  All familiar methods, average cost pricing, incremental and serial, are demand monotonic.  Yet, once again, not all methods in 
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 meet this property (provided N contains 3 elements or more).  Here is an example with three agents that resembles serial cost sharing in the sense that its covering is made of three full dimensional triangles, depicted in Figure 6.
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It is also possible to construct an anonymous three-agent method in 
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 failing Demand Montonicity.  We have been unable to characterize the full impact of this requirement on the ordered coverings of Definition 1.

Appendix: Proof of Theorem 1
The if part of statements a) and b) follows from Lemma 1, and the (obvious) fact that the costsharing methods in  H  are continuous for the pointwise convergence.  Next we note that statement b) follows easily from statement a) and the fact that the domain 
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, its restriction to 
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, continuous for the pointwise convergence.  Thus we are left with the “only if” part of statement a).  Throughout the proof, we fix a costsharing method 

 meeting SEP, ADD, and DISTR on 
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Step 1
Notations and Preliminary Results
We denote by E the identity function of 

 the function 
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Because the functions 
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 of increasing functions (up to appropriate limit arguments), the cost sharing method 
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Formally, we define the mapping r as follows:




We list a few simple properties of 

 and r:
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Property (11) is a consequence of SEP and ADD and property (12) of budget balance.  To see (13), apply 

 to 
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For any C in 

, and any 

, we have 

.  This implies (given DISTR) property (15) as well as (16) (for the latter, use the fact 

).  This also yields (14), because





Finally, the monotonicity statement in (17) follows from (13) and (16), and the continuity statement then follows from (12).

Step 2
A Topological Property

Denote by 
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 the subset of 
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 containing all continuously differentiable functions whose derivative is bounded away from zero and infinity:




Denote by 
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 the subset of 
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(where the notation [V] is the convex cone generated by V, see Section 3).  To show this we fix 

.  Given 

  Notice that 
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 equals the set of non-negative linear combinations of these functions (i.e., the convex cone they generate).  As 

 the right-hand side equality in (18) follows (notice that 

 so that the upper bound on 

 has no impact).


Next, the continuity of 

 implies that the set of differences 
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: therefore 
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For any C in 
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This implies that 

 as s goes to infinity, hence 
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From this we derive that 

 is in 
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Step 3
Partitioning 

 by Relatively Open Cones*

We define an equivalence relation on 

 of which the equivalence classes are all relatively open convex cones*: they correspond to the cones* 

 in Definition 1 of ordered coverings.  For any two vectors 

 in 

, we say that 

 is 

 and write 

 if there exists 
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 are equivalent.)


This is an equivalence relation: every 
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We check next that the equivalence classes are convex cones*, and relatively open (i.e., open in the linear subspace they generate).  Note that 

 is one such equivalence class.  In the sequel, all vectors 

 are non zero.  From 

 follows that for all x, and all positive 
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 implies 

 (by ADD) so that 
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Notation: given a vector 

, we denote by 

 the closure of its equivalence class and by 

 its equivalence class, which is also the relative interior of 

 (indeed, if T is convex and relatively open, it is the relative interior of its closure: see Rockafellar [1970] Theorem 6.3).  For instance, if 

 equals average cost pricing, then 

 is the open half -line borne by x and 

 is the closed half-line.  Thus, 

 is a cone*, whereas 

 is a closed cone.
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Step 4

We denote 

 the (relative) boundary of the cone Q.  For an arbitrary non zero element 

, we show the existence of a number 

, such that 
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We fix x and write 

.  By (19), 

 stays in Q for all t, hence by continuity of r in t and openness of 

 (in the subspace generated by Q), it stays in 

 for an open subset containing 

 of the interval 

  (Note that 

.)  Let 
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(because the above is the sum of two differences 
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If 

, the above property implies that 
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Step 5


We show that for any non zero equivalence class 

 of the relation ~ defined in Step 3, there exists a vector e in 

 such that
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We fix two arbitrary elements 

 and numbers 

 such that 
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Up to exchanging the indices of 

 (and changing C to 
[image: image147.wmf]C

D

D

-

-

1

1

 and 

 to 

), we may assume 

.  We define next the cost function 
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(the second equality by budget balance and (12)).  Next equation (22) and 

 imply:




Finally, we compute (applying ADD twice and (15) twice):




Gathering our findings, we have shown the additivity of 

 with respect to 

 on the set of all pairs 

 such that 

 as well (or equivalently, 

.  Clearly this set is a cone* in 

, hence the additivity of r (and the fact that r is bounded from below) imply that r is a linear mapping on this cone (by Cauchy’s theorem, see Aczel [1966]).  There exists a vector 

 and a linear mapping 

 into itself, such that:




By continuity of r ((17)) this property holds on the closed interval 

; taking 

 and invoking (13) yields 

; then by applying (12) and the monotonicity of r in t ((17)) we conclude that e is in 

.  To check that e is in Q,, simply write 




and invoke (19).

Step 6
A Mapping Between Equivalence Classes


For any non zero equivalence class riQ, and two elements 

 of this class, we check that 

 is equivalent to 

  Therefore, the mapping 

 defines a mapping among equivalence classes 
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To prove the claim, let C be an element of 
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As 

 is not equivalent to 

 ((20)) we must have 

  A symmetrical argument exchanging the role of 

 and 

 (i.e., starting from 

 yields 

 so that the equality must hold in both cases, and the proof of the claim is complete.

Step 7

Given any non zero equivalence class riQ with associated vector e (Step 5) we prove now that the cones 
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The equation (21) implies 

 hence every x in riQ decomposes as the sum of an element in riQ and one in [e].  Conversely, we pick an arbitrary 
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To conclude the proof of property (25), it remains to check that the decomposition is unique (i.e., 
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Step 8

From the decomposition of Q as 
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We prove first the property whenever x is in riQ (equivalently, 
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Note that 

 is identically zero on the interval 

.  Clearly, we can adapt the topological property (18) to the subspaces of 
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Compute next
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We apply (28), first to an arbitrary function C in 
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.  Then x is in riQ and 
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and the proof of (26) is now complete.

Step 9
Final Induction Argument

We prove that each cone Q (i.e., the closure of an arbitrary equivalence class riQ) is the convex cone generated by finitely many vectors in 

 (or equals {0}).  Consider the property 

, for any integer 

.

Property 

: if the cone Q is of dimension d, there exist d affinely independent vectors 

 in 

 such that 

 and 

 is given by formula (4) on Q.

If the cone Q is of dimension 1, then 
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To conclude the proof of statement b) of Theorem 1, it only remains to check that the family of oriented polytopes 

 associated with the (non zero) equivalence classes of the relation ~ (Step 3), form an ordered covering in the sense of Definition 1.  This is a straight-forward consequence of formula (4), omitted for the sake of brevity.







QED
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�  To simplify language and notations , throughout most of the paper, with the exception of Section 2, we focus on costsharing, namely the distribution of liabilities arising from the joint production of some good; we could equally well speak of a surplus sharing problem, where each agent contributes some amount of input and output resulting from the sum of the inputs must be shared.  In the axiomatic approach of this paper, these two viewpoints are completely equivalent.


�  In the axiomatic literature on fair division, only a handful of papers discuss solutions that do not meet equal treatment of equals (or the more demanding Anonymity property).  Exceptions in the cost sharing context are the work on weighted Shapley values and weighted Aumann-Shapley pricing (Weber [1988], McLean and Sharkey [1996a,b], Friedman and Moulin [1995]).  See also Moulin [1997a] in the related rationing problem.


� This method is the arithmetic average of all incremental methods over all orderings of � EMBED Equation  ���.  It is the Shapley value of the cooperative game derived from the stand alone costs of the various subsets of agents (Shubik [1962]).  To see that it fails DISTR, even with two agents, is straightforward.


� Recall that the partition corresponding to a covering � EMBED Equation  ��� is induced by the relatively open cones � EMBED Equation  ���(Definition 1).


� For a systematic discussion of (upper or lower) bounds on individual shares in fair division, see Moulin [1992], or Fleurbaey and Maniquet [1996].
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