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Abstract

A well-known shortcoming of rational voter models is that the equilibrium prob-
ability that an individual votes converges to zero as the population of citizens tends
to infinity. We show that this does not — as is often suggested — imply that equilib-
rium voter turnout is insignificant in the limit. We characterize limiting equilibrium
turnout and show that it may actually be arbitrarily large. Indeed, expected equilib-
rium turnout is shown to be closely approximated by 1/ (27rg2), where ¢ is the lowest
possible realization of an individual’s voting cost.
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1 Introduction

At the heart of any democracy lies the act of voting. Yet, it is paradoxically one of the least
understood concepts in political economy. Given the negligible impact of an individual vote
in a large electorate, it is puzzling why rational voters sacrifice their time and energy to
go to the polls. Any theoretical discussion on this issue begins with the calculus of voting
model (Downs 1957, Rikers and Ordeshook 1968). In this model, the expected net utility
of a citizen from voting is given by

AU = pAV + D — C,

where p denotes the probability of casting a decisive vote or being pivotal, AV is the net
value from being on the winning side, D is the direct benefit from the act of voting, and
C is the cost of voting. A citizen votes if this net utility is positive, or, equivalently, if the
expected benefit, pAV, exceeds the net cost defined as ¢ = C — D.

Comparing these two terms, however, is not trivial owing to the fact that the proba-
bility of being pivotal depends on voter turnout which is endogenous . In particular, this
probability would be one if no one voted and close to zero if everyone in a large electorate
votes. Given that most elections involve large electorates, a rational voter with a positive
net cost of voting, i.e., ¢ > 0, will abstain. However, if this were true for every citizen, then
no voting would take place, and each potential vote would in turn become pivotal with cer-
tainty. An early resolution to this “paradox of (not) voting” was proposed by Downs (1957)
and subsequently refined by Rikers and Ordeshook (1968): citizens in large electorates vote
despite p &~ 0 because they receive a net benefit from voting, ¢ < 0. Such a direct benefit
can manifest itself as the fear from the collapse of democracy or a sense of civic duty.

While appealing, many rational choice theorists were unwilling to accept a resolution
based on “irrational” voters who value voting as a consumption good. Ledyard (1981, 1984)
was the first to construct a game-theoretic model in which all citizens are rational and choose
between two alternatives. He demonstrated the possibility of positive turnout when the net
value from winning is sufficiently greater than the cost. In a pair of very influential papers,
Palfrey and Rosenthal (1983, 1985) refined Ledyard’s model and addressed the issue of
turnout in large electorates. Specifically, Palfrey and Rosenthal (1983) assumed that the
number of citizens who prefer each alternative and the (positive) cost of voting are common
knowledge. They found that substantial turnout can occur in a subset of Nash equilibria.
In particular, if each group is of equal size and large, then there are exactly two symmetric
mixed strategy equilibria, one with almost no voting and one with almost everyone voting.

To determine the robustness of these two polar equilibria, Palfrey and Rosenthal (1985)
extended their analysis to a setting where the cost of voting is private to each citizen and
varies across them. In this environment, each citizen follows a simple cutoff strategy: vote
if the cost is below a threshold and abstain otherwise. Thus, individual voting becomes less
likely as the cutoff decreases. Indeed, Palfrey and Rosenthal showed that as the electorate
size grows without bound, the cutoff cost converges to (the lower bound of ) zero. This
result led Palfrey and Rosenthal to reach the startling conclusion that “ ... [our result] is
consistent with the Downs-Riker-Ordeshook-Tullock view that the only reason a rational



voter would vote in large elections is if the net cost is negative ... ” (p.71), “We have come
full circle and are once again beset by the paradox of not voting.” (p.64.)

This negative finding has played a significant role in subsequent research.! In their 1994
book, Green and Shapiro wrote “Game-theoretic solutions to the turnout problem have
not resurfaced since this retreat [by Palfrey and Rosenthal (1985)] was sounded almost a
decade ago.” (p.58.) In the same vein, many researchers have acknowledged the setback
and turned their attention to alternative models of the civic-duty story first suggested by
Downs (1957). For instance, in recent work, Shachar and Nalebuff (1999) consider a follow-
the-leader-model in which each group is composed of one leader and the followers. It is
only the leader who acts strategically and expends effort to increase turnout by followers.?
Coate and Conlin (2004) provide a group-utilitarian model of turnout in which each citizen
chooses a cutoff cost that maximizes the group’s aggregate utility.?

In this paper, rather than introducing an alternative explanation, we take the analysis
of Palfrey and Rosenthal (1985) one step further and fully characterize voter turnout in
large electorates. We show that while, as in Palfrey and Rosenthal (1985), the likelihood of
individual voting becomes negligible, expected voter turnout can nevertheless be significant.
In particular, we show that as the lower bound of the voting cost distribution approaches
zero, expected voter turnout grows without bound.

Our model is a slight variation of Palfrey and Rosenthal (1985). We assume the elec-
torate is composed of a fixed number of ex ante identical citizens who choose between two
alternatives. Each citizen is equally likely to favor either alternative, and the private cost
of voting follows a continuous distribution with a positive lower bound, ¢ > 0. Consistent
with Palfrey and Rosenthal (1985), we find a unique symmetric equilibrium in which each
citizen follows a cutoff rule. Moreover, as the electorate size goes to infinity, this cutoff
converges to ¢, implying an infinitesimal probability of voting for each citizen. However,
rather than interpreting this limit result as an indication of infinitesimal expected turnout,
we explicitly characterize limiting voter behavior. We show that the limit turnout follows
a Poisson distribution with a mean approximately equal to 1/ (27192).4 Hence, as ¢ gets
smaller, the expected turnout increases without bound.®

Our finding has two main implications. First, a significant number of rational citizens
can turn out to vote in large elections, even when the cost of voting is strictly positive. Thus,
there does not seem to be any a priori conflict between rationality and voting. Second,
since the equilibrium turnout follows a Poisson distribution, the rational voter model has the
potential to account for variations in actual turnout levels. However, whether this simple
model of voting is consistent with the data is an empirical question. Hansen et al. (1987)

'For an overview of the literature, see Aldrich (1993, 1997), Green and Shapiro (1994, ch.4), and Mat-
susaka and Palda (1993).

*Morton (1987) and Uhlaner (1989) are the first ones who postulated the role of group leaders on turnout.

3Coate and Conlin base their theory on an earlier work by Feddersen and Sandroni (2002).

4This finding is reminiscent of Myerson (1998, 2000). The important difference, however, is that the
mean of the Poisson distribution in our model is endogenous and forms the heart of our analysis.

5The observation that negligible individual voting can lead to significant aggregate voting is analagous
to equilibrium production in a standard Cournot oligopoly model. As the number of firms becomes large,
equilibrium production by each firm converges to zero, while aggregate production is significantly positive.



provided some early evidence in favor of the model, but empirical studies have often faced
the difficulty of testing the small probability of being pivotal. As Coate and Conlin (2004)
put it: “While there are good reasons to be skeptical about the pivotal voter model’s ability
to explain turnout, it represents in many respects the simplest way of thinking about voter
behavior. Thus, it should be rejected only if it can be shown to be outperformed by some
coherent alternative. This has yet to be demonstrated ... Given its [empirical] complexity,
this will be a challenging task.” (p.1496.)

The rest of the paper is organized as follows. Section 2 sets out the model. Section 3
characterizes the equilibrium for a finite electorate. Section 4 extends the characterization
to a large electorate and presents the main finding of the paper. Section 5 provides a useful
approximation to the expected limit turnout, followed by concluding remarks in Section 6.
Proofs that do not appear in the text are relegated to an appendix.

2 The Model

There are n > 2 risk-neutral agents who may cast a vote in an election between two
alternatives, A and B. Each agent ¢ privately knows his type which is two-dimensional,
consisting of his political preference t; € {A, B} and his cost of voting ¢; € [c,¢]. If
alternative ¢ wins the election, then a type t agent receives a payoff normalized to 1 and a
type t’ # t agent receives a payoff normalized to 0. (Hence, ¢; is the relative cost of voting;
i.e., the absolute cost to net-benefit ratio.) Agents are ex ante symmetric. In particular, (i)
political preferences are independently distributed with Pr{t; = A} = 1/2 for i = 1,...n,
and (ii) voting costs are also independently distributed with c.d.f. G(c). In order to rule
out trivial equilibria in which no agents vote, it is assumed that ¢ € (0,1/2). Agents
simultaneously choose whether to vote for their preferred alternative or to abstain. (Note
that abstaining weakly dominates voting for one’s less preferred alternative.) The election
is decided by majority rule and ties are broken by a fair coin toss.

3 Equilibrium in Finite Electorates

It is straightforward to verify that in a type-symmetric Bayesian Nash Equilibrium (BNE) ,
agents follow a cutoff strategy in which a type ¢ player votes if and only if his cost is less than
some critical level, ¢;. In order to characterize such a BNE, define the ez ante probability
that an agent votes for alternative A by aq = (1/2)G(c’y) and the ex ante probability that
he votes for B by ap = (1/2)G(c};). Hence, the ez ante probability that an agent abstains
is (1 — g — ap). Now, recall that the number of ways k4 agents can vote for A, kp can
vote for B, and n — 1 — k4 — kp can abstain is given by the trinomial coefficient

n—1 _ (n—1)!
ka,kp,n—1—ka—kp)  kalkpl(n—1—ka —kp)!l’



Given this, it can be shown that the net expected utility to a type t agent from voting may
be written

1 ~
§P(at7at’7n) e (1)
where
2,
P ) = Eok (1 — o — cun)—1-2k 9
@wary= 30 (o P01, Jakab - ac-an )

n—1 k k+1 —2-2k
/ 1_ - ’n 5
+ Z_: <k,k+1,n—2—2k>atat (1—a;—ay)

fort = A, B, t#t', and |-] is the usual operator that rounds a number to the lower integer
when necessary. R

To understand expression (1), observe that P(«y, ay,n) is the probability that the (type
t) agent in question castes a decisive vote; i.e., that his vote is pivotal in determining the
outcome. Specifically, his vote may be pivotal for one of two reasons corresponding to the
two summations in (2). First, if & of the other agents vote for ¢, k vote for ¢/, and n — 2k
abstain, then the agent in question will break a tie by voting. The first summation in (2) is,
therefore, the probability that the agent breaks a tie that would otherwise occur. Second,
if k agents vote for alternative ¢, k + 1 vote for ¢/, and n — 1 — 2k abstain, then the agent
in question will create a tie by voting. The second summation in (2) is, therefore, the
probability that the agent in question creates a tie when alternative ¢ would otherwise have
won. When his vote breaks a tie, the probability that alternative ¢ is implemented rises
from 1/2 to 1, and when his vote creates a tie, the probability that ¢ is implemented rises
from 0 to 1/2. This accounts for the factor 1/2 in (1). Of course, when an agent votes, his
net expected benefit must also account for his voting cost c.

For the next step in characterizing the equilibrium, note that an agent whose cost of
voting coincides with the cutoff is indifferent between voting and abstaining;:

P(ag,ap,n) —cy =0,

[N ORI

P(ap,a,n) — i =0.
Since ay = (1/2)G(c} ), we can rewrite these equations in the form
1~
G <§P(0zA,ozB,n)> —2a4 =0, (3)
1~
G <§P(0z3,aA,n)> —2ap = 0. (4)

Finding an equilibrium, therefore, amounts to finding a pair (a4, ap) € [0,1/2] x[0,1/2]
that solves these two equations.



Lemma 1 (Equal Cutoffs) In equilibrium, aq = ap.

This says that both types of agent use the same cutoff; i.e., that any type-symmetric
BNE (¢}, cj;) must be strongly symmetric in the sense that ¢} = ¢;. Given this, the two
equations implicitly defining an equilibrium collapse to the single condition

G (%P(a,n)) P (5)

where for notational convenience, we define the probability that a given voter is pivotal
when each of the other n — 1 agents votes for either alternative with probability « by

[%5+]
_ 5 _ n—1 %1 o \n—1-2k
P(a,n) = Pla,a,m) = kgzo <k,k,n 1 2k>a (1 -2a)
[=52]

n—1 2k+1 n—2—2k
E 1-2 .
* — (k‘,k‘+1,n—1—2kz>a ( @)

Lemma 2 (The Pivotal Probability) The function P(a,n) satisfies the following prop-
erties:

(ii) P(a,n) is strictly decreasing in both o € (0,1/2] and n;
(iii) limp—oo P(a,n) =0 for a > 0.

This result is very intuitive. First, the probability that an agent’s vote is pivotal when
no-one else votes is, clearly, one. Second, it is only sensible that the probability of being
pivotal is smaller when other agents vote with higher probability or when there are more
agents in the electorate. Finally, as the number of agents in the electorate tends to infinity,
the probability that a single agent’s vote changes the outcome of the election approaches
zero. With these facts in hand, we can prove the following important result.

Proposition 1 (The Equilibrium Probability of Voting)

(1) There exists a unique ex ante equilibrium probability of voting for either alternative;
i.e., a unique a*(n) € [0,1/2] that solves (5).

(ii) The ex ante equilibrium probability of voting for either alternative, o*(n), is strictly
decreasing in n.

(iii) As the number of potential voters, n, tends to infinity, a*(n) converges to zero.

PROOF OF PROPOSITION 1.



(i) Fix an n and define ¥(a) = G((1/2)P(a,n)) — 2. Since, by Lemma 2, P(a,n) is
strictly decreasing in o € (0,1/2], so is W(«). This means that there is at most one
solution to ¥(«) = 0. Moreover, since P(0,n) = 1, it follows that ¥(0) = G(1/2) > 0
and ¥(1/2) = G((1/2)P((1/2),n)) — 1 < 0. Hence, there is a unique solution o*(n) €
[0,1/2] that solves (5).

(ii) To show that *(n) is strictly decreasing, it suffices to show that for a fixed « € (0,1/2],
P(a,n) is strictly decreasing in n. But this follows from Lemma 2.

(iii) Note that since a*(n) is strictly decreasing and bounded below by zero, it must con-
verge to some oy > 0. Suppose ay > 0. From (5) and by continuity, this implies that
limy, 00 G((1/2)P(c,n)) = 2ay # 0. However, Lemma 2 implies that for oy > 0,
lim,, oo G((1/2)P(ay,n)) = 0, yielding a contradiction.ll

In order to interpret Proposition 1, observe that the equilibrium cost cutoff is ¢*(n) =
G~1(2a*(n)) (see Figure 1). It is then possible to restate Proposition 1 in the following
more intuitive form.

Corollary 1 (The Equilibrium Cost Cutoff)

(i) There exists a unique equilibrium cutoff c*(n) € [c,1/2] such that an agent with cost ¢
votes if and only if ¢ < c¢*(n).

(ii) The equilibrium cutoff, c*(n), is decreasing in n.
(iii) As the number of potential voters, n, tends to infinity, ¢*(n) converges to c.

PROOF OF COROLLARY 1. Given that c*(n) = G~'(2a*(n)) and G~'(e) is strictly
increasing, the results follow directly from Proposition 1. H

Existence and uniqueness of the equilibrium follow primarily from the fact that the
probability of being pivotal is smaller when agents vote with higher frequency. Hence,
P((1/2)G(c),n) is decreasing in ¢ and there, thus, exists a unique number c¢*(n) satisfying
(1/2)P((1/2)G(c*(n)),n) = c*(n). The equilibrium cost cutoff, ¢*(n), is decreasing in n
because the probability of being pivotal falls when the number of agents increases, leading
to a decrease in the net expected benefit from voting. (This is illustrated in Figure 1 as a
downward shift in (1/2)P(-) as the number of agents rises from n to n’.) Since ¢*(n) is the
level of cost that leaves an agent just indifferent between voting and abstaining, it must fall
when n increases (hence ¢*(n') < ¢*(n) in Figure 1).

Finally, to see that ¢*(n) converges to ¢, note that it cannot converge to any ¢ > ¢ because
the net expected benefit from voting, (1/2)P((1/2)G(c),n), converges to zero, implying
that even an agent with voting cost ¢ would strictly prefer to abstain. Hence, Corollary 1
replicates the celebrated result of Palfrey and Rosenthal (1985) that the equilibrium cutoff
cost approaches the lower bound of the support of voting costs as the number of agents in
the electorate tends to infinity.® As we noted in the Introduction, however, this does not

As noted in the Introduction, Palfrey and Rosenthal (1985) actually assumed ¢ < 0 and they showed
that ¢*(n) converges to zero; i.e., the fraction of agents with positive costs who vote goes to zero.



Figure 1: Equilibrium and Comparitive Statics: n’ > n
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imply that no agents vote in the limit. Indeed, the number of agents that vote in the limit
may actually be very large as we demonstrate in the next section.

4 Turnout in Large Elections

We begin this section by showing that the fact that ¢*(n) converges to ¢ does not imply
that no agent votes in the limit.

Proposition 2 In equilibrium, lim,, . Pr{all agents abstain|n} # 1.

PROOF OF PROPOSITION 2. Since the ex ante probability that each citizen votes for
one of the alternatives is a*(n), Pr{all agents abstain|n} = [1 — 2a*(n)]". Suppose, by way
of contradiction, that

lim [1 —2a*(n)]" = 1.

n—oo



From part (iii) of Proposition 1 we know

lim [1—a*(n)] ' =1.

n—~0o0

Multiplying the two limits then gives

lim [1 —2a*(n)]"" ! = 1.

n—oo

It is easy to verify that
11— 2a*(n)]"_1 < P(a*(n),n) <1,
and hence

lim P(a*(n),n) =1,

n—oo

implying that

lim G <%P(a*(n),n)> e (%) > 0.

n—o0

However, since o*(n) satisfies

and

lim a*(n) =0,
n—oo

by part (iii) of Proposition 1 , we have

lim G <1P(a*(n),n)> =0,
n—00 2
yielding a contradiction.ll

This result implies that there is positive expected voter turnout in the limit as n tends
to infinity, even though the probability that a given agent votes, 2a*(n) converges to zero.
The intuition is simply that it cannot be an equilibrium for all agents to abstain, since an
agent who deviated would surely be pivotal and garner a payoff of 1/2 — ¢. Since ¢ < 1/2,
there is a positive probability that any given agent will find such a deviation profitable.
Indeed, it follows directly from (5) and part (iii) of Corollary 1 that

lim P(a*(n),n) = 2c. (6)

n—oo

In other words, the equilibrium probability that a given voter is pivotal converges to 2¢ < 1,
which also indicates that expected voter turnout must be positive.



In order to determine expected voter turnout in the limit, consider the situation facing a
representative type t agent and suppose that the other n — 1 agents vote if and only if their
costs are less than the equilibrium cutoff ¢*(n). let X4 and Xp be the number of votes for
alternatives A and B, respectively. Furthermore, let Xg = n — X4 — Xp be the number of
abstentions. Using this notation, the representative agent’s vote will be pivotal if and only
if Xy = Xy (he breaks a tie) or Xy = Xy + 1 (he creates a tie). Hence, the probability that
his vote is pivotal can be written

P(a*(n),n) = Pr{Xy = X;} + Pr{Xy = X; + 1}. (7)

Next, observe that (X4, Xp, Xo) ~ Multinomial(a*(n),a*(n),1 — 2a*(n)|n — 1).
We are interested in computing expected equilibrium turnout as n tends to infinity.
That is,we wish to compute

lim 2a*(n)n = lim E[X4 + Xg|n].

n—oo

For notational convenience we denote this limit by m. In order to determine it, we next
derive the asymptotic distributions of X 4 and Xp.

Lemma 3 The limiting marginal distributions of X4 and Xp are independent Poisson
distributions with the same mean, m/2. Hence, the limiting distribution of X4 + Xp is
Poisson with mean m.

Let f(k|n) be the p.d.f. for a Poisson distribution with mean p. Recall that f(k|u) =
“k;;“ for k =0,1,... Combining (7) and Lemma 3, it follows that

lim P(a*(n),n) = lim [Pr{Xy = X;} + Pr{Xy = Xy + 1}]

n—oo
> m > m m
— 2(1 22 i 0y =
= 3 P 3 I £k 11 = Hm).
k=0 k=0
Finally, combining this with (6) shows that limiting expected equilibrium voter turnout
must satisfy H(m) = 2c.
Proposition 3 (Turnout In Large Elections)

(i) For ¢ € (0,1/2), limiting expected voter turnout is the unique number m* € (0,00)
satisfying H(m™) = 2c.

(ii) Ezpected turnout, m*, is strictly decreasing in c.
(iif) For any M < oo, there exists ¢(M) > 0 such that ¢ < ¢(M) implies m* > M.

This result is the central finding of the paper. It indicates that limiting expected voter
turnout is not only positive, but tends to infinity as ¢ approaches zero. Indeed, the proba-
bility that voter turnout exceeds k is 1 — F'(k|m*), where F(k|u) is the c.d.f. of the Poisson
distribution. Hence, even when ¢ is not especially close to zero, there is still a positive
probability of observing arbitrarily high voter turnout.

10



5 Approximating Expected Turnout

In principle, the equation H(m) = 2¢ could be used to calculate limiting expected voter
turnout, m*, for various values of c¢. Unfortunately, H(m) is a very complicated function
that cannot be computed directly, let alone inverted.” It is possible, however, to use the
Normal approximation to the Poisson distribution to obtain approximate values for expected
voter turnout when c is relatively small.

Proposition 4 (Turnout Approximation) For small ¢ > 0, Limiting expected voter
turnout is approximated by the formula
*

m = )
2mc?

PROOF OF PROPOSITION 4. Define W = Xy — X;. From Lemma 3, it follows that
E[W] =0 andVar(W) = m. By the Central Limit Theorem,
W—-0 p

W — N(0,1),

as m — oo. This implies

lim P(a*(n),n) = JLIEO[Pr{W =0} + Pr{W = 1}]

n—oo

~ lim [Pr{—e <W <e} +Pr{l —e < W <1+ ¢}] for some ¢ € (0,1)

N LA I W WL LU
R Ry NN N

1 22 1 22 ~
= / \/%6_7 dz + / ez dz=H(m).

—€ 1—¢

vm Jm

Note that for z ~ 0, a first-order Taylor expansion reveals e=%"/2 ~ 1. Since for large values
of m, z is small, this observation implies

)= 7 [ ]

Setting € = 1/2 and inverting the condition H (m) = 2¢ yields the claim.H

This result says that when the lowest possible cost realization is relatively small, ex-
pected turnout is proportional to one over its square. For instance, if ¢ = 0.01, then
m* ~ 1591 and if ¢ = 0.0001, then m* ~ 15.9 x 10°. Indeed, in accordance with part
(iii) of Proposition 3, approximate expected voter turnout becomes unboundedly large as ¢

approaches zero.

"Obviously, one can approximate H(m) arbitrarily closely by computing ever larger summations. Doing
so is computationally demanding, but does confirm the validity of the much simpler method of approximation
offered below.

11



6 Conclusion

In this paper, our objective was to provide a more complete characterization of voter turnout
within the standard pivotal-voter model. Specifically, we took the analysis of individual
voting one step further and explicitly characterized aggregate turnout. Our main finding
is that while, consistent with previous studies, the likelihood of individual voting becomes
trivial in a large election, the expected turnout can nevertheless be arbitrarily large. This
is so despite a positive cost of voting for all citizens. The intuition behind our finding is
that the equilibrium probability of voting converges to zero much slower than the growth
in electorate size. Hence, there does not seem to be a priori inconsistency between rational
choice theory and voting.

As in the extant literature, an important drawback of our analysis is, however, to as-
sociate a large electorate with an infinite number of citizens. Although investigating this
extreme case is analytically tractable and yields valuable insights, it is also responsible for
two unsettling observations. First, the limit turnout, m*, depends only on the lowest cost
of voting and not on the cost distribution itself. Second, the percentage of expected turnout
given by %QT(") = 2a*(n) converges to zero. Thus, it is important that future work on
this topic consider the case of large but finite electorates to establish a more meaningful
relationship between equilibrium voter turnout and the parameters of the model.

As noted in the Introduction, whether our addendum to the standard theory can account
for actual voter turnout is ultimately an empirical question. However, even if the answer
to this question turns out to be negative, our analysis indicates that rational voters could
still play a significant role in determining the outcome of an election. That is, it is possible
that, along with the “irrational” voters, a large number of rational citizens can turn out
to vote and ultimately can sway the outcome of an election. A formal analysis in this vein
also seems like a promising area for future work.

12



Appendix

EJ
~ 2
PRrROOF OF LEMMA 1: Note that P(ay, o) = Ag+ap A1, where Ag = > (k i Z:}_%) Ozfozf,(l—
n—1-2k \‘%J n—1 k. k n—2—2k
ar— ayr) ,and A= )] (k,k+1,n—2—2k)at ay(1—ap—oay) . Hence, (3) and (4)
k=0

are equivalent to
1
G(§(A0 + OéBAl)) —2ayq4 = 0,
1
G(§(A0 + OéAAl)) — ZOZB = 0.

Suppose, w.o.l.g. that ap > a4. Given that A; > 0, this implies G(%(Ao + apAy)) >
G(%(Ao + aal1)). Using the two equations, this further implies that a4 > ap, yielding a
contradiction. Hence, oy = ap. W

ProOOF OF LEMMA 2: Each part is proven in turn.

(i) Note that when evaluated at o = 0, the first and second summations in P(«a,n)
reduce to 1 and 0, respectively. Thus, P(0,n) = 1.

(ii) To show that P(c,n) is strictly decreasing in «, we simply differentiate P(«,n) with
respect to «

0 _ 2k—1 n—1-2k
ﬁP(a,n) = Z (k:!)2(n—1—2k‘)!2ka (1-2a)

_ Z (k')2 (n — 1)' a2k2(n 11— Qk)(l N 2a)n—2—2k

2 (n—1)!
+ kzzo kl(k +1)Y(n — 2 — 2k)

- (2k + 1) (1 — 2a)" 772

222

(n—1)! .
_ kZ:O k;!(k;—i—1)!(71—2—2k)!a2k2(n_2_2k)(1_2a) 3—2k

Next, we combine the first summation with the last one and the second summation with
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the third one,

%5+
o 2k _ n—1—
a—aP(a,n) <(n—-1)! { kZ:l 2 — 1_%)!@% 11— 20)n 12
- {gj Q(n—Q—Qki) 2k+1(1 _9 )n—3—2k
2o Bk + Dl —2 - 2k)1" “
1 'L"Tﬂ o+ 1 2n—1=2k) \ sy oo in-2-z
B> (T =72~ =) -
"t
B 2(k+1) n—3—
=(n—1)! [ 2 ((k+1)!)2(n—1—2(k‘+1))!a2k+1(1_2a) 3—2k
B L%T:QJ 2(n — 2 — 2k) 2k+1(1 _9 )n—3—2k
22 Hk+ Di(n—2 - 2;1” “
. 'LnTin 2k +1 2 2k(] _ 94)n—2-2k
Hooy k=0 </€!(k‘—|—1)!(n—2—2k‘)!_(k!)2(”—2—2k)!>a (1= 2a)
. . 'LnTilJ_l 2(n_ 9 _ 21{3) 2(k—|- 1) 2k-+1 1-9 n—3—2k
sy ;;) (k!(k+1)!(n—2—2k)!_((k‘+1)!)2(n—1—2(1€+1))!>a o)
[%57]
2k + 1 2 n—2—
+ (n—1)! 2 <kz'(k¢—|—1)'(n—2—2k‘)' - (k!)g(n_2_2k)!>a2k(l—2a) 22k
Because
2(k + 1) 200 —2-2k)
(kD)2 —1-2(k+1))! K+ 1)(n—2—2k)
and

2k + 1 B 2 o 1
Elk+1Dl(n—2—2k)!  (kD2(n—2-2k)!  kl(k+1)!(n—2-2k)

it follows that
| 252] )
—1)!
n-1) kzzo Kk + D)l(n — 2 — 2k)!

iP(a,n) < —( (1 —20)" 2% < 0.

Oa
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Next, to show that for o € (0, %], P(a,n) is strictly decreasing in n, note that

L%z (n— 1)1
Plan) = Plan+1) = 3 cospt b a (1 = 2y 172 (A-1)
k=0
+ LZ (n—1)! a2 HL(] — 9q)n—2-2k _ LE%:J n! a2 (1 — 9a)—2k
El(k + 1)!(n — 2 — 2k)! (k)2 (n — 2k)!

L " J ol
_ : 2%k+11 n—1-2k
kzzo R D —1 2™ (172 '

Before signing this expression, we suppose that n is odd, and re-write the third summa-
tion:

| %] l
. 2k n—2k
o (1 — 2«
2 T2 (n — 2k)} (1-20)
n—1
< 2k (n—1)! % n—2k
~ [1+n 2/<:] 212" 2
anl
(n—1)! % n—1—2k
=(1-=2 1-2
( O‘)kzo(kv) 1o 2
(n—1)! _ e
+2az F n_%) o2k 11 — 2a)" 2
nTl
(n—1)! 2k n—1-2k
=(1—-2 1-2
(1=2a) 2o (B2 (n —1—2k)1" (1=2a)
nfl 1 (
n—1)! 2U+1 n—2—2k
20 Z N2 o (72 ‘

15



Inserting this into (A-1) and cancelling terms yield

n—1

P(a,n) — Playn+1) =2« 22: (k:')z((:z: 11)l %)!a%(l — 9a)n—1-2k
nil_l k=0

+1-20) :Z:O Rk + 1(;(; S g (L2
n1

- k;) P 1)1(7:— T (2T
n=1_

- :ZZO <n — 12_ T _1|_ 1) (k!)2((g:21)i 2]<;)!a2k+1(1 912k
n—1

N ; kl(k + 1)!(7:— 1— 21<;)!O‘2k+1(1 —20)" 1 72((;!)13!a"
n-l_j

— kZ_O (n+1)—n) (k!)2((:;:11)_! %)!azkﬂ(l gyl

2(n — 1)!an B n!
_ 2 -1 —1
) SRS )

'a">0.

The exact arguments prove the result for n even.
(ili) Fix any o € (0,3]. Since P(a,n) is decreasing in n and bounded below by 0, it
converges to some 9 (a) > 0 and so does its subsequence P(a,n + 1), where, by definition

% n! 2k n—2k
Pla,n+1) = Zma (1-2a)
k=0
anl
n! 2k+1/9 n—1-2k
" g:% Kk + Dl(n—1— 2k (1—2a)
Lon (n—1)! . e
= (1-2a) Z n—2k (kN2(n—1— 2k)!a (1-2a)
k=0
anl
: (n—1) 2k+1 n—2—2k
" = n—1-2kk!(k+1)!(n -2 - 2k) (1—-2a)

n _ 1 —
—5F = nanolo —1—r = 1, we have

lim P(a,n+1) = (1 —2a) lim P(a,n), or, equivalently 2cp(cr) = 0, yielding v(«) = 0,

a contradiction. Hence, lim P(a,n)=0. B
n—oo

Suppose () > 0. Since, for a fixed k, lim

16



PrOOF OF LEMMA 3: Note that (X4|Xp) ~ Binomial(n — 1 — Xp, %) Since

lim |(n—1—- Xp)——"| =

n— o0 1—ao* (n) ’

a'(n) ] _m
2
it follows (see Billingsley 1995, Theorem 23.2) that
(XalXB) 2, Poisson(%),
which is independent of Xp. The same argument shows

(XB|Xa) 2, Poisson(%).

Hence, the limiting distributions of X4 and Xp are independent Poissons. This further
implies that

(X4 + XB) 2, Poisson(m).

|
PROOF OF PROPOSITION 3: Each part is proven in turn.

(i) We first establish that H(m) is strictly decreasing in m. Differentiation yields

0 I P | 2/<;m2k 1 1 (2k+1)m
8mH( m)=e Lzl 22k (kN2 22 22(k+1) k(K + 1)
oo 1 m 2k 1 2k+1
kZ:O 22k (K1)2 22(k+1 El(k + 1)!
=1 2(k+ 1)m2kHD-1 1 (2k+1m
22(k+1 ((k+1)12 22(k+1 k!(k + 1)

i 1 m2k i 1 m2k+1

92k ; B 2(k+1) 1.1 |
k:02 (k!) 02(+)/<;.(/<;+1).

Since the first and last summations cancel out, we have

) o 1 (2k+1)m > 2k
g 11 (m) = [2222<k+1 kl(k+1)! Z_k ]

ey

Next, it is easy to verify that H(0) = 1 and lim,,—. H(m) = 0, which imply

32k +1) 1 m%
k+1 22k (k)2

H(0) —2¢>0and lim [H(m)—2¢ <0.

m—00

Hence, there is a unique m* € (0,00) that satisfies H(m™*) = 2c.

17



(ii) The fact that a%H (m) < 0 implies that m* is strictly decreasing in c.

(iii) Fix M < oo and define

1
Since M is finite and
lim H(m) =0,

¢(M) > 0. Furthermore, since m* is strictly decreasing in c€ (0, %), the result follows.
|
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